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Abstract

We introduce the results of Lue Pan [Pan20, Section 3] on a generalisation of [BC16] in one-dimensional
geometric setting. Let Spa(4,4"%) be a one-dimensional smooth affinoid space over Cy which admits a toric
chart, and Spa(B, B") be an affinoid perfectoid pro-étale Galois covering of Spa(4,4%) with Galois group a
p-adic Lie group G. Then there is a Sen’s operator 6 € B ® 4 Lie(G) (unique up to A%) which annihilates the
G-locally analytic vectors of B.
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0 Introduction

Notation and conventions.

By a hat above the letter, we shall mean the adic completion (say p-adic completion) which will be clear
from the context.

* Fix a prime number p. Let Z, be the ring of p-adic integers, Q, be its fractional field and C, the
completed algebraic closure of Qy, all equipped with the p-adic topology and the p-adic valuation v,.

« For any field £, we denote by £ its algebraic closure and by % its absolute Galois group.

¢ For any field £ over Q,, we denote by y ¢y : % — Z;j the cyclotomic character and by £9¢ = k(pp~)
the cyclotomic extension. Let Z,(1) = l(in,, Hpn (Qp) For any Z,-module V' carrying an action of %, we
write V(i) =V ® x . for the Tate twist by i of V.

0.1. Let £ be a complete discretely valued field over Q, with perfect residue field. Let C = k denote the
completed algebraic closure of £.

0.2. Tate-Sen’s method. Consider ko = £9°. In [Tat67], Tate calculated the cohomology groups
H: (%:,C(i)). He proved that any finite extension /. of ke is almost étale (the image of the trace map
Ty /i, : 61, — O between rings of integers contains the maximal ideal of O;_), so that the Galois cohomol-
ogy fAIC'Om(%m,C(i)) = 0, thus HS (%, C(i)) = HC'Ont(Gal(/coo/k),/Eoo(i)). Then he used a normalised trace
map ke — k to split £k« into two simpler parts. Finally he proved that Hgmt(%c, C(i)) =k, Hclom(gk, C(i)) ~k
if i = 0 and otherwise zero.

Later in [Sen80], Sen calculated continuous Galois cohomology with values in the non-abelian group

GL;(C) and proved
H! (%4,GL4(C)) = Hclom(Gal(/cw/k),GLd(/Em)) ~ h_r)nn H! (Gal(k,/k),GLy(ky)),

where £, = k(up) C keo. Sen’s method is vaguely starting with a cocycle ¥ — GL4(C) and successively
polishing it by coboundaries to arrive at GL;(k,) for some n € N; there the almost étaleness and Tate’s
normalised trace maps are essentially used. These isomorphisms amount to saying that we may descend (and
decomplete) any semi-linear C-representation V' of ¢} to a unique semi-linear ke-representation Dsen (V).
Concretely, we have

DSen(V) — ng‘x” k—ﬁnite.

The infinitesimal action of Gal(kw/k) (which is a group isomorphic to an open subgroup of Z) on Dsen (V)
gives an element Opse, € Endc(V), called Sen’s operator, which encodes a lot of information of the Galois
representation V such as generalised Hodge-Tate weights.

We remark that these results extend naturally to general infinitely ramified extensions £ of £ cut out by
a character y : ¢ — Z;.

0.3. Generalisations of Sen’s theory. (i) Tate-Sen’s method consists of an almost étale extension C/ks and
an extension k«/k cut out by a character y : % — ZJ, which admits well-behaved normalised trace maps.
This has been formalised and generalised by Colmez in [Col03, Subsection 3.3] and [BC08, Subsection 3.1]: let
G be a profinite group, y : G — Z; be a character whose image is infinite and whose kernel is denoted by H.

Suppose that we have a system of subrings of a Banach Z,-algebra A equipped with an isometric action of G

where H; C Hjy are open subgroups of H, A denotes the H;-invariants, the top row consists of almost
étale extensions, and Ry, , form a compatible system of normalised trace maps for open subgroups H; of
H and 2 sufficiently large. Then very roughly, Tate-Sen’s method contains an almost étale descent from
K—representations of G to AT -representations, followed by a decompletion to Ap, ,-representations.

This formalism has turned out to be useful: for example, given V' a Q,-representation of %;, one may
descend V ®q, Bar to some finite free £ (¢)-representation of Gal(k/k), whose infinitesimal action is given



by a differential operator V (with respect to the variable ¢, Fontaine’s p-adic analogue of 2r¢); this operator is
trivial if and only if V' is a de Rham representation. One may also use the formalism prove the overconvergence
of p-adic representations.

(if) One unsatisfying point of Sen’s method is that, if G := Gal(k«/k) is a p-adic Lie group of dimension
> 2 (no longer being cut out by a character with values in Z>< for example, ko /k be a Lubin-Tate extension
in the case where £ # Q,), there lack normalised traces, and it is no longer a good idea to take G-smooth
vectors of V%= at the step of decompletion [Sen80, Proposition 11]. A generalised decompletion theory was
proposed by Berger and Colmez in [BC16]. They showed that one should take G-locally analytic vectors instead
of G-smooth vectors; more precisely, if W is a semi-linear koo -representation of G, then the natural map
ke ®jia W' — W is an isomorphism (loc.cit. Théoréme 1.7). Also, they showed that in certain sense, if V is
a faithful Q,-representation of G, then the associated Sen’s operator lies in C ®g, Lie(G) and annihilates the

set £ of locally analytic vectors (loc.cit. Théoréme 1.9).

0.4. Relative Sen’s theory. The Sen’s theory is established on the base £, which is a zero-dimensional object
from the geometric point of view. It is reasonable to extend the theory to higher dimensional objects, that is
to relative settings. For example, we may study representations of the (étale) fundamental group of a smooth
variety over k. Andreatta and Brinon generalised Tate-Sen’s formalism to study them, and their results are in
fact closely related to Faltings’s p-adic Simpson correspondence (cf. [ABO8, Remarque 3.15]).

Recently, there has been a paper of Lue Pan [Pan20] in which Berger-Colmez’s work on locally analytic
vectors was generalised to one-dimensional geometric setting. The local study concerns a one-dimensional
smooth affinoid adic space X = Spa(4,4") over Spa(C,O¢) admitting a toric chart, together with an affinoid
perfectoid pro-étale Galois covering X = Spa(B,B*) of X with Galois group a p-adic Lie group G. He
constructed an operator § € B ®,4 Lie(G) which annihilates the set B¢ of G-locally analytic vectors in B;
this operator is non-zero if the covering X — X is nice (so-called locally analytic covering). Comparing with
Berger-Colmez’s work, we see that the role of £u is now played by the affinoid perfectoid space X, which
has almost étale property over it by the almost purity theorem; the extension £° is here replaced by some
Z,-covering of X pulled back from the canonical covering over the one dimensional torus. So analogously,
we may call this 6 a Sen’s operator in this setting. The operator 6 has been used in loc.cit. to study locally
analytic vectors of completed cohomology of perfectoid modular curves. We remark that the condition of X
being one-dimensional is essentially required for applying the Tate-Sen’s formalism of Colmez.

0.5. Rough idea of the construction. Let’s keep the notation of the last paragraph. We have a diagram
X Xx Xoo = Spa(Bw,BY) — Xo — X, where the first arrow allows almost étale descent and the second,
which is a Z,(1)-Galois covering, allows decompletion. By Tate-Sen’s formalism, one obtains, for any finite-
dimensional continuous Q,-representation V' of G, a linear map

¢v : Lie(Zy(1)) — Endp, (B~ ®q, V)

functorial in V' and satisfying the Leibniz rule with respect to tensor products of representations. By taking
the direct limit over certain system {V;};en of finite-dimensional sub-Q,-representations of ¢*"(G,Q,), one
obtains an operator

d¢ : Lie(Z/,(l)) — Endp, (Boo®Qp(5an(G,Q/,)),

which is a derivation commuting with the right translation action of G and the action of I'. Hence it factors
through (by abuse of notation)
¢c : Lie(Zy(1)) — B ®q, Lie(G)

where Lie(G) acts by the infinitesimal left translation action. Then 6 can be just defined as the image of any
topological generator of Lie(Z,(1)). More canonically, the action ¢y is a linear map (so-called Higgs field)
By ®q, V — (Bx ®q, V) ®4 Qiq /C(—l), which again suggests a link with p-adic Simpson correspondence; so
the operator ¢ could be understood as a Higgs field on some big Banach B.,-module.

0.6. Towards a p-adic Simpson correspondence. (i) In algebraic geometry and differential geometry,
the nonabelian Hodge correspondence or Corlette-Simpson correspondence is a correspondence between
polystable Higgs bundles of degree 0 and semisimple representations of the fundamental group of a smooth,
projective complex algebraic variety, or a compact Kihler manifold. The correspondence is an equivalence of
categories (and even bijective real analytic on moduli spaces). The proof is rather indirect and was done via
the correspondence from each side to harmonic bundles. These led to the search for a p-adic analogue of such
correspondence relating Higgs bundles on a p-adic variety to representations of the fundamental group. Let’s
just mention a part of the results.



(i) An important step of p-adic Simpson correspondence was made by Faltings, who constructed, for
X a proper scheme over O with toroidal singularities plus some deformation hypothesis, an equivalence
(in fact various mutually related equivalences) between the category of small generalised representations of
the fundamental group m(¥X¢) and that of small Higgs bundles on ¥ [Fal05]. The local correspondence is
relatively easier. The global construction depends on the choice of a first order lifting of the integral model,
which provides a way of gluing local correspondences. Later, Abbes, Gros and Tsuji systematically developed
Faltings’s method with two new approaches for globalisation [AGT16]. It is natural to ask what kind of Higgs
bundles correspond to genuine representations. For example, the semistability was addressed in [LSZ17]. But
this question remains widely open in general.

Later, using Scholze’s pro-étale site and a period sheaf on it, Liu and Zhu defined a one-way functor from
the category of Q,-local systems on some smooth rigid space X over £ to that of nilpotent Higgs bundles on
Xc together with a Galois action, which does not rely on integral models [LZ17]. Together with Diao and Lan,
they generalised it to the logarithmic case [DLLZ18]. Both these works start from a (rigid analytic) variety over
a discretely valued field.

Recently in this thesis, in the arena of Liu-Zhu, Wang worked with a liftable formally smooth formal
scheme X over O¢ and constructed an overconvergent period sheaf to establish a correspondence of Faltings’s
type [Wan2l]. His correspondence depends on the lifting and is compatible with both Liu-Zhu’s and Faltings’s
constructions. Similar comparisons can also be found in [YZ21].

It is also worth mentioning that some progress has been made via the study of vector bundles and
C-local systems on diamonds under the v-topology, cf. for example [MW20] and [Heu2l]. In the latter
paper, Heuer established a correspondence between one-dimensional continuous C-representations of the
fundamental group ﬂf’t(X ,x) and pro-finite-étale analytic Higgs bundles (analytic line bundles trivialised by
the universal cover together with a Higgs field) of rank one.

0.7. Structure of the memoire. First, we recall some results on adic geometry especially the perfectoid
geometry developed by Scholze and Kedlaya-Liu, the Tate-Sen’s formalism introduced by Colmez, p-adic Lie
groups as well as locally analytic vectors. Then we shall review [Pan20, Section 3] in detail. As it is closely
related to p-adic Simpson correspondence, the latter will be the topic of the final section, where Faltings’s and
Liu-Zhu’s constructions are to be quickly reviewed.
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1 Preliminaries

11 Continuous group cohomology

1.11. Continuous group cohomology. Let G be a topological group. A topological G-module M is a topo-
logical abelian group M with a G-action in the usual sense such that the corresponding map G x M — M
is continuous. The morphisms between topological G-modules are continuous G-equivariant group homo-
morphisms. In this case, Tate introduced the continuous group cohomology H! (G, M) given by the continuous
cochain complex C;, (G, M), which is the same as the usual one except that all the cochains considered should
now be continuous with respect to the topologies on G and M. One recovers the usual group cohomology
H'(G,M) in the case where G is finite or where G is profinite and M has the discrete topology.

Recall that in the discrete case, H'(G,—), i > 0 are canonically isomorphic to the derived functors
Exté[c](Z,—) on the abelian category of G-modules. However, in the continuous case, the topological G-
modules do not form an abelian category, because the image and coimage do not coincide in general for
topological reasons. Thus, it seems that one cannot obtain a derived category from it.

Nevertheless, in [BCCI16], they work with certain derived category of pro-discrete G-modules to define
group cohomology which verifies some expected good properties and agrees in many cases with Tate’s conti-
nous group cohomology.

112 - Proposition ([Jan88, (2.1) and (2.2)]). Let G be a profinite group and M = l(iLnnEN M, be the (topological)
inverse limit of a Mittag-Leffler system of discrete G -modules (My,)nen. Then for all i > 0, there is a natural short



exact sequence ' _ _
0 — R'lim H,\ (G, My) — Hioy (G, M) — lim H,

cont cont
n n

(G, M,) — 0.!

11.3. Lyndon-Hochschild-Serre spectral sequence. Let G be a topological group and M be a topological
G-module. Let H be a closed normal subgroup of G. For discrete group cohomology, we have a spectral
sequence

Ey =H'(G/H,H'(H,M)) = H"(G,M).

But for continuous group cohomology, such a spectral sequence is missing in general. Nevertheless, Boggi and
Cook proved it to be true if G is profinite and M is a pro-discrete G-module [BCC16, Theorem 7.13]. In fact,
they dealt with certain derived category of the (well-behaving) category of the pro-discrete G-modules to define
group cohomology. We must point out that their definition of group cohomology (loc.cit, p. 1302) coincides
with Tate’s continuous group cohomology in the case mentioned above (see loc.cit, line 7-9 from the bottom,
p- 1309 for discussion), so that we can cite their results in terms of Tate’s continuous group cohomology.

As a degenerate case of the spectral sequence, we have the following statement which can be verified by
hand:

IfH! (H.M) =0, i > 0 and if the restriction maps C'  (G,.M) — C! (H.M), i > 0 are
surjective, then the inflation maps H:. (G/H,M™) — H (G,M), i > 0 are bijective.

The second condition is verified for example when H is a direct factor of G.
Let’s prove this statement. The surjectivity is immediate from assumption, and it is clearly enough to show
the injectivity for i > 2. Consider f € C! ,(G/H, M*H) such that df = 0 and that its inflation to Cl . (G.M)is

of the form JF for some F € Cci_lt(G,M). Since 0F | = 0, there exists by assumption some F’ € C'>%(G, M)

on cont

such that F|gi1 = OF’| 1. Then F — OF’ factors through (G/H)'™! and 6(F — 0F’) = f.

1.1.4. Induced long exact sequence. Let G be a topological group and 0 - M — M — M” — 0 be an
exact sequence of topological G-modules. In general, we do not have as usual an induced long exact sequence
of continuous cohomology groups; but we do have it if the short sequence

0— Cciom(G’M,) - Cciont(GvM) i Cciont(G,MN) -0

(which is already exact on the left) is exact for all 7. This last condition is verified if M, M, M"" are Q,-Banach
spaces; indeed, any continuous surjective map of Q,-adic Banach spaces admits a continuous splitting [Ber,
Corollary 11.6], so we have exactness on the right; being the kernel of the continuous morphism M — M",
the image of M’ in M is closed, thus is isomorphic to M’ by the open mapping theorem, hence we obtain the
exactness in the middle.

1.2 Almost étale extensions

1.2.1. Set-up. Let V be a ring together with a sequence of principal ideals m, C V parametrised by positive
elements @ € A" of some subgroup A c Q dense in R (so 1 € A*). Denote by 7 a generator of my, and choose
once for all a generator 7% of m,, @ € A*. Assume furthermore that 7°7P = unit - 727, and that 7% is not a
zero-divisor. Denote m = |, M.

Observe that m is a flat V-module, being the filtered colimit of free V-modules m, (since 7% is not a
zero-divisor). In particular, the multiplication map m ®y m — m is an isomorphism.

The ideal m may be thought of as an "approximating unit ideal”. The basic idea of almost mathematics
is to not distinguish this from the unit ideal ¥, which could be beneficial for integral problems.

1.2.2 - Example. (0) The very special case m = V. In this case, most of the following notions and results will
recover the usual ones in commutative algebra.

(i) Let V' be the ring of integers of an infinitely ramified algebraic extension K of Q, and A be the p-adic
valuation group of K*, and m,{elements of valuation > a} for @ € A.

(ii) More generally, we shall apply the results of this section to V' = R* for some perfectoid Huber pair
(R,R*), and my pn = @!/?", I, n € N, where @w € R* is a pseudo-uniformiser with compatible p-power roots,
see subsection 2.1.

IThis exact sequence agrees with the one induced by spectral sequence (if the latter exists) by vanishing of R’ %1_r_n oy foriz2.
n



1.2.3. Almost modules. Let X C V' — Mod be the full subcategory of modules annihilated by m; it is closed
taking submodules, quotients and extensions. The category of almost V -modules (or V*-modules), denoted by
V% —Mod, is then defined as the quotient category V' — Mod/X in the sense of [Gab62, Chapitre III, §1]. For
any V-module M, we denote by M the associate V*-module. The category V* — Mod is naturally an abelian
tensor category [GRO3, 2.2]; the tensor product is given by

M®®ya N* := (M ®y N)°.

A morphism of V-modules is said to be an almost isomorphism (resp. almost injective, almost surjective) if the
induced morphism of ¥“-modules is an isomorphism (resp. a monomorphism, epimorphism). Two V' -modules
M,N are said to be almost isomorphic if they become isomorphic in V* — Mod, and we write M* ~ N* or
M=N.

What do the morphisms in V* — Mod look like? For any V-modules M and N, we have [GR03, 2.2.2]

Homp.(M*,N?%) ~ Homy (m ®y M,N).

Hence Homy«(M*,N%) acquires a natural structure of V-module, and has trivial m-torsion.

For any V-module M, we define (M?%), := Homp«(V* M*) the module of almost elements of M. By the
above isomorphism, we have (M%), ~ Homy (m, M), and it is naturally a V-module with trivial m-torsion.
For simplicity, we shall write M, in place of (#*),. We have a natural morphism M — M., m — (x — xm),
which is easily seen to be an almost isomorphism. Also, for any V-modules M, N, we have by adjunction

Homy«(M*,N*) ~ Homy (M, N,).

1.2.4. Almost modules over a V/-algbera. One can also work with the subcategory 4 —Mod of A*-modules
for any V -algebra 4 2. Le M,N be A-modules, the abelian group Hom . (M*,N*) has a natural structure of
A.-module; more explicitly, we have natural isomorphisms

Homy« (M* N*) ~ Hom4(M,N,) ~ Homy4(M,Homy (m,N)) ~ Homy(M ®y m,N),
Hence we may define the internal Hom functor on 4% — Mod by
alHom g« (M*,N*) := Homy« (M*,N%)“.
Also, we define the functor of tensor product by
M*®4 N = (M, ®,4, N*)a.
The functors alHom . (—,—) and — ®4. — enjoy the same adjoint property as in the category 4 — Mod.

1.2.5 - Definition. Let 4 be a V-algebra. An A-module A/ is said to be

(i) almost flat * (resp. almost faithfully flat) if the functor M® ® 4« — from A — Mod to itself is exact (resp.
exact and faithful );

(ii) almost projective if the functor alHom 4. (M %, —) is exact;

(iii) almost finitely generated (resp. almost finitely presented) if for each @ € A, there exists a finitely
generated (resp. finitely presented) A-module M, and a morphism f, : M, — M of A-modules whose kernel
and cokernel are annihilated by 7¢;

(iii’) uniformly almost finitely generated if M is almost finitely generated and if furthermore there exists
some n € N independent of a such that each M, can be generated by z elements.

(iv) A morphism A — B of V-algebras is called almost unramified if there exists some almost element
¢ € (B ®4 B), such that ¢ = ¢, u.(¢) = 1 and ¢ annihilates (ker )., where yu : B®4 B — B denotes the
multiplication map.

1.2.6 - Remark. (i) An 4-module M is almost flat and almost finitely presented if and only if it is almost
projective and almost finitely generated [GR03, Proposition 2.4.18].

(ii) The definition (iii) (resp. (iv)) agrees with the general one, cf. [GR03, Corollary 2.3.13 and its proof (resp.
Proposition 3.1.4)].

2Naturally, one should consider a V*-algebra 4. But such A% must come from some V -algebra, for example, 4, with the natural
structure of V-algebra. Similarly, any A*-module M comes from some A-module, for example, M,.
3Most references such as [GR03] and [Sch12] use flat instead of almost flat.



1.2.7 - Definition. A morphism of A — B of V-algebras is said to be:

(i) almost étale if it is almost unramified and B is an almost flat 4-module;

(ii) almost finite étale if it is almost étale and B is an almost finitely presented A-module;

(iii) an almost étale G-Galois covering for some finite group G of automorphisms of B over 4, if the
morphisms 4 — B¢ and B®y B — [Tgee B, x®y — (xg(y))gec are almost isomorphisms, and if B is a
uniformly almost finitely generated 4-module.

We need to justify our terminology of (iii).
1.2.8 - Lemma. Any almost étale G -Galois covering ¢ : A — B is almost finite étale and almost faithfully flat.

Proof: Indeed, it suffices to prove that: (1) ¢ is almost unramified, and as an A-module, (2) B is almost finitely
generated and almost projective (1.2.6, i), (3) B is almost faithfully flat.

(1) The almost isomorphism B®4B — [],c¢ B provides an almost element ¢ € (B®4B). = Homy (m, B4
B) corresponding to (dg)gec € ng(;B (here 6, = 1if g = 1g, and 6, = 0 otherwise), which verifies the
conditions of being almost unramified.

(2) We define a trace map

TrB/A=Zg:B—>B.
geG

a

Thanks to the almost isomorphism 4 — BE, the almost morphism TrB/A

factors through A%. Thus, for any
a € A*, we get a genuine morphism

n"Trgja:B— 4, b— Z n%g(b).
g€G

For each @ € A", write
e(n®) =in ®y; € B®B,

where the sum is finite. The construction of ¢ implies that we have in B
Z x,g(yl) = ﬂ”5g.

We check that the inclusion of finitely generated sub-A4-modules B, = Y. Ax; C B has 72*-torsion cokernel:

for b € B, we have
a%p = Z n%g(b) Zx,»g(yi) = Z n® Trp/a(byi)x;i € B,.
g€G

Therefore, B is an almost finitely generated 4-module (although it is contained in another assumption).

Now, let’s prove that, for any epimorphism M* — N* of A*-modules, @ € A" and any morphism
¥ € Homy«(B% N%), we can lift 7%y to some ¢ € Hom(B% M?). By M* ~ (M,)* and the adjunction
Homy.((M,)?*, N*%) ~ Homy(M,, N,), we may assume that M* — N is induced by ¢ : M, — N,, a morphism
of A-modules; samely, we may view ¢ as a morphism B — N, of A-modules. Now, let’s use the notation x;, y;
as above. By almost surjectivity, we can choose a lift x; € M for each 7%y (x;), and define

W :B— M, b Zﬂ“ Trg/a(by:)x;.
Then we check that for b € B,
o P(b) = 7 Trpa(by) (%)
= > 1 Trpya(by)n*y (x;)
—y (Z 7% Trg) A(by,»)ﬂ“xi) by A-linearity
= y(x*b).

Therefore, i lifts 73%y.

Up to now, we have shown that 4 — B is almost finite étale.

(3) For faithful flatness, since B is already an almost flat 4-module, it suffices to prove that, if I C 4 is
an ideal such that /B = B, then I = A. Now let’s use the assumption that B is a uniformly almost finitely
generated 4-module, so that we may apply the following almost version of Nakayama’s lemma: for any o € A*,
there exists 7, € I such that 7% + r, annihilates B. In particular, since A — B is almost injective, 7% (7% + 1)
annihilates 4. Hence 7274 c 1. O



1.2.9 - Lemma. Let A — B be an almost étale G -Galois covering of V -algebras for some finite group G. If C be an
A-algebra, then C — B ®4 C is an almost étale G -Galois covering.

Proof. By almost faithfully flat descent 4 — B, we are reduced to the case B = [, 4, which is clear. O

1.2.10 - Lemma. Let A — B be an almost étale G -Galois covering of V -algebras for some finite group G. If H is
a subgroup of G, then BY — B is an almost étale H -Galois covering. If furthermore H is a normal subgroup, then
A — B is an almost étale G | H -Galois covering.

Proof- 1t is enough to prove that

B ®gu B — HB, B" ©4 B — l_[ B
heH g€G/H

are almost isomorphisms under their respective conditions. This is rather formal: the first one follows by using
the canonical idempotent ¢ € (B ®4 B)., and the second is immediate from the almost faithfully flat descent
for the base change 4 — B. O

1.2.11 - Lemma. Let A — B be an almost étale G -Galois covering of V -algebras for some finite group G. Then the
trace map Trp/q : B* — A is an epimorphism of A*-modules.

Proof- By almost faithfully flat descent 4 — B, one reduces to the case where B* = [[ ¢ 4°. O

Recall that given a topological ring B equipped with a continuous action of a topological group G,
a (topological) G -semi-linear B-module is a B-module M with a topological G-module structure such that
g(bm) =g(b)g(m) forallbe B, me M.

1.2.12 - Corollary. Let A — B be an almost étale G -Galois covering of V -algebras for some finite group G. For any
G -semi-linear B-module M, we have H'(G,M) = 0, i > 0.

Proof. 1t follows from the almost surjectivity of Trg/4 (1.2.11) and the fact that if B is any A-algebra with
an A-linear G-action, then H'(G,M) is annihilated by all elements of the form },.; g(b), b € B for any
i>0. O

1.2.13 - Corollary. Let A be a V -algebra. Let (B;) ey be a filtered direct system of almost étale G ;-Galois covering
over A, where (G ;) ;< is a compatible cofiltered inverse system of finite groups. Let B = 1_ir_>nj Bjand G = £i_r_nj Gj.
() If M is a discrete G -semi-linear B-module, then H'(G,M) ~ 0, i > 0.
(ii) Let M = 1(£n M, with the inverse limit topology, where (My, Ppi1n)neN is a Mittag-Leffler inverse system
of discrete G -semi-linear B-modules. Then we have H(G,M)=0,i>0.

Proof. (i) For each j, applying the previous corollary to the almost étale G/H;-Galois covering Bf/H’ — By,
where we denote H; = ker(G — G;), we get Hi(Gj/H-,MHf) ~ 0, i > 0. Taking limit over j, we obtain
H (G,M) ~ li_n)lj H'(G/H;M") ~0,i>0.

(ii) We use the exact sequence R! l(lnn HYG,M,) - H(G,M) — 1(21” H'(G,M,) (1.1.2). Applying (i),
it suffices then to prove R! l(ln,, (M,)¢ ~ 0. First, consider the G-equivariant short exact sequence of discrete

B-modules 0 — ker ¢y11, = My — M, — 0. We deduce by (i) that (M,HI)G — (Mn)G is almost surjective,
so m(My,11)% — m(M,)¢ is surjective. Now consider the exact sequence

RUlimm(M,)¢ — R'lim(M,)¢ — R'lim ((4,)€ /m(4,)° ).

The left part vanishes since (m(M")G)neN is Mittag-Leffler, and the right part is annihilated by m since R! l(in
1
is functorial and each quotient (M,)¢ /m(M,)C is annihilated by m. We conclude that R! hiln(Mn)G ~0. O

2 Adic spaces and perfectoid spaces

The rings will be commutative and unital.



2.1 Huber rings

2.11 - Definition. A Huber ring is a topological ring R which admits an open subring Ry C R and a finitely
generated ideal / C Ry such that the subspace topology on Ry is the /-adic topology. In that case, we say that
Ry is a ring of definition, I is an ideal of definition and (Ry,I) is a couple of definition.

2.1.2. Let R be a Huber ring. A subset S C R is called bounded if for each open neighbourhood 0 € U C R,
there exists an open neighbourhood 0 € V' € R such that SV c U. An element f € R is called power bounded
if /N ={f":n € N} is bounded. An element f € R is called topologically nilpotent if f* — 0 as n — oo.
We denote by R° the subset of power bounded elements of R and by R°° the subset of topologically nilpotent
elements of R.

2.1.3 - Definition. (i) Let R be Huber ring.

* R is called uniform if R° is bounded.
* A subring R* C R is called a subring of integral elements if it is open and integrally closed in R and
R* c R°. Any such pair (R,R") is called a Huber pair.

(ii) A Zate ring is a Huber ring R which admits a topologically nilpotent unit @ € R. Any such element
w is called a pseudo-uniformiser of R. A Tate-Huber pair is a Huber pair (R,R*) with R a Tate ring.

2.1.4 - Remark. Let (R,R") be a Tate-Huber pair. Then R is uniform if and only if R* is a ring of definition.
Indeed, let @ be a pseudo-uniformiser. We have wR°® C R* C R°, so R° is bounded if and only if R* is
bounded. A subring of R is a ring of definition if and only if it is open and bounded. Since R* is already open,
R* is bounded if and only if R* is a ring of definition.

2.1.5. Completion. Let (R,R") be a Huber pair. We have R°° ¢ R* ¢ R°. The subset R° C R is an integrally
closed subring. Let (Ro,I) be a couple of definition of R. Then R°° contains / since the elements of the latter
are topologically nilpotent. We define

D 1s n YRT + /70 RT n
R=lmR/I". R*=lmR*/I", Ro=lmRo/I".

n n n

Then (E,IF) is a Huber pair with couple of definition (]’{\0,11’{\0). We call (E,I’{:) the completion of the Huber
pair (R,R*). We say that (R,R") is complete if it is naturally isomorphic to its completion. These definitions
are independent of the choice of the couple of definition.

2.1.6 - Example. The pair (Q,Z) with couple of definition (Z,pZ) is a Tate-Huber pair. It has a pseudo-
uniformiser p € Q, Its completion is (Q,,Z,).

2.1.7 - Definition (Fontaine). A Tate ring R is called perfectoid if it is complete, uniform, and there exists a
pseudo-uniformiser @ € R such that p € @?R° in R° and the Frobenius map

®:R°/w — R°Jw?, x>«

is an isomorphism. Such @ is said to be a perfectoid pseudo-uniformiser of R°. A Huber pair (R,R*) with R a
perfectoid Tate ring is called perfectoid.

2.1.8 - Remark ([Schl7, Remark 3.2]). The other conditions being verified, the last condition that ® : R°/w —
R°/w? is an isomorphism is equivalent to @ : R°/p — R°/p being surjective.

2.1.9. Perfectoid Tate rings as Banach spaces. Given a perfectoid Huber pair (R,R*) with a pseudo-
uniformiser @ as in the definition. There exists a unit # € R* such that u@ admits a system of compatible
p-power roots in R* [BMSI18, Lemma 3.9]; therefore, up to multiplying @ by a unit, we may assume that @
admits a system of compatible p-power roots {@"?"},en.

We can equip R with a norm (so called spectral norm)

llxllg == inf{e" aeZ[L], mx € R+},

1

p

for which R becomes a Banach space. Equivalently, we may consider the valuation
ox (x) = sup {a eZ[}]:oxe R+} = —log|||!.

These norm and valuation are uniquely defined up to normalisation and are independent of the choice of
R* c R°. Clearly, R° is the unit ball of this Banach structure.



2.1.10 - Definition. A perfectoid field is a perfectoid Tate ring which is a non-archimedean field*.

Recall here that a non-archimedean field is a topological field £ whose topololgy is induced by a nontrivial
valuation of rank one. In particular, £ admits a norm |-| : £ — Ry.

2.1.11 - Proposition ([Schl7, Proposition 3.8]). Let K be a topological field. Then K is a perfectoid field if and only
if K is a complete non-archimedean field whose topology is induced by a valuation of rank one || : K — Ry such
that:

e The valuation group |K*| C R is not discrete;

. |p| <1
o The Frobenius ® : K°/p — K°/p is surjective.

2.112 - Example. (i) Let R be a Tate ring of characteristic p. Then R is perfectoid if and only if R is complete
and is a perfect ring [Schl7, Proposition 3.5].

(ii) The p-adic completion of the cyclotomic extension Q,(uy~) is a perfectoid field. In fact, for any finite
field extension £ of Q,, the p-adic completion of ke = £(up~) is perfectoid.

(iii) Let K be a perfectoid field of characteristic 0. The p-adic completion of |J,en K(Tliupn,. .. ,Tdil/[’n),
denoted by K(Tlil/ﬁm,. s Tdﬂ/pw), is a perfectoid K-algebra.

2.113. Tilting. The tilt of a ring 4 is the ring A" = 1(i£1(_)[} A/p, which is a perfect Fy-algebra. Now let R be
a perfectoid Tate ring. We define its #ilt to be

1
R’ = R[],
(o
where @ is any pseudo-uniformiser of R admitting a compatible system of p-power roots, and @’ := (@"/?"), €
R°. Then R” admits a natural structure of topological F,-algebra which makes it a perfect Tate ring; we have

R =R and @’ is a pseudo-uniformiser of R® (SW20, Lemma 6.2.2]).

2.1.14 - Theorem (Tilting correspondence, [SW20, Theorem 6.2.7)). Let R be a perfectoid Tate ring with tilt R®.
Then tilting S — S° induces an equivalence of categories between perfectoid R -algberas and perfectoid R’ -algebras.

2.2 Adic spaces

2.2.1. Recall that a valuation on some ring R is a multiplicative map |-| : R — ['U {0}, where I is some totally
ordered abelian group (written multiplicatively), such that |0 = 0, |1| =1 and |x + yl < max{|x|,[y|} for all
%,y € R. We denote by I'|.| C I the subgroup generated by |x|, x € R such that |x| # 0. If R is a topological
ring, then a valuation |-| on R is said to be continuous if the subsets {x € R : |x| < y}, y € I are all open.
Two valuations |-| and |-|" are said to be equivalent, denoted by |-| = |-|’, if there is an isomorphism of totally
ordered groups @ : I'|.| — I'|.; such that |-|" = @ o |-].

The support of a valuation |-| on R is supp || :={f € R : |f| = 0}. This is a prime ideal of R by triangular
inequality and the multiplicativity of |-|,, and it depends only on the equivalence class of the valuation.

2.2.2. Adic spectrum. Let (R,R*) be Huber pair. We define the associated adic spectrum
Spa(R,R*) :={|-| : R = T'U {0} continuous valuation : Vf € R+,’f| <1}/=.

For any x € Spa(R,R"), we write |-|, or f > f(x) for the corresponding valuation on R. We equip Spa(R,R™)
with the topology generated by rational subsets

5

Spa(R.R") = v e X:vi |fil, <gl, # 0},

where fi,...,fu € R generate an open ideal and g € R. This topology is the coarsest topology on Spa(R,R*)
for which the subsets {x € Spa(R,R") : |f|x < |g|x # 0} are open, for all f,g € R [Hub93, Theorem 3.5, (ii)]
(there Huber put this coarsest topology on Spa(R,R*) and showed that the rational subsets form a basis).

4Tt is a non-trivial fact that a perfectoid Tate ring which is a field is a perfectoid field [Ked18, Theorem 4.2].
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Next, we define the structural presheaves Ox and O} on X = Spa(R,R*) by defining them on the basis

of rational open subsets: let U = Spa(R,R*) (%) be a rational open subset and (Ry,/) be a couple of
definition of R, then we define

(0x(U).0% (V) = (R<fgf>R<fgf>)

to be the completion of the Huber pair (R[é],R*[%,. . %]im‘ closure) yith respect to the couple of definition
(Ro[g,. .. ,%],I[é,. .. ,%]). This is a Huber pair and depends only on U itself but not on the choice of
fis- - Jfa. g representing U nor on the choice of couple of definition.

For every x € X, let Ox, and @},x be the stalks of Ox and O} at x. Let ||, represent x. By definition
of the structural presheaves, |-|, extends uniquely to a continuous valuation on Ox (U) for rational subsets U
containing x. Passing to the direct limit over such U, we obtain a valuation (by abuse of notation) |-|, on Oy,
whose equivalence class is uniquely determined by x.

2.2.3 - Remark. If (R,R*) is a Tate-Huber pair, then thanks to the existence of pseudo-uniformiser, the
rational subsets are

Spa(R,R") (J%) ={xe X Vi |fl, <gl,}.

where fi,...,f, € R generate R as an ideal and g € R.

2.2.4 - Proposition ([Hub94, Proposition 1.6 (i), (ii)]). Let (R,R*) be a Huber pair and x € X = Spa(R,R").
The stalk Ox  is a local ring with maximal ideal supp |-|, = {f € Oxx : |f| = 0}. The stalk Ox . is equal to
{f €Oxx: |f| <1} and is a local ring with maximal ideal {f € Ox , : |f| <1}

2.2.5 - Proposition ([Hub93, Proposition 3.9]). Let (R,R") be Huber pair. Then the natural map Spa(R,R*) —
Spa(R,R*) is a bijection identifying rational subsets and structure presheaves.

2.2.6 - Theorem ([Hub93, Lemma 3.3, Theorem 3.5]). Let (R,R*) be a Huber pair.

(i) The underlying topological space of Spa(R,R™) is spectral.
(ii) Any rational subset is quasi-compact.
(iii) Spa(R,R*) = 0 if and only if the closure of {0} in R is the whole ring R.
(iv) we have R* ={f e R : |f‘x <1, Vx € Spa(R,R")}; hence R°° = {f € R : |f’x <1, Vx € Spa(R,R")}.

The (iv) shows that we can recover R* from the topological space X = Spa(R,R™), the structural presheaf
Ox and the valuations on its stalks.

2.2.7 - Definition. (i) Let ¥ denote the category of triples (X,0Ox, (|-|,)xcx) where (X,0x) is a topologically
ringed space, and for every x € X, ||, is an equivalence class of valuations of the stalk Ox .. We denote also by
|X| the underlying topological space. The morphisms (X,Ox, (||;)xex) — (¥,0Oy,(|"|,)yey) are morphisms of
topologically ringed spaces compatible with valuations of stalks.

(ii) An adic space is an object of ¥ locally an affinoid adic space, i.e. an object of ¥* which is isomorphic
to an adic spectrum.

(iii) A perfectoid space is an adic space which is locally an affinoid perfectoid space, i.e. an object of ¥
which is isomorphic to the adic spectrum of a perfectoid Huber pair’.

(iv) An adic space is called analytic if it is locally the adic spectrum of a Tate-Huber pair.

We say that a Huber pair (R,R™) is sheafy if the presheaf Ox on X = Spa(R,R*) is a sheaf; in this case,
one verifies that O} is also a sheaf. Not all spectra Spa(R, R*) are sheafy [BV18, 4.1. However, there is no such
issue of sheafyness in most practical cases.

2.2.8 - Theorem ([Hub94, Theorem 2.2|, [BV18, Theorem 7]). Let (R,R*) be a Huber pair. Suppose that we are
in each of the following cases:

(i) R is Tate and strongly Noetherian, i.e. the algebra of convergent series R(X,...,X,) = {Ya, X" €
R[X,...,X,] : a, — O} is Noetherian for all n € N);
(ii) R has a Noetherian ring of definition;

5If (R,R*) is a sheafy Tate-Huber pair such that Spa(R,R") is a perfectoid space, it is not clear whether R has to be perfectoid.
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(iii) (R,R™) is Tate and stably uniform, i.e. every rational subset U C Spa(R,R*) has the property that Ox (U) is
uniform.

Then (R,R™) is sheafy, and, if we denote by X the associated affinoid adic space, we have H'(U,Ox) = 0 for all
rational subsets U C X and i > 1.

2.2.9 - Definition. We call a Huber pair (R,R*) Noetherian if R verifies the condition (i). An adic space is
called locally Noetherian if it is locally the adic spectrum of a Noetherian Huber pair.

2.2.10 - Example. (i) Any algebra topologically of finite type over a non-archimedean field k£ is Tate and
strongly Noetherian. This is the case of rigid analytic varieties.

(ii) Any perfectoid Huber pair (R,R™) verifies the condition (iii) of the theorem: for every rational subset
U c Spa(R,R*), the topological ring Ox (U) is still perfectoid by [Schl2, Theorem 6.3], thus uniform. But a
perfectoid Tate ring often fails to be Noetherian, so does not verify the conditions (i) or (ii) of the theorem.

2.2.11 - Proposition ([Hub94, Proposition 2.1)). Let (R,R*) be a Huber pair. Then functor (R,R*) — Spa(R,R™)
Jfrom sheafy complete Huber pairs to adic spaces is fully faithful.

2.2.12 - Proposition ([SW20, Lemma 5.1.2, Proposition 5.1.5, Remark 5.1.6]). Let (B,B*) « (4,4*) — (C,C")
be a diagram of of Huber pairs. Suppose that A is a Tate ring. Then there is a diagram By «— Ay — Cy of rings of
definition with Ay containing a pseudo-uniformiser w. Let D = B ®4 C, Dy be the image of By ®4, Co in D, and
D™ be the integral closure of BY @4+ C* in D. We equip D with the topology given by the w-adic on Dy. Then D
is a Huber ring with (Dy,wDy) a couple of definition, and (D,D") is the pushout of the diagram in the category of
Huber pairs.

If furthermore A, B, C are assumed to be complete, then the completion of (D, D*) is the pushout of the diagram
in the category of complete Huber pairs.

2.213 - Remark. The fibre product does not exist in general in the category of adic spaces. The pushout
complete Tate-Huber pairs might not be sheafy even if (4,4%), (B,B*) and (C,C™) are; however, it is sheafy
for example when (4, 4") satisfies one of the conditions in (2.2.8) and the morphisms are finite étale (see the
next subsection).

2.2.14 - Proposition. For any diagram Y — X « Z of perfectoid spaces, the fibre product Y Xx Z in the category
of adic spaces is a perfectoid space.

Proof. We may also assume X = Spa(4,4*), Y = Spa(B,B*), Z = Spa(C,C*) are affinoid perfectoid. Follow-
ing [Schl2, Proposition 6.18] (complemented by [He2l, Proposition 5.28]), we deal only with the situation where
everything is over some affinoid perfectoid field (K, K*) with a perfectoid pseudo-uniformiser @ € K*°. Tt is
enough to prove the following stronger statement:

The topological ring B°® 4o C° is almost integral perfectoid over K°.

Here, we say that a K°-algebra R* is almost integral perfectoid if it is w-adically complete, almost flat over
K° and if the Frobenius R*/w ~ R*/w?’ is an almost isomorphism; in this case, R = R+[%] is a perfectoid
Tate ring with R° ~ (R")..

Assume first that char K = p. Then the w-adic completed tensor product B°®4-C° is almost integral
perfectoid, because it is almost flat over K° and the Frobenius is bijective. We need to see the almost flatness.
Note first that any @’-torsion element x € B°®4-C° is almost zero: if wx = 0, then by perfectness (2.1.12, i)
@VPxlt = 0, so @'/t x = 0; iterating this gives the result. Next, we observe that

A K°-module M is almost flat if and only if M has almost zero @ -torsion.

The "only if" part is clear by considering the injective maps K° — K°, x +— wl/t" . Conversely, assuming
the @-torsion of M to be almost zero, it is enough to show that TorlKo (M,K°|I) = 0, i > 0 for any for
any ideal 7/ ¢ K°. Roughly, since K has a nontrivial valuation of rank 1 defining its topology and is densely
valued, we are easily reduced to the case where I = (@!/?") for some I,n € N*, which is clear by assumption.
More precisely, if / = (x) is a principal ideal, then since there exists n € N such that @w” € I, the x-torsion
of M is almost zero by assumption, so that TorX™ (M, K/I) ~ 0. In general, for any /,n € N*, there
exists x € K° such that / C (x) with cokernel annihilated by @!/?". Then, considering the exact sequence
0— (x)/I > K°/I - K°/x — 0, we find that TorlKo(M,K"/I) is almost killed by @*/?" for all i > 0.

6To deal with the general case, one may still use the tilting correspondence, but based on the Witt vector construction, see [KL19,
Theorem 3.3.13] or [Kedl7, Lemma 2.8.7].
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Now we deal with the case where char K = 0’. According to the previous case and by tilting correspon-
dence (2.1.14), we get a perfectoid Tate ring D such that D° fits into the commutative diagram

B° —— D°

T

A° — C°

and such that D" ~ B*°® ;. C"°. We obtain, by @-adic completeness of D°, a natural map ¢ : B°®4.C° — D°;
its reduction B°®4C°/w — D°/w is an almost isomorphism. Then we deduce that ¢ itself is an almost
isomorphism by the following observation:

Let M — N be a morphism of A-modules. If N has almost zero w -torsion and M /o — N /@ is an
almost isomorphism, then the maps M /w" — N [@w" are almost isomorphisms for all n > 1.

In fact, this follows from the almost snake lemma applied to the commutative diagram

M|o" —=3 M|o"! —— M/of — 0

| l l

0 — N/w" —=3 N/o™! > N/w > 0

with exact rows, and by induction on n. O

2.2.15 - Corollary. Let (B,B*) « (A, 4%) — (C,C*) be a diagram of perfectoid Huber pairs with pushout
(D,D"). Then the canonical map B*® 4+C* — D" is an almost isomorphism.

Proof: When everything is over an affinoid perfectoid field (X, K*), this follows from the proof above. For the
general case, see [KL19, Theorem 3.3.13] or [Kedl7, Lemma 2.8.7]. O

2.3 Etale topology

2.3.1 - Definition. (i) A morphism (R,R*) — (S,8*) of Tate-Huber pairs is called finite étale if S is a finite
étale R-algebra and carries the canonical topology (see below), and if S* is the integral closure of R* in §.

(ii) A morphism f : X — Y of analytic adic spaces is called finite étale if there is a cover of Y by open affi-
noids ¥V C Y such that U = f~}(V) is affinoid, and the associated map (Gy (V),065(V)) — (Ox(U),0%(U))
is finite étale.

(iii) A morphism f : X — Y of analytic adic spaces is called étale if locally on open subspaces U C X
and V C Y, f|y factors as U — W — V where the first is an open immersion and the second finite étale.

For locally Noetherian analytic adic spaces, the notion of étaleness here coincides with that in [Hub96]
(cf. loc.cit. Lemma 2.2.8).

2.3.2 - Remark ([GRO3, 5.4.11]). If 4 is a ring with ¢ € 4 a non-zero-divisor, then any finitely generated
A[%]—module M carries a canonical topology, which induces the ¢-adic topology on any finitely generated
A-submodule of M. This topology is well-defined as different finitely generated A-submodules of M are
"equivalent” under the scaling by . Any morphism of finitely generated A[%]—modules is continuous for this
topology.

If furthermore A4 is complete and M is projective, then M is complete, being a direct summand of a finitely
generated free A[%]-module.

2.3.3 - Remark. Let f : Spa(S,S$*) — Spa(R,R*) be induced by a finite étale morphism (R,R*) — (S5,5F)
of complete Tate-Huber pairs. Then the map f is surjective if and only if the associated morphism of schemes
Jo : Spec S — Spec R is surjective.

Indeed, first assume that f is finite étale and surjective, then the morphism Spec § — SpecR is finite
étale. Any closed point of Spec R lies in the image of the support map Spa(R,R*) — SpecR, x — supp ||,
[Hub94, Lemma 1.4]. By surjectivity of f and the compatibility between f, fy and support maps, the image

7At this stage, one might prefer tilting to get a pushout (D,D*) of (B,B*) « (4,4%) — (C,C*) such that B* & yho ¢ ~ D" in
the category of perfectoid pairs, but it is @ priori not obvious to see whether this is also the pushout in the category of completed Huber
pairs. To argue directly by tilting, especially by deformation theory, the main difficulty is to show the almost flatness of the K°-module
B°&40C°.
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of fo contains all the closed points of Spec R. Since the étale morphism f is open, we conclude the "only if"
part. Conversely, suppose fj is surjective, then for any valuation x € Spa(R,R"), there is a prime ideal q lying
over the support p of x. Any valuation on £(p) extends to a valuation on £(q) [BouO6a, Chapitre VI, §2, n°4,
Proposition 4], inducing a valuation y on .S, which is continuous since S is a finite R-module. Since S* is the
integral closure of R* in § and ||, <1 on R*, we see that ||, <1on S", hence y € Spa($,S5") is mapped to x.

2.3.4 - Lemma. LetY — X and Z — X be finite étale (vesp. étale) morphisms of locally Noetherian analytic® adic
spaces. Then the fibre product Y Xx Z exists in the category of adic spaces. Moreover, the map of underlying topological
spaces | X Xz Y| — |X| Xz, |Y| is surjective.

Proof- For a diagram (B,B") « (4,47) — (C,C™) of finite étale morphisms of Tate-Huber pairs with (4, A4")
complete and Noetherian, the pair (D,D"), where D = B ®4 C and D* the integral closure of B* ®4+ C* in
D, is the pushout in the category of complete Huber pairs. It is sheafy because D being a finite A-module,
(D,D?*) is also Noetherian. The étale case follows immediately and the general case follows by glueing. The
surjectivity is by [Hub94, Lemma 3.9, (i)]. |

2.3.5 - Lemma. IfY — X is a finite étale morphisms of locally Noetherian analytic adic spaces, then for any open
affinoid U = Spa(A,A%) c X with (A, A") complete, Tate and Noetherian, its preimage V is of the form Spa(B, B*)
with (B, B") finite étale over (4, A%).

Proof. This is [Hub96, Example 1.6.6 (ii)]. O

2.3.6. Now we turn to the étale theory over perfectoid spaces. Before employing the terminology of almost
mathematics, let’s clarify based on which (¥, m) we will be talking about "almost”. Suppose we have morphisms
(4,47) — (B,B*) — (C,C") of perfectoid Huber pairs. Let w4 € A" (resp. wp € B*) be a pseudo-uniformiser
with compatible p-power roots. Then we may take (V,m) to be (4*,U,en wz/p") or (B*,U,en wg[)n). The
associated almost world does not depend on the choice of pseudo-uniformiser. So we may take @wp to be the
image of w, in B, and thus do not distinguish between the category B** — Mod and the full subcategory of
A** — Mod consisting of all B**-modules. Also, since wil/p"A" C A" for all » € N, we have 4" — Mod =~
A°* — Mod.

2.3.7 - Theorem (Almost purity, [Schl2, Theorem 5.25, Proposition 7.6, Theorem 7.9]). Let R be a perfectoid
Tate ring.

(i) For any finite étale R -algebra S, S equipped with the canonical topology is perfectoid, S° is almost finite étale
over R°, and S° is a uniformly almost finitely generated R°-module. This induces an equivalence of categories

{finite étale R -algebrast — {almost finite étale R° -algebras}
S — (So)a’

and an inverse is given by inverting w.
(i) Let R* be a subring of integral elements of R. The functor

{finite étale R-algebrasy — {Adic spaces finite étale over Spa(R,R*)}
S — Spa(S,87)

is an equivalence of categories, where S* denotes the integral closure of R in S.

2.3.8 - Corollary. Let Y — X be a finite étale (resp. étale) morphism of analytic adic spaces. Let Z be a perfectoid
space over X. Then the fibre product Y Xx Z exists and is a perfectoid space, and the projection Y Xx Z — Z is
Sinite étale (resp. étale). Moreover, the map of underlying topological spaces | X Xz Y| — |X| X|z| |Y| is surjective.

Proof. Assume first that Y — X is induced by a finite étale morphism (4,4%) — (B, B*) of Tate-Huber pairs
and that Z = Spa(C, C*) with C perfectoid. Then D = B®,4 C is a finite étale C-algebra, hence D is perfectoid
by the almost purity theorem and (D, D*), where D* is the integral closure of B* ®4+ C* in D, is perfectoid
and is the pushout of the diagram (B,B*) « (4,4") — (C,C") in the category of complete Huber pairs.
The étale case and the global case follow immediately. The last sentence follows faithfully from the proof of
[Hub94, Lemma 3.9, (i)]. O

8The condition of analyticity is in fact unnecessary (as is for the next lemma, etc.), cf. [Hub96, Proposition 1.2.2, Corollary 1.2.3].
However, we focus only on analytic cases.
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2.3.9 - Proposition. Let [ : X — Y and g : Y — Z be morphisms of adic spaces, where Z is either locally
Noetherian analytic or perfectoid.

() If [ and g are finite étale (resp. étale), then sois g o f.

(ii) Let Y' — Y be an étale morphism. If f is finite étale (resp. étale), then so is X Xy Y’ — Y.

(iii) If g and g o [ are finite étale (resp. étale), then so is f.

Proof. According to (2.3.4) or (2.3.8), the fibre product in (ii) exists and is locally described by the algebraic
tensor product. Then (i) and (ii) follow by definition and (2.3.2).

The finite étale part of (iii) follows also from definition. Let’s prove the étale part of (iii). If g is étale,
by working locally we may assume that g factors as ¥ — Y — Z where the first is an open immersion and
the second is finite étale. The diagonal Ay,z : ¥ — Y Xz Y is the base change of A?/z (Y 5 Y xz Y by
YxzY — Y x 7 Y. By (i), (ii) and the finite étale part of (iii), Ay 1z is finite étale, so Ay,z is also finite étale.
Further base change of Ay,z by X xz Y — Y Xz Y shows that the graph X — X Xz Y is finite étale. On the
other hand, if g o f : X — Z is étale, then its base change by g, i.e. X Xz Y — Y, is étale. Therefore, the
composition [ : X - X Xz Y — Y is étale. O

This allows us to define the étale site X of a locally Noetherian analytic space or a perfectoid space X
as the full subcategory of adic spaces over X consisting of all étale objects over X, whose coverings are jointly
surjective morphisms. We denote by Oy, the presheaf U — Oy (U) on Xg.

2.3.10 - Proposition ([Schl2, Proposition 7.13]). Let X be an affinoid perfectoid space. For any étale covering {U;};
of X, the sequence

0= 03 (X) = [ |65, = [ |68 x0, Wi xx Up) — -+
i i,j

is almost exact. In particular, H' (Xa, 0% ) ~ 0 fori > 0, and the presheaf Oy, is a sheaf for any perfectoid space Y .

2.3.11. Etale Galois coverings. (i) Let ¢ : (R,R*) — (S,8%) be a morphism of complete Tate-Huber pair
and G a finite group of automorphisms of (5,8%) over (R,R*). We say that ¢ is an étale G-Galois covering if
R — § is an étale G-Galois covering, that is

R=8C% — S®rS=[lecS x®y (xg(»)),-

In this case, S is faithfully flat over R by classical commutative algebra. Note that this definition concerns only
the ring morphisms R — §. If H C G is a subgroup, then ($%,8*7) is a Huber pair finite étale over (R,R™"),
and ($7,8*H) — (8,8%) is an étale H-Galois covering. If moreover H is normal, then (R,R*) — (S%,$+H)
is en étale G /H-Galois covering.

(ii) Let (R,R*) be a complete Tate-Huber pair either Noetherian or perfectoid and f : ¥ — X =
Spa(R,R*) be a finite étale morphism. According to (2.3.5) and (2.3.7, ii), Y = Spa($,S8*) and f is induced by
a finite étale morphism f* : (R,R*) — (S.8%). We say that f is an étale G-Galois covering if f* is so. In this
case, for any subgroup H C G, we denote Y /H := Spa(S¥,8*#). 1t is an affinoid adic space finite étale over
X,and £ : Y — Y /H is an étale G-Galois covering. If moreover H is normal, then Y/H — X is an étale
G /H-Galois covering.

Let’s justify the notation Y /H. According to [Hanl6, Theorem 3.1], there is a natural homeomorphism
|Y|/H — |Y /H|. Since the adic spectrum Y /H is already sheafy in our situation and Oy, = (h.Oy)C (it is
enough to check on global sections [Kedl7, Theorem 1.4.2]), we deduce that Y /H is the categorical quotient of
Y by the action of finite group A in the category 7.

(iii) If Y and Y’ are respectively étale G-Galois and G’-Galois coverings of X, and if Y — Y’ is surjective
morphism over X compatible with the group actions via a morphism of groups G — G’, then we have natural
isomorphisms G’ ~ G/H and Y /H =~ Y’ where H is kernel of the map G — G".

Indeed, we are easily reduced to the statement concerning étale Galois covering of rings R — § and
R — §’ together with a morphism of R-algebras § — §’, which is finite étale and faithfully flat by (2.3.3). The
statement then follows immediately from definition and faithfully flat descent.

2.312 - Lemma. Let (R,R*) — (S,8) be an étale G-Galois covering of perfectoid Huber pairs and w € R* be a
pseudo-uniformiser.

(i) S° is an almost étale G -Galois covering of R°.

(ii) R* j@ — (S*/@)C is injective and almost surjective.
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Proof. (i) We have R ~ §¢ and [Tgee S = S ®r S. By almost purity, the R°-module $° is uniformly almost
finitely generated. Also, we have $°¢ ®gea $°¢ =~ (S ®g §)°¢ by (2.2.15). Consequently, we have R* = (§*)¢
oa
hence R°® ~ (8°9)¢, and also §°° ®gea §°¢ ~ (n gcc S) > [geq 5°°.
(ii) Recall that @ is a unit in R. If x € R* N @S*, then @ 'x € RN S* = R*, so that x € @R*. Also,

(i) implies that R*/@ — S*/w is an almost étale G-Galois covering (1.2.9), so R* /@ — (S*/@)Y is almost
surjective. ]

2.4 Pro-étale topology

2.4.1. Recall that the category pro —€ of pro-objects of some category € may be defined as the category whose
objects are functors F : I — € from small cofiltered index categories /, and whose morphisms are given by
Hom(F,G) =lim lim Hom(F(i),G(j)). We also present F as lim F(i).

—j—i —i

Specialised to our case, we consider the category pro —Xj.

2.4.2 - Definition ([Schl3a, Definition 3.9]). Let X be a locally Noetherian analytic adic space.

(i) A morphism U — V of objects of pro —Xy is called étale (resp. finite étale), if it is induced by an étale
(resp. finite étale) morphism Uy — ¥V} of objects in Xe, i.e. U = Uy Xy, V via some morphism V — V.

(ii) A morphism U — V of objects of pro—Xg is called pro-étale, if it can be written as U = l(il_ni Ui, a
cofiltered inverse limit of objects U; € pro —Xg which are étale over V, such that U; — Uj is finite étale and
surjective for large i > j. Such a presentation U = hm U; — V is called a pro-étale presentatzon

(iii) The pro-étale site Xproe has as the underlylng category the full subcategory of pro —Xg of pro-étale
objects over X, and a covering is given by a family of morphisms {U; — U };es such that |U| = UJ; |U;|. Here,
toany V = l(ir_n Vi € pro —Xe, we associate the underlying topological space V| := 1(111_1 [V3].

The pro-étale site Xproe; is indeed a site [Schl3a, Lemma 3.10]. The Noetherian hypothesis guarantees
in fact that objects of Xz locally have only finitely many connected components, which is essentially used to
verify the existence of equalisers in Xo¢i; this is needed for verifying that the site Xjo¢ is algebraic [Schl3a,
Lemma 3.12], which makes topological arguments available.

There is a natural projection v : Xpre — Xg. For X lymg over Spa(Qy,Z,), we define the structural

sheaves O —v®+ 6 —hm ®+/[J and also Ox = ®+[ 1, Ox = ®+[]

2.4.3 - Definition. Let X be a locally Noetherian adic space over an affinoid field (£,k*) with a pseudo-
uniformiser @. An object U € Xy is affinoid perfectoid if U has a pro-étale presentation U = l(in, U —- X
by affinoids U; = Spa(R;,R}), such that, denoting by R* the w-adic completion of l_ir_)n'R,» and denoting
R = R+[%], the Huber pair (R, R*) is perfectoid. We denote then U := Spa(R,R").

One checks that the definition of U is independent of the pro-étale presentation U = I(Ln U;.
1

2.4.4 - Example. Let (K,K*) be an affinoid perfectoid field of characteristic 0. For n € N U {co}, denote
1/p" 1/p" 1/p" 1/p"
T? = Spa(R, R}) = Spa(K(T" 1y g+ (" 1y,

We denote also T? := Tg, which is a standard torus over (K,K*). Then T¢ — T¢ is finite étale surjective
for all » > m, the object U := 11m T¢ € T? . is affinoid perfectoid with associated affinoid perfectoid space

proét
T —Td
U =T,

2.4.5 - Proposition. Let X be a locally Noetherian adic space over an affinoid perfectoid field (K,K*) ofchamc
teristic 0. If U € Xproq is affinoid perfectoid, then we have Ox(U) =R, @}(U) R* and H' (Xproa/ U, 6% ) =0
Jori > 0.

This allows descent in the computation of cohomology of finite locally free sheaves on Xproet-

2.4.6 - Lemma. Let (R;,R}), i € I be a direct system of Noetherian Huber pairs over an affinoid perfectoid field
(K,K™) of characteristic O, for some small filtered index I, such that the p-adic completion (R,R*) of the direct
limit of (R;,R}) is perfectoid. Denote U = Spa(R,R™).

Fix an index 0 € 1. Let Vo = Spa(So,S;) — Uy be an étale map which can be written as a composition of
rational subsets and finite étale maps. For i > 0, write V; = Vo Xy, U; = Spa(S;,S}).
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(i) The completion (S,S*) of the direct limit of (S;,S)) is perfectoid over (K,K™*). Moreover, for any i > 0, we
have Spa(S,8*) = V; Xy, U in the category of adic spaces. In particular, if U € Xy is affinoid perfectoid, then
V=VxyU-= l(iﬂl,» Vi € Xproa s also affinoid perfectoid.

Let A7 = (S ®gr R)Y be the p-adic completion of the p-torsion free quotient of Sf ®grs R*.

(i) We have S = R:[%], for any i > 0. More precisely, the natural maps A7 — S*, i > 0 is injective, their
cokernels are respectively annihilated by some p¢, with e; — 0.

Proof. This is essentially [Schl3a, Lemma 4.5] with relaxed conditions on the system {(R;, R})};. The transition
maps were assumed to be eventually finite étale coverings, which was in fact not needed in the proof. O

2.4.7 - Definition. Let (R,R*) be a complete Tate-Huber pair either Noetherian or perfectoid, @ € R a
pseudo-uniformiser and X = Spa(R,R*). Let G be a (profinite) topological group. An object U € pro —Xg
is said to be an affinoid perfectoid pro-étale G-Galois covering of X, if U has a presentation U = l<iLn,» U; by
affinoids U; = Spa(S;,S;), such that:

» the transition map U; — U; is finite étale and surjective for any i > j;
e U; — X is an étale G;-Galois covering for all i, and G = l(in G; as topological groups;
1
e the pair (5,8%) is a perfectoid Huber pair, where S* denotes the p-adic completion of li_n)li S; and
S=81]
An adic space of the form U = Spa(S,$*) is then called an affinoid perfectoid pro-étale G -Galois covering of X .

The transition maps G; — G; are surjective by (2.3.1, ii), so the maps G — G; are also surjective.

2.4.8 - Example. Let (K,K") be an affinoid perfectoid field over Q,(gp~). Then 1(21 T¢ considered in (2.4.4)
n

is affinoid perfectoid pro-étale Galois over T¢ with Galois group I' ~ Zp(l)d. If & = ({pn)n € Zp(1) is a
Z,-basis, then the canonical isomorphism writes

F:@Zpyizzﬁ(l)d’ ’yi'_)(ov"" gh’.“,O),
i -t

where the action of y; is given by y,-(le/p") = géff le/ﬁ”.

2.4.9 - Lemma. Let (R,R*) be a perfectoid Huber pair with pseudo-uniformiser w. Let Spa(S,S™) be an affinoid
perfectoid pro-étale G -Galois covering of Spa(R,R™).

(i) We have R* | ~ (§*/w)%, R* ~ $*C and SC = R. R R R

(i) If M is a flat R* -module with the trivial G-action, then (S+®R+M[%])G ~ M[%], where M is the
w -adic completion of M.

Proof. Let w be a perfectoid pseudo-uniformiser of R.

(i) Let {S;}; be as (2.4.7). According to the previous remark, we may assume that for i > j, the transition
map G; — G; is surjective and S;T — 8 is an almost étale G;/G ;-covering.

We have

RY @ — (im(S; /@) = (lim 87 /@) = (§* /@) .
J J

Let’s show that the first arrow is injective and almost surjective. On the one hand, for any g € G, x € ST such
that [gx] = [x] € li_r)nj S;T/w (the bracket meaning the equivalence classe), then [gx] = [x] € Sl.: /@ for some

index iy > j. Since the action of G on h_r)nj(S;'/w) is smooth and J is cofiltered, one may find i > j such that
[gx] = [x] € S} /@ for all g € G. The almost surjectivity then follows from that of R* /@ ~ (S} /@)% . On the
other hand, since each map R*/w — S;T /@ is injective (2.3.12), the direct limit is also injective.

Now, this implies that the natural map ¢ : R* — S$*¢ is injective and almost surjective. Indeed, on the
one hand, we have ker¢p € @R™* for n > 0. But w being a non-zero-divisor in S*, we have furthermore
kero C wkerp. A simple induction and the w-adic completeness of R* imply ker¢ = 0. For almost
surjectivity, we have w/t"§*¢ ¢ R* + @wS* for all n > 0. Since @ € S* is a non-zero-divisor, we have

furthermore @'/?" $*¢ ¢ R* + @S*C for all » > 0. An induction shows that for any y € $*¢ and n > 1, one

can find x, € R* such that
w/"y = Z a1

meN
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The almost surjectivity then follows from the w-adic completeness of R*.

(ii) The flatness implies that M and S*ép-M are w-torsion free, that M/w — (8" ®p+ M/w)% is an
almost isomorphism, and that this lifts to an almost isomorphism M — (S*® R+]l2 )E. Inverting @, we obtain
the desired isomorphism. O

2.4.10 - Lemma. Let (R,R") be a perfectoid Huber pair and Spa(S,S*) be an affinoid perfectoid pro-étale G -Galois
covering of Spa(R,R*). Let H be a compact open subgroup of G. Then U/H = 1<£12 U,/ H; is represented by the

adic space Spa(ST,(S7)*), where (S™)* denotes the integral closure of R in S*. The object U € (U/H)proa
is an affinoid perfectoid pro-étale H -Galois covering. The adic space U |H is finite étale over X, and is an étale
G /H -Galois covering of X if H is normal in G.

In particular, without loss of generality, we may insert I/ /H (seen as an adic space) into the index system
of the presentation U = 1(1_11_1 U; if needed.
1

Proof. We may assume that G; — G is surjective for all j > i. Denote H; := Im(G — G;) for any index i.
By (2.3.11), U; = Spa(R;,R]) is H;-Galois over Spa(Rl.H",R':H‘). The latter is finite étale over X and is an étale
G,/ H;-Galois covering of X if H is normal in G. On the other hand, (R?",R:H") is independent of the index
i; indeed, since for j > i, H; — H; is surjective with kernel K;; = ker(G; — G;) and R;{” = R;. Then let
(R',R™) = (R?",R:H"). Its adic spectrum represents U /H. Clearly by definition, U = l(inZ U; is an affinoid
perfectoid pro-étale H-covering of U /H. O

2.411 - Lemma. Let (A,A%) be a Noetherian Tate-Huber pair and X = Spa(A,A%). If U € Xppu is affinoid
perfectoid and V' € Xy s an affinoid perfectoid pro-étale G -Galois covering of X, then

@)W =V XU € Xy is affinoid perfectoid;

(i) V x U is affinoid perfectoid pro-étale G -Galois over U with associated affinoid perfectoid space W ;

(iii) we have W = U Xx V in the category of adic spaces;

(iv) if furthermore V is affinoid perfectoid pro-étale H -Galois over X, then W is affinoid perfectoid pro-étale
G x H -Galois over X .

Proof. We follow the proof of [Schl3a, Lemma 4.6]. We have a factorisation V = 1<i£1j V; = Vy — X with
V; — VW, finite étale and surjective, V) — X finite étale (thus small) and V; étale G;-Galois over X. Write
U =lim U;. We write W =lim U; Xy V; = lim_ _Spa(Sij,S;’j) and denote W, :=V; X U.

—i —i,j —i,j

By (2.4.6), Wy = Vyxx U is affinoid perfectoid and finite étale Go-Galois over U; similarly, 147] =V;Xx U=
Spa(S j,S;) is affinoid perfectoid, finite étale and surjective over W, and is étale G -Galois over U;and (S ]—,S})
is the completion of the direct limit over ¢ of (.S; /’S;/')' It follows that the completion of the direct limit over
i,j of (8;;,8;;) is the completion of the direct limit over j of (§;,57); but the completion of a direct limit of
perfectoid Huber pairs is again perfectoid (use for example (2.1.4) to show the uniformity of the direct limit,
since each S7 is a ring of definition). This proves (i) and (ii).

Then (iv) follows immediately, since in that case, U; Xx V; will be étale G; X H;-Galois over X.

For (iii), write W = Spa(S§,8*), U = Spa(R,R*) and V = Spa(R’,R""). We check that (S,S*), being the
completion of the direct limit over 4, j of (S,-j,S;’j), is also the pushout of (R,R*) « (4,4*) — (R’,R™) in
the category of complete Huber pairs, cf. (2.2.12). O

We will need the following lemma when studying the dependence of Sen’s operator on toric charts.

2.4.12 - Lemma ([Schl3b, Lemma 3.24]). Let C be a complete algebraic closed extension of Q,. Let X = Spa(A,A")
be an affinoid adic space which is small, that is there is a toric chart

fiX - T =Spa(C(TH,.... TN, C(IH,. ... TfY)
which is a composition of finite étale maps and rational subsets. Consider the exact sequence

0— Zl,(l) — l<i£1(‘)ll 0y — 6% — 0
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on Xyroet, where Z/,(l) = @(.)p Mypn. 1t induces a boundary map ¢ : v.03 — Rlv*Zp(l). Then there is a unique
Oy, -linear map o : Qﬁ(ﬂ — RYv.6x (1) such that the diagram

) ~
AX = HO (Xproe’t’(@;() %U Hl(Xproéth(l))

ldlog \L
Ql

5 —~
A/C = HO (Xproe’h Qi\,) — Hl(Xpme’thX(l))

commautes; this map is an isomorphism.

Let’s fix a toric chart f : X — T? and describe the map § in the diagram. Let X, = Spa(4e,4Y,) =
X xpa TZ; this is an affinoid perfectoid pro-étale Galois covering of X with Galois group s ~ ZZ(I). We have
a natural commutative diagram

Hclom(rd,lgx_ln ppr(C)) —— H (Xoo/ X, Zy(1)) —— H'(Xproer Zp(1))

l l

H. (T4 Ro(1)) —— H'(Xeo/X,0x (1)) —— H'(Xproet,0x (1))

By abuse of notation, we denote the image f*T; € A still by T; for each i = 1,...,d. By construction of
&0, the image 60(7;) is represented by the cocycle g — {g(Til/p )/TiWJ }n. Then we may define 6(dlog7;) €
Hl(Xproét,®X(1)) to be the cocycle defined by the same expression.
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3 Tate-Sen’s formalism

We present the Tate-Sen’s formalism of Colmez in the following form. Our references are [Col03] and [BCO8].

3.1 Tate-Sen’s conditions

3.11. Set-up. Let G be a profinite group and y : G — Z;f a continuous character with infinite (thus open)
image. Let H = ker y. For each open subgroup Gg of G, let Hy = Gy N H, denote fHO = N¢g(Hy)/Hy and
Ch, Cent(FHo) If Gy is normal in G, then FHO G/H,.

Let A be a commutative unital Z,-algebra equipped with a valuation v : A—RU {+0c0} such that:

* v(x) = +oo if and only if x = 0;

« 0(xy) 2 0(x) +20(p);

e v(x+y) > inf{o(x),0(»)};

e 0(p) > 0 and v(px) = v(p) + v(x) for x € A.
This induces the valuation topology on A, for which we assume A to be complete. We suppose in addition that

G acts continuously and isometrically on A, ie. v(g(x)) =v(x) forall g € G and x € A.

3.1.2 - Remark. Let d > 1 be an integer. We equip Matd(/\) with the valuation (by abuse of notation)
v(A) = min; j v(a;;) where a;; are the entries of 4 € Mat;(A). Clearly, we have that

* v verifies the four conditions listed above but with x,y € Matd(/~\);

« Maty(A) is a Z,-algebra complete for the valuation topology, and on which G acts continuously and
isometrically;

e if 4 € Matd(/~\) satisfies v(4 — 1) > 0, then v(4) = 0 and 4 is invertible with inverse Y,5((1 — 4)’ by
completeness of A with respect to the valuation topology.
3.1.3 - Definition. The Zate-Sen’s conditions are the following:
(TS1) There exists ¢; > 0 such that, for any open subgroups H; C H) of H, there exists @ € A satisfying
v(@) > —cand ¥ ey 7(@) = L
(TS2) There exist ¢ > 0, and for each open subgroup Hy of H, an integer n(Hy) € N, an increasing sequence
(AHyn) of closed sub-Z,-algebras of AHo together with Z,-linear maps Ry, : A A - AR, 2, such that:

a) If Hy C Hy, then Ag,,, C Ag, and Ry, = Ry, on A2;

b) Ry, is A, n-linear and Ry, ,(x) = x for x € Ay, »;

) §(Amyn) = Ngryg1n and g(Rpy (%)) = Rypyg1,(gx) for g € G and x € A;

d) If n > n(Hp) and x € A then v(Rpyn(x)) = v(x) — co;

€) limy 400 Ry n(x) = x for x € Ao,
(TS3) There exist ¢3 > 0, and for each open subgroup Gy of G, an integer n(Gy), such that:

a) x(Cn,) D1+ p"CZ, where Hy = Gy N H;

b) For y € FHO, if n > max{n(Gy),vp(x (y) — 1}, then y —1is invertible on Xy , := ker Ry, , C AHo,

) o((y —=D)7(x)) > v(x) — ¢3 for x € Xy 4.

Roughly, up to constants ¢, cg, c3 which we hope to be small, the condition (TSI) is an "étaleness” condition

up to some constant ¢, (T'S2) means the existence of compatible Tate’s normalised traces Rpg, ,, and (TS3)

indicates the invertibility of ¥ —1 on ker Ry, , and asks the operator norm of (y — 1)7! to be not much greater
than 1. Here is a commutative diagram of some of these objects:

(3.13.1)



3.1.4 - Remark. It follows from the definition that the Tate-Sen’s conditions are still verified if we shrink G to
some open subgroup of it containing H = ker y.

3.1.5 - Proposition (|[BC08, Proposition 3.2.6]). Suppose that (TS1)-(1S3) are verified. Let G — GLd(K), o Uy
be a continuous cocycle. Let Gy be an open normal subgroup of G such that Uy — 1 € p*Maty(A) and v(Uy — 1) >
c+2¢y + 2¢3 for all o € Gy. Then there exists M € GL;(A) such that:

e M-1¢ 1+pkMatd(/~\) and v(M —1) > ¢g + c3,
* the cocycle o — M \U,o (M) is trivial on Hy := Go N H and takes values in GL4(AHyn(Gy))-

By superscript "+" on A (resp. AH, ), we mean the corresponding unit ball, i.e. the subset of elements with
non-negative valuation.

3.1.6 - Theorem ([BC08, Proposition 3.3.1]). Suppose that (TS1)-(TS3) are verified. Let T be a Z,-representation
of G free of rank d. Let k be an integer such that v(p*) > ¢ + 2co + 2¢3. Let Gy be an open normal subgroup of
G acting trivially on T /p*T and write Hy = Go N H. Then for each n > n(Go), A* ®z, T contains a unique
sub-A}}U,n-module D;}(),n(T) free of rank d satisfying:

() Dy, ,(T) is fixed by Hy and stable under G;
(ii) The natural Gy-equivariant map A+ IV Dy (T) — AY ®z, T is an isomorphism;
(iii) Dy, (T) has a A+ o -basis which is c3- ﬁxed (i.e. such that for all y € Go/Hy, the corresponding matrix W,
satlsﬁes (W, - 1) N 53)

Proof. By choosing a Z,-basis of 7', the action of G is represented by a continuous group homomorphism
U : G — GL4(Zy) seen as a continuous cocycle G — GLy(A*). The hypotheses on Gy and k£ show that the

conditions of the previous proposition are satisfied. Therefore we obtained a transition matrix M € GLy4 (AY)
with properties which indicate the existence of a desired sub-A7,  -module DJr (7).

Suppose that there is another such submodule. Fixy € G satlsfylng n(y) = n and let U,,Uy € GLq¢(Ay )
be the matrices of the action of y on each submodule under respective Aj, o -basis verifying the COl‘ldlthIl (111)

Let B € GLy (K*’) be the transition matrix between two bases. So we obtain Uy = BilUyy(B), that is
y(B) = U,'BU,.
By condition (iii), it follows from the next lemma that B € GLd(ALO ,)» Which shows the uniqueness. O

317 - Lemma. Let Hy be an open subgroup of H, n > n(Hy), y € Ty, satisfying n > vp(x(y) = 1). Let
B € GL,;(KHO). If there exists V,Vo € GL4(Ap,n) satisfying v(Vi —1) > ¢3 and v(Vy — 1) > c3 such that
v(B) = 1BVy, then B € GLd(AHo,n)-

Proof.: Writing B = Rp,,(B) + C, it suffices to show C = 0. By Ap, ,-linearity of trace maps, we have
v(C) =VCVy, 50 y(C) — C = (1 = 1)CVy + C(Vy — 1), so that

o((y =1D(C)) 2 v(C) + min{o (W = 1),o(V2 = 1)} > 0(C) + v3.
If C were non-zero, then the last inequality would be strict since v(C) # 0, contradicting (TS3). O
The proof of (3.1.5) generalises that in [Sen80] and splits into two steps: almost étale descent and decom-
pletion.

3.2 Descent

3.2.1 - Lemma. Suppose that (TS7) is verified. Let a > ¢, k € N and Hy an open subgroup of H. Suppose that
U:Hy — GL,;(T\) is a continuous cocycle satisfying U —1 € ])kMatd(K) and v(Uy — 1) 2 a forall T € Hy. Then
there exists a matrix M € GLd(K) satisfying M — 1 € pkMatd(T\) and v(M —1) = a — ¢ such that the cocycle
7 MU, (M) verifies for all T € Hy

oMU r(M)-1) > a+1.
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Proof. By continuity of U, let H; be an open subgroup of Hy such that v(U; —1) > a+1+ ¢ for all T € H;. By
(TS1), let @ € A" be such that v(a) > —¢ and Yrerym T(@) =1 If Q is a set of representatives of Hy/H, we
write

My = Z o(a)U,.
oeQ

Then My —1¢ [)kMatd(T\) and v(Mg —1) 2 a — ¢ in particular v(My —1) > 0, hence My is has valuation 0
and is invertible. On the other hand, for v € H), we have

Ut(Mg) = Y 7o (a)Urt(Uy) = ), 70 () Urg = Mrg,
oeQ oeQ

so that
MQ_IUTT(MQ) =1+ ML;I(M,Q - My).

For each o € Q, there are 0’ € Q, 7’ € H; such that 70 = 0’7’; these o’ form a permutation of Q. Since also
«a is fixed by Hj, we have

MTQ - MQ = Z (O—,T’(Q)UO',T, - O-’UO") = Z U,(Q)UJ’O—(UT’ - 1)7
oeQ o’'eQ

so 09(Myg — Mg) > —c1 + (a+1+¢1) = a +1. Therefore we can choose M = M. O

3.2.2 - Corollary. Under the conditions of (3.2.1), there exists M € GLd(/~\) satisfying M —1 € pkMatd(K) and
o(M —-1) = a— ¢ such that for all T € H,

M Uc(M) =1.

Proof. By induction using the lemma, we obtain matrices M;, i € N satisfying M; — 1 € pFMat,(A) and
v(M; —1) > a— ¢ +i such that the cocycle 7 — U, = ([}, Mi)‘lUTT(I—[l’.‘:O M;) verifies v(Upr —1) > a+n+1
for all T € Hy. Then the infinite product [[,cn M; converges to an element M € GLd(/~\) with the desired
properties. |

3.3 Decompletion

3.3.1 - Lemma. Suppose that (TS2) and (1S3) are verified. Let 5 > 0 and b € R satisfying b > 2co+2c3+6. Let Hy
be an open subgroup of H, n > n(Hy), y € Uy, satisfyingn > v,(x (y)—1). If a € R satisfies co+c3+0 < a < b—cy,
and U =1+ p* Uy + p* Uy € Matz(A™) with

Ui € Maty(Amya), v(p*01) > a
Uy € Maty(A™0), o(p*Uy) > b,

then there exists M € GLd(K) satisfying M —1 € pkMatd(XHO) and v(M —1) > b—cy—c3 such that MUy (M) =
1+ p*V1 + p* Vs with

Vi € Maty(Amya),  0(pF) 2 a
Vy € Matg(AH0), o(pFVy) > b +6.

Proof. According to (TS2) and (TS3), we can write as Uy = Ry, ,(Ua) + (y — )(W) with o(Rp, . (p*Us)) >
b—c¢y > aand v([)k W) > b — ¢g — c3. We claim that we can take M = l—pk W. Indeed, we have

MUy (M) = (Ziso p* WA+ p* UL+ pFU) (1= pPy (W) = 14 pF UL+ p*Us - p* (v - D (W) + p*V
for some V € Maty(A™). Putting Vi = Uy + Uy — (y = 1)(W) = Uy + Ry, n(U) € Maty(Ap ), we have
2(p*11) = min {o(p* U1, 0(p* Ua) - &2} > a.
On the other hand, by developing the product series and ultrametric inequality, we obtain
0(p* V) = min {200 W), 0 (p*W) + 0(p* U1), 0 (p* W) + 0(p* Un)} = 2(b — ¢y — ¢3) 2 b + 6.

So V) = ka together with 1] verifies the desired properties. |
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3.3.2 - Corollary. Under the conditions of (3.3.1), if U € Matd(/.{) satisfies U -1 € pkMatd(KHO) andv(U-1) > b.
Then there exists M € GLy(A™) satisfying M — 1 € [)kMatd(AHO) and v(M —1) > b — ¢o — ¢3 such that

M7Uy(M) €1+ p*Maty(Ag, ).

Proof. Applying the lemma to a = b — ¢y and by induction, we obtain matrices 4;, i € N satisfying M; — 1 €
pFMaty(A™) and v(M; —1) > b +i6 — ¢y — ¢3 such that ([T%, M) Uy (I1%, My) = 1+ p*Vyy + p*V,0 with

Vn,l € Matd(AHO,n), v(kan,l) 2a
Voo € Matg(A™), 0(p*V,9) > b+ (n+1)6.

Then the infinite product [];cy M; converges to an element M € GLd(KHO). Then M~'Uy(M) = 1+ p*W;
where ] = lim,, V,; € Ag, , because Ay, , is closed in A0, The other properties are easily checked. O

Proof of (3.1.5). By (3.2.2), there exists M) € GLy(A) satisfying M) —1 € [)kMatd(X) and v(M; — 1) > 2¢9 + 2¢3
such that the cocycle 7 — U/ = lelUTT(Ml) is trivial on Hy. Hence U’ is inflated from a cocycle FHO =
G/Hy, — GL;(A™). B

Let y € Cp, = Cent(G/Hy) such that v,(x (y)-1) = n(Gy); in particular, y € Gy and Uy-1¢€ [)kMatd(AH)
with o(Uy = 1) > 2¢ + 2¢5. By (3.3.2), there exists My € GLy(A™) satisfying My — 1 € p*Mat, (A™) and
v(My —1) > ¢y + ¢ such that M2_1Uy’y(M2) € GLy (A n(Gy))-

Let M = MiM; and V denote the cocycle G — GL;(Ag, ()T + MU, t(M). We have M —1 €
[)kMatd(T\) and (M —1) > ¢ + c3, sO

v(Vy —1) > min {o(U, - 1),0(M = 1)} > ¢y + ¢35 > c3.
Since vy lies in the center of G/H), for any T € G, we have 7y =y modulo Hj, so the cocycle relation reads
Vet(Vy) = Vey = Vyr = Vyy (Vr)

y(Vz) = Vy_lVTT(Vy)~
Then we deduce by (3.1.7) that V; € GLy(Ag, n(q,)) for any 7 € G. O

4 Locally analytic vectors

41 p-adic Lie groups and locally analytic functions

4.11. A Qy-Banach space is a topological Q,-vector space B whose topology comes from an ultrametric norm
Illg : B — R for which it is complete. The morphisms between Q,-Banach spaces are the continuous
Q,-linear maps; a morphism is called strict if its image is closed.

For two Qy-Banach spaces V, W with respective unit balls V'°, W°, we define the (p-adically) completed

tensor product V®q, W := (V° ®z, WO/[)”) [[—1)] Replacing the norms on V' and W by equivalent ones does

not affect the definition.

Any surjective morphism of Q,-Banach spaces admits a continuous splitting, see for example [Ber, Corol-
lary 11.6]. Hence the completed tensor product with a Q,-Banach space preserves the exactness of short exact
sequences of Q;,—Banach spaces.

4.12. Locally analytic functions and manifolds. Let d > 0 be an integer. Let U C Q‘; be an open subset
containing 0 and (B, ||-||5) be a Q,-Banach space.

A function f : U — B is called analytic if it can be expressed by a convergent power series ), cn¢ o
in d variables with coefficients b, € B. Denote by €**(U, B) the set of all analytic functions U — B, which is
naturally a -vector space. If furthermore U is compact, then €*"(U, B) is a Q,-Banach space with respect
to the norm | f || U = SUPyend xer 100l (the coefficients b, for analytic function is uniquely determined by
the Identity Theorem [Schll, Corollary 5.8]). There is a canonical isomorphism Cfa‘ll(U,Qi,,)@)Q[,B ~ €*(U,B).
Any morphism of Q,-Banach spaces B — B’ induces a map ¢**(U,B) — ¢*"(U,B’).

A function f : U — B is called locally analytic if for any x € U, there exists an open polydisc B(x,e) c U
such that f(x +-) is analytic on B(0,€).

A locally analytic manifold over Q, of dimension 4 is a Hausdorff topological space locally modelled on
ZZ c Q¢ with locally analytic transition maps. The locally analytic maps between such manifolds are defined
using charts; the locally analytic functions on such manifolds are locally analytic maps to Q,.
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4.1.3 - Example. Let (B,|-||z) be a Qp-Banach space with unit ball B°. By definition of analytic functions,
for all » > 0, there is a natural isometric identification

¢ (p"Z5. B) :B<ﬁ Q>

PR
with ||Y, baTa”p"Z;f = sup, ”[)"l“lba”B on the first space and the Gauss norm on the latter. This norm is

identified with |||, on the set ])"@‘L, thus in particular stays invariant under analytic automorphism of p”ZZ.

If furthermore B is a Q,-algebra such that ||xy||B < ||x||B”yHB for any x,y € B (for example, if B = Q,), then
%an(p”ZZ,B) is an algebra such that ||/ g iz < If pnzd”g
b b

d -
p"Z,

4.1.4. p-adic Lie groups. Parallel to real Lie groups, we define a p-adic Lie group as a locally analytic manifold
G over Q, equipped with a group law such the multiplication map G X G — G is locally analytic. Then the
map G — G taking inverse is automatically locally analytic [Schll, Proposition 13.6]. Many facts about real
Lie groups stay true for p-adic Lie groups. But a great distinction is that, unlike Lie groups having no-small-
subgroup property, any p-adic Lie group admits a nice filtration of compact open subgroups, in the following
sense.

4.1.5 - Theorem (Lazard, [Schll, Theorem 27.1]). Let G be a p-adic Lie group of dimension d. Then there exists
a compact open subgroup Go C G of rank d equipped with an integral valued, saturated p-valuation w defining the

topology of Gy.

4.1.6. Let’s explain the terminology in the theorem. Let Gy be a compact Hausdorff topological group.
(i) A p-valuation on Gy (supposed to be compact Hausdorff) is a function w : Gy — {¢g,} — Rso with
convention w(eg,) = +oo such that for all g,k € Gy,

@) w(e) > 74,

(b) w(g™h) > min{w(g),w(h)},
(c) w(ghg™'h™) > w(g) + w(h), and
(d) w(g?) =w(g)+1L

From this, we obtain subgroups
(Go)y ={g €Go:w(g) 2v} and (Go)+:={g€Go:w(g)>v}, vERy

which are normal subgroups as a consequence of (b) and (c). Let

gr(Go) = D (G)v/(Go)ys

v>0

We have a natural map o : Gy — gr(Gy), g — g(Go)w(g)+ Raising to the p-th power defines an operator
P : gr(Gy) — gr(Gy), o(g) — o(g?). From (d), it is not hard to see that gr(Gy) is a torsion free (thus free)
Fy[P]-module, so that we may define the rank

rank(Go,w) := rankg,[p] gr(Go)

if gr(Go) is a finitely generated F,[P]-module.

In addition, there exists a unique Hausdorff topological group structure on Gy for which the G, form a
fundamental system of open neighbourhoods of ¢g,; this topology is called the fopology defined by w. In the
presence of a p-valuation defining its topology, the compact group Gy is necessarily a pro-p-group.

(ii) Suppose that (Go,w) has finite rank and that w defines the topology on Gy. For any g,...,g; € Go,
we have a well-defined continuous map

(4.1.6.1) ¢:Zy = Go, (%1, ..xa) = g g

thanks to w being a p-valuation defining the topology. The above ¢ is bijective (thus a homeomorphism by
compactness) and, w(c¢(x1,...,x7)) = min;{w(g;) + vy(x;)} for any x1,...,x; € Z, if and only if the classes
o(g1),...,0(gqs) form a F,[P]-basis [Schll, Proposition 26.5], in which case (gi,...,g4) is called an ordered
basis of (Go,w). Any (Gy,w) of finite rank has an ordered basis [Schll, Proposition 26.6] (the point is to show
that gr(Go) has a F,[P]-basis of homogeneous elements).
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(iii) It is unclear whether ng c G("+L1)+ ={geGy:w(g) >n+ l%} is a subgroup. We call (Go,w)
=

saturated if the above inclusion is an equality for any n > 0. In this case, ng is a subgroup of Gy for all n > 0;
moreover, for any ordered basis (gi,...,g4) of (Go,w) and the map ¢ : ZZ — Gy defined as above, we have
NG = pzd.

(iv) Note that if (Go,w) is of finite rank and saturated, and if w defines the topology on Gy, then any
g<Gy—- Gg can be extended to an ordered basis of (Go,w). Indeed, since w(g) < /)L—l by saturation property,

the F,[P]-coefficients of o-(g) under any basis o7(g1),...,0(gs) belong to F, and one of them does not vanish.
So we still have a F,[P]-basis if we replace some o (g;) with o (g).

4.17 - Example. (i) A trivial example is G ~ Z, with Gy = G and w = vy, which is an integral valued,
saturated p-valuation defining the topology.

(ii) Let £ be a finite extension of Q, and consider the p-adic Lie group G = GL,(E), which has dimension
[E:Qy] n?. Let

1
Go={g € GL,(E) : 9y(g -1) > ﬁ},

which is a compact open subgroup of G. Then w(g) = v,(g —1) is a p-valuation on G( which is saturated and
defines the topology of Gy, but w is not integral valued unless £ is unramified.

4.1.8. Lie algebra. For a locally analytic manifold G, we can define the tangent space 7’G using l-jets just
as for real analytic manifolds; vector fields ¢ € I'(G, T G) correspond bijectively to derivations on the space of
locally analytic functions %la(G,Qp) via & = Dg.

Suppose furthermore G to be a p-adic Lie group. Just as for real Lie groups, there are bijections be-
tween tangent vectors at ¢ = ¢¢ € G, right invariant vector fields on G and right equivariant derivations on

%la(G,Qp), as follows
7,6 «— TI(G,TG)® — Der(¢™(G,Q,))¢
E(e) £ — D;

where T'(G,TG)% denotes the space of vector fields invariant under right translation action of G, and
Der(%la(G,Qﬁ))G denotes the space of Q-linear derivations on %la(G,Q/,) that commute with the right
translation action of G [Schll, Corollary 13.11, Proposition 9.16].

We denote Lie(G) = T,G with the Lie bracket transported from Der(%la(G,Qﬁ)). More explicitly, let
(Gp,w) be as in (4.1.5) and (gi,. . .,gs) an ordered basis of it. We take the chart (Gy,c) given by (4.1.6.1). Then

Lie(G) = @;1:1%6%1_, and for any f € %la(G,Q!,),

(Ds =7 flg™).
t i lx;=0

If Gy € G is an open subgroup, then we have a natural identification Lie(Gy) = Lie(G).

4.1.9 - Proposition. Any p-adic Lie group G has an open subgroup Gy which admits a faithful finite-dimensional
continuous QI’ -representation V.

Proof. By Ado’s theorem [Bou07, Chapitre I, §7, n°3, Théoréme 3], there is an embedding Lie(G) <> Endg, (V)
for some finite-dimensional Q-vector space V. This integrates to a continuous morphism of groups Go —
GL(V) for some open subgroup Go C G [BouO6b, Chapitre III, §7, n°1, Théoréme 3 (i)], which becomes injective
if we shrink G further. O

4.110. Analytic functions on p-adic Lie groups. Let (Gy,w) be as in (4.1.5) and let G, = ng. Fix an

ordered basis (gi,...,g4) of (Go,w) and consider the map ¢ : ZZ — Gy defined by it (4.1.6.1). This is in fact a
locally analytic chart for Gy ([Schll, Corollary 29.6, Theorem 29.8]), called coordinate of the second kind.

For a Qy-Banach space B, we define (4*"(G,,B),||‘ll,) by pulling back (%“(p"z,,,B), ||~||1},LZ;)1) (4.1.3)

via ¢. This is independent of the choice of the ordered basis. Indeed, consider the logarithm map
log : Gy — Lie(G).

Its image is a free sub-Z,-module with a basis log(gi),. . .,log(gs) [Schll, Proposition 31.2]. Hence we obtain a
homeomorphism

c":ZZ — Go, 1s---,ya) > exp(yilog gi+ - +yq4log g4)
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(called coordinate of the first kind). On the one hand, one can show that the transition map between the
coordinates ¢ and ¢ with respect to any fixed ordered basis is actually analytic (more than being only locally
analytic) [Schll, Proposition 34.1]. On the other hand, with respect to coordinates of the first kind, the change
of ordered bases induces a Z,-linear (thus analytic) transition map. Therefore, by (4.1.3), the Q,-Banach space
€ (G, Qy) is independent of the choice of such ordered basis.

4.L11. Notice that €*"(G,,Q,), n € N are defined by some particular charts specified by (Go,w) rather than
by all charts for G,. Nevertheless, we could somehow get rid of such dependence. To be precise, let (G, w’)
be another pair verifying (4.1.5), then the restriction induces a well-defined map

(gan(Go’Qp) — (gan(GrIl,Qp)

for n > 0, where G, = Gép *. Moreover, it is continuous and injective.

Indeed, we may assume G| C Go. Let ¢ (resp. ¢’) be a chart for Gy (resp. G) as in (4.1.6.1). The transition
map ¢l o¢’ : Zz - ZZ is locally analytic, therefore analytic on p"Zz = ¢'1(G}) of 0 for some n € N. This
implies that "*"(Go,Q,) — ¢**(G,,Q,) induced by restriction is a well-defined map and it is continuous. It
is also injective by analyticity.

4.1.12. Lie algebras as right invariant derivations. The group structure of G( induces naturally the left and
right translation actions of G, on €*"(G,,B) = B®Qp C(GQp).

Reviewing (4.1.8) and the proof of [Schll, Proposition 9.16], we see that the natural map Lie(G) =
(G, TG, — Derg, (%a“(Gn,Qp))G", & — Dg is bijective; here G, acts on €*"(G,,Q,) by right transla-
tion. More generally, if B is a Q,-Banach algebra, then the natural map

B®Qp Lie(G) — DerB(BéZ)QP(gan(Gn»Q/J))G"

is bijective, where G, acts trivially on B. Indeed, by choosing an orthonormal basis {e¢;};c; of B (see for
example [Ber, Proposition 1L1]), any Q,-linear derivation D : ¢**(G,,Q,) — B®QP‘€2‘“(G”,Q[)) can be
written uniquely as }; a;e; ® D; where a; € Qy, D; € Derg, (€% (G1,Qyp)). If D commutes with the right
translation action of Gy, so do D;, i € I, which implies the claim.

4113 - Lemma. For n > 0, both the left and right translation actions of G, on €*"(G,,B) preserve the norm
I-llg,-

Proof Let g € G,. Up to rescaling (Gp,w) to (G,,w — n), we may assume zn = 0; up to extracting p-power
roots of g by saturation property, we may assume g € Gy — G;. Then we may extend it to an ordered basis

(g¢1=g,8,...,84) of Gy. Hence for f € €**(G,,B), writin, 0¢=4byx* € €*"(p"Z,y, B), we have
g5=48 g g pZy

f(gilc(x)) — f(g*1+x1g;2 . ..g;d) = f oc(x—Lxg,...,xq).

A calculation (or (4.1.3)) shows that the translation (x,x9...,%7) — (%1 + 1,x9,...,%4) induces isometric
automorphism of €**(Z¢, B). This proves the lemma for the left translation action on ¢**(Gy, B). By using
the ordered basis (g4, ..,82,81 = g), we get the result for the right translation action. O

4114 - Lemma. Let n > 0 be an integer and €*"(G,,B)° C €*"(Gy, B) be the unit ball with respect to the norm
Illg,- Then €*"(G,,B)°/p is fixed by both left and right translation actions of Gy.1.

Proof- Let g € Gy Similarly as above, we are reduced to the case n = 0 and g = g{] with g € Go—G;. We may
extend it to an ordered basis (gi,. .., gs) of Go. Then we are reduced as above to verifying that the translation
(%1, %9,...,%3) — (%1 — p,xg,...,%;) induces identity on %a“(Zd,B)/p, which is obvious by calculation. |

4115 - Lemma ([Pan20, Proposition 2.1.3]). For n > 0, there exist finite-dimensional subspaces Vi, k € N of
(G, Qy) stable under both left and right translation actions of G, such that ViV, C Vi and li—n>lk Vi is dense

in G (G, Qp).

Proof. Fix V ~ Qév as in (4.1.9). For n > 0, we have G, — 1+p2MatN (Zy). Fix any such n. For k € N, let V;
be the space of functions on G, that are restrictions of polynomials of degree < k on Maty (Q,). We have a
well-defined commutative diagram

C™(1+ p*Maty (Zy),Qp) — 2 €*(G,,Q,)

:T T -

G (p*Maty (Zy),Qp) — € (log(Gy),Qy)
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Here, the vertical arrows are induced by charts log; the lower one is induced by the injective linear map
of Lie algebras, hence has dense image. Since the set of polynomial functions on p*Maty (Z,) is dense in

€0 (p*Maty (Z)),Q,), we deduce that li_n)l/C Vi is dense in €*"(G,,Q,). The stability properties of {V;}; can

be easily verified as they are for polynomials. O

4.2 Locally analytic vectors of Q,-Banach representations

Let G be a p-adic Lie group. We keep the notations (Gp,w) and G, = ng as in (4.110). Let (B,||-||g) be a
Q, -Banach representation of Gy, i.e. a Qp-Banach space equipped with a continuous representation of Gy.

4.2.1. Locally analytic vectors. We denote by B¢~% c B the subset of G,-analytic vectors, which are those
b € B such that the function G, — B, g — g - b is analytic, i.e. belongs to €**(G,, B).

We can identify BG»an with ‘Ka“(Gn,B)G" — B via the evaluation map at ¢g, where the action of G,
on 4*"(G,,B) ~ BQ?)QP(K‘“‘(G,L,QI,) is induced by the natural action on B and the left translation action on
©*" (G, Qy). More precisely, b € BG»an s identified with fo: Gu > B, g — g-b. The subset BGn—an g
stable under the action of G,, because the above evaluation map is G,-equivariant with respect to the right
translation action on €**(G,,B)%". Via this identification, we endow B% 2" with the induced norm I,

We denote by B = BG-1a .= l_ir_)nneN BG=3 c B the subset of G-locally analytic vectors, equipped with the
direct limit topology. According to (4.111), this does not depend on the choice of (Gy,w) in (4.1.5).

For any subspace V' C B, possibly non-Banach, we denote V2 .= V' N B® as the subset of G-locally
analytic vectors in V.

Taking locally analytic vectors is functorial: if ¢ : B — B’ is a continuous morphism of Q,-Banach

representations of Gy and if 5 € B¢~", then ¢(b) € B’¢n=2",

4.2.2. The Q,-Banach representation B of G is said to be G,-analytic (resp. locally analytic) if B®~*" = B
(resp. B™ = B). For example, any finite-dimensional representation of Gy is locally analytic, because this

corresponds to a continuous morphism Gy — GL4(Q,) and any continuous morphism of p-adic Lie groups is
locally analytic [Bou0O6b, Chapitre III, §8, n°l, Théoréme 1.

4.2.3 - Theorem (Amice). Let B be a Qy-Banach representation of Go. We have B® =lim _ B™ with
—neN

la]

B™ .— {beB: | l‘im p_ﬁn—lq,,]) (g =D (gg = D)% b =0},
a|—+o0

where (g1, . ...gq) is a fixed ordered basis of (Gy,w).

4.2.4 - Example. Suppose Gy = Z, and w = v, and that there exists an integer m > 0 such that (y —1)"B° C
pB° for any y € Z,. Then B = B™ = B for n > 0 by Amice’s theorem.

In fact, one can check by hand that B = B?"%™" for any n € N such that (/]l") is divided by p? for
i=1...,2m — 1. By writing
pn

yﬂ—1=}]«fyy—nﬁ

i=1

we have (y?" —1)B° c p*B° for any y € Z,. Now let y, be the p" € Z,, we have (y, —1)B° C p?B°; for any
b € B, the series f3(x) :== ;59 (x/fn)(yn —1)"b converges uniformly for x € p"Z,, defining an analytic function
p"Z, — B which verifies f;(x) = x - b. Hence f; € €*(p"Z,, B)?"?%, so its image b € B?"Zr=2n,

The results below will only be used in the subsection 5.7.
4.2.5 - Lemma. Ifb € B6 ™, then

(i) b € BOwan,

@) bllg,,, < ll6lig,,

(i) b1l = 1615 for m > 0.
Proof. This is immediate from (4.1.3) and the identification of b as f; € €*"(G,, B). O

4.2.6 - Lemma. The Lie algebra Lie(G) acts on B® by deriving the action of G, on B¢, n > 0. Moreover, for
any D € Lie(G) and n € N, there exists a constant Cp ,, such that ||D(x)||g, < Cpallxllg, for all x € BGnan,
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Proof. The first sentence follows by the identification & < f; and the construction of Lie(G) (4.1.8). The second
part is a consequence of the Banach-Steinhaus theorem applied to (BGn—an, Illg,), which is an analytic Q-
Banach representation of G,, and to a family of bounded operators converging pointwisely to the derivation
D. See also [ST02, Proposition 3.2]. |

4.2.7. For any Q,-Banach representation B of G, we put £ (B) := B2 and define its "right derived functors”
as
R'Zd(B) = 11_11)1 H! nt(Gn,‘ﬁan(Gn,Q[,)@QﬁB).

o
neN

We say that B is

o Lod-acyclic if R"LsA(B) = 0 for all i > 0;
* strongly Ldl-acyclic if for all i > 0, the direct system {H] (G, B&q,¢*(G1,Qy))}aeN is essentially
zero, that is for any n € N, the map H](Gy,B®g,C**(G1,Qy)) — Hl (Gn, B&Q, T (G, Qy)) is

zero for m > 0.

4.2.8 - Lemma. (i) Any short exact sequence 0 — M° — M' — M?* — 0 of Q,-Banach representations of G
(with G -equivariant morphisms) induces long exact sequence

00— (MO > uH* - (M) > R'LAM’) - R'LAM") - R'LAM?) — - -

(ii) Let M* be a bounded chain complex of Q,-Banach representations of G with (G -equivariant) strict mor-
phisms. If M7 and HY (M*) are £ -acyclic for all g, then HI(M*)"* = HI((M*)®).

(iii) Let 0 — B — M* be an exact chain complex of Qy-Banach representations of G (with G -equivariant
morphisms). Assume MY is Ld-acyclic for any q. Then R'LA(B) = H'(M*)®). Moreover, if all MY are
strongly £ s -acyclic and the direct systems {H'((M*)¢~2")}, are essentially zero for all i > 0, then B is strongly
LA -acyclic.

Proof. (i) For any n > 0, we have a short exact sequence (4.1.1)
0= M8, €™ (Gn.Qp) > M'®q,C™ (G1.Qy) = M*&q,C™ (G, Q) — 0.

Taking continuous G,-cohomology, we obtain a long exact sequence (1.1.4), which gives the desired long exact
sequence when passing to the direct limit over z > 0.
The (ii) and (iii) follow from (i) by decomposing a complex into short exact sequences and by induction. O
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5 Relative Sen’s theory, after Lue Pan

5.1 Main theorem

5.11. Set-up. Let C be a complete algebraically closed non-archimedean field of characteristic zero and O¢
its ring of integers. It is an extension of Q, for some prime number p by Ostrowski’s theorem. We may assume
the norm on C restricts to the usual p-adic norm ||, = ) on Q,. We will start with the following data:

e X = Spa(4,A4") be a one-dimensional smooth affinoid adic space over Spa(C, C°) which admits a Zoric
chart, i.e. an étale map X — T! that factors as a composition of rational embeddings and finite étale
maps;

* G be a p-adic Lie group,

« X = Spa(B, B*)be an affinoid perfectoid pro-étale G-Galois covering of X (2.4.7).

5.1.2 - Theorem ([Pan20, 3.1.2]). There is an element € B ®q, Lie(G), well-defined up to A, satisfying the
Q p ying
Jollowing properties:
(i) 6(B) = 0;
(ii) 6 is functorial in (G,X): for H a closed normal subgroup of G such that X' = Spa(Bf,B*) is an affinoid
perfectoid pro-étale G | H -Galois covering of X. Then we have 05, = 65 mod B ®q, Lie(H).
(iii) 6 # 0 if X is a locally analytic covering of X (see below for definition).

5.1.3 - Remark. Denote by T the Galois group of the pro-étale Galois covering T, = l(Ln T, — TY it is
canonically isomorphic to Z,(1) := l<21 ppr (C) via g {g(Tl//’")/Tl//’"}n. We shall construct a linear map
n

¢z : Lie(I') > B®q, Lie(G) from any toric chart X — T!, and the element 6 in the theorem will be the image
of a generator Lie(T").
We shall see that different charts change ¢ by 4. We can even use the module of differentials Qil ¢ to

obtain a canonical element in
Lie(I" ®z, (B ®q, Lie(G)) ®4 Q) = B®4 Q) ®q, Lie(G)(-1).

5.1.4. Notation. According to (2.4.10), for any open subgroup G; of G, Xg, := Spa(B%, (B%)*) is finite étale
over X, and is G/G;-Galois if G; is a normal subgroup, and X is the affinoid perfectoid space associated with
l(iLn,- Xg,. We have a system of affinoids parametrised by open normal subgroups G; of G and n € N U {c0},
which fit into the following diagram of adic spaces

00 i) XG,-,oo — X —>T£0

Ll

n —>XGi,n —>Xn —>Tln

Ll

)XGi > X )Tl

=
YAsEy S

(5.1.4.1)

>

M) —

where each square is Cartesian'’in the category of adic spaces by (2.4.6) and (2.4.11).

According to (2.4.11), X, is associated with the system lim Xg, - of the top row which is affinoid perfectoid
—i
pro-étale G-Galois over the affinoid perfectoid space Tlx,, and X, is also associated with the system lim X, of
—n

the left column which is affinoid perfectoid pro-étale I'-Galois over the affinoid perfectoid space X. Hence the
almost purity theorem allows us to apply (1.2.13, ii) to any p-adically complete B -modules in two ways.

Also, all the other rows (resp. columns) gives an affinoid perfectoid G-Galois (resp. I'-Galois) covering by
(2.4.6).

9For the purpose of studying the cusps of modular curves, one also has to consider the logarithmic variant: X admits a log étale
map to B! that factors as a composite of rational embeddings and finite Kummer étale maps, whose ramification locus is a singleton §;
here B! = Spa(C (T'),C° (T)) is given the canonical logarithmic structure associated with #( = Z[T']. And X ~ liLni X; is an affinoid
perfectoid G-Galois log pro-étale covering of X, such that the ramification index of each X; over 0 is a p-power p™ and lim; n; = +oo.

0Tn the logarithmic case, not all squares are Cartesian, and we need to use normalisation process to construct the diagram (5.1.4.1),
even at the finite level. Nevertheless, our assumption on the ramification degree of X — X allows us to apply rigid Abhyankar’s lemma
[DLLZ19, Proposition 4.2.1] to kill ramification. As a result, the upper middle square in (5.1.4.1) would be Cartesian for > 0, and the
lower left square would be Cartesian for G; sufficiently small.
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Let’s fix a topological generator y of I' for the discussion below.

7" (h)-b
pm
5.1.6. Faltings extension. Let V' be the following unipotent representation of I'on V' = QIQJ:

5.1.5 - Lemma. For any b € (Bo)®™™ T, we have 6(b) = limy,_ 100 up to A*.

(5.1.6.1) I'— GL2(Qy), v+ ((1) }) .

So V is an extension of the trivial representation Q, by itself. By taking I'-invariants, we get the following ad
hoc Faltings extension'!

(FE) 0—B— (Bs®, V)" - B— 0,

where the surjectivity comes from H) (I, Bs) = 0 by almost étale descent.
5.1.7 - Proposition. The following conditions are equivalent:

(i) (FE) remains exact after taking Gy -analytic vectors for some open subgroup Gy of G equipped with an integral

valued, saturated p-valuation.

(i) (FE) remains exact afier taking G -locally analytic vectors.

(ii) There exists a G-locally analytic vector b € By such that y(b) = b —1.
Proof. That (FE) remains exact after taking Gy-analytic (resp. G-locally analytic) vectors is equivalent to the
surjectivity of BGo=a"_Jinear (resp. Bla—linear) map at BGo-an (resp. Bla) after taking Gy-analytic (resp. G-locally
analytic) vectors; this is determined by whether 1 € B lies in the image.

Write B ®q, V = (Bs)?. Any element of (B ®Q, V)" mapped to 1 € B has the form (5,1), b € B, such

that y(4) = b — 1. The analyticity of (4,1) is the same as that of 4. Therefore (ii) is equivalent to (i) (resp. (")),
taking into account the definition of G-locally analytic vectors. O

5.1.8 - Definition. We say that X is a locally analytic covering of X if the equivalent conditions in (5.1.7) hold.

5.1.9 - Remark. The property of being a locally analytic covering is preserved when passed to any rational
open subset U C X and its preimage U C X. This is clear form the condition (iii).

Proof of (5.1.2, iii). By condition (5.1.7, ii), there exists z € (Bw)®™™ such that y(8) = 4 — 1. Then by induction
and continuity, we have y" () = b — m for all m € Z,. Hence b is I'-analytic, and 6(b) = 1 up to A4* by (5.1.5).
In particular, 6 # 0. O

5.2 Normalised traces

For notational purpose, we rewrite the diagram (5.1.4.1) in terms of completed Huber pairs

(BoouBL) 45— (B0 BY, ) ¢ (AwnAL) é—— (ReoiR)

ol I I I

(5.2.0.1) (By,Bf) +—— (BGi,"’BZ;i,n) — (4,,4%) <—— (R4, R})

1 I 1 1

(B.BY) «——— (Bg,.B};) 4—— (4,4") <—— (R.R")

I Assume X = (Xg)¢ where X; is smooth over some discretely valued subfield £ C C. In this case, Scholze constructed the Faltings
extension [Schl2], whose base change to C is denoted as

(5.1.6.2) 0 — Ox (1) — € — Ox ®, Qy — 0.

With the notation of in the above diagram, we can recover the above ad hoc Faltings extension (FE) as the exact sequence (5.1.6.2) evaluated
on X. _ N
Indeed, since X is affinoid perfectoid, Oy (Xo) = Bwo. Fix a (non-canonical) G X I'-equivariant isomorphism Bw (1) =~ B, by choosing

a generator of the Tate twist. Since Xo lives over X, there is an element v € 8 (Xoo) lifting a generator of Bo ®4 QL = By such that

v(v) = v+t by [Schl3a, Section 6]. Therefore, evaluating (5.1.6.2) on X, by vanishing of H' ()?00,6)(), i > 0, we get a G X I'-equivariant
exact sequence
0 = Bo = Beo ®q, V — B — 0

where V' = Q‘% is the representation of I' given by (5.1.6.1). Finally, we evaluate (5.1.6.2) over X using the covering Xoo — )?, which amounts
to taking I'-invariants in the preceding sequence; so we recover (FE).

More generally, if X has a formally smooth model over O¢ with a lifting over 4i,(0¢)/ (ker 6)2, we can also define a Faltings extension
[Wan21].
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5.2.1. Trace maps along the tower {T}},cn. Recall that for n € N U {0}, we have
(R, RY) = (C(T*"),0c(T*1")).

We equip R with the valuation associated with the Gauss norm

vg ( Z ¢aT”) = inf wvy(ce), ¢o €C.
weZ[1] ezl
»

Recall that the Galois group I of T., over T! acts isometrically on Re, by
k k
Y@ =g, T (Lp) =1

where y is a basis of I' = Z,(1) corresponding to the sequence {{y1},. For n > m, we have the usual I'-

equivariant normalised trace map p_(”_’”) trym : R} — R}, sending Tl/f’k, ,p)=1to TUP if k < mand 0
otherwise. This is independent of # and extends by continuity to a R} -linear map tr,, : R, — R} which is a
retract of R}, c RY,. After inverting p, we get a continuous I'-equivariant R, -linear map

try : Reo — Ry

which is a retract of R, C Reo, so that Re, = Ry, @ kertr,,. Moreover, we have try o try = tmin{mm}. By
explicit computation, we have for any x € R,

lim tr,(x) = x;
n—+00

and for any topological generator y of I', the operator y — 1 is invertible on ker tr,, with

(=17 (3)) = 080 2 0y Gy =) = =

We fix from now on (unless specified otherwise) a toric chart X — T'.

5.2.2. Trace maps along the tower {X,},en. Recall that X, = Spa(4,,4}) and that (4,,4}) is the pushout
of (Ry,R}) « (R,R*) — (A4,A%). By (2.4.6), we may extend A,,-linearly the normalised trace try, first to
Ay ®g+ RY,, n € N, and then get
t_rX’m 1A — Ay

by inverting p, which satisfies the following properties:

(a) trx,, is a retract of the inclusion 4, C Aw;

(b) EX,m o EX,m’ = EX,min{m,m’};

(c) the image trx ,(A%) C p~¢n A}, for some constant €,, — 0 as m — +oo, so that for any x € A

UA(EX,m(x)) = Z)A(x) — €m,

where vy is the valuation on 4. defined by 4% as in (2.1.9).
(d) limy—4c0 trx,(x) = x for any x € Ao;

(e) For any topological generator y of T, the operator y — 1 is invertible on ker try , with

1
24((y = D)7 (%) = 24 (%) 2 ——— — 2€p,
pmp-n "
where lim,,—+c €, = 0 Indeed, for any x € kertry, N 4%, we have p»x € (4}, ®g: kertT:n)‘f’/\, SO

(y = 1)7'(pe"x) is well-defined and belongs to p~V/#"#=D (4} @p: kertr, )™ c p~V2"#=D 4% which
implies the desired inequalities.

5.2.3. Trace maps along the tower {Xg, »}neN.
For any (compact) open subgroup G; of G, Xg, , is finite étale over X, hence small. Just as in the previous
paragraph, we may extend Bg, ,-linearly the normalised trace and get

try, m Bg, 00 = Beym

satisfying the properties (a)-(¢) above, with B, in place of 4 and vp,, in place of v4.
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5.2.4 - Proposition. The set-up (3.1.1) and the Tate-Sen’s conditions (3.1.3) are verified with

o G:=GXT, x be the character induced by an embedding I" — Z;, and H :=ker y = G x {1};

o A = B., with the valuation canonically defined as in (2.1.9);

* Aty = Bgyn and Ry, 5 = EXGO,,“ for any open subgroup of Hy = Go X {1} of H = G x {1} = G.

* ¢,¢9,¢3 > 0 arbitrarily small.
Proof. As for (TS1), we establish almost étaleness: for any open subgroups H; C Hy of G X {1} ~ G, We know
that (BHZ,B;IZ) — (‘BIJI’BI-;I) is finite étale by (2.4.10), so (BHz,oo’BIJrJQOO) - (BHM,O,BIJ;l .,) is a finite étale map

of perfectoid spaces by (2.4.6), hence BIJ'{Q,oo — By, o is almost finite étale by almost purity (2.3.7, iii). The (TS2)
and (TS3) follow directly from (5.2.2) and (5.2.3). O

5.2.5 - Remark. Recall that in the case A = Cy, G = ng and ¥ = Xy, one can only allow ¢3 > 1, which is
different from our case.

5.2.6 - Lemma. Let ¢ < % be a constant in |C*|. Let T be a Z,-representation of G free of rank d, and Gy C G be
an open subgroup acting trivially on T | pT . Denote n(Gy) := n(Go X I') the constant given in (TS3), which depends
only on ¢c3 = ¢. Then for any n > n(Go), BS, ®z, T contains a unique sub-By,  -module D, | (T') free of rank d

satisfying:
(i) DEO (1) is fixed by Go, and stable under G x T';
(ii) The natural Gy X I'-equivariant map B2, ®p: DEO ) — B, ®z, T is an isomorphism;
0.7[ >
(iii) DEO’H(T) has a BEM -basis which is c-fixed, i.e. under which the matrices of the I"-action is trivial modulo p°.

In particular, there is a constant m(c,n) (independent of T') such that (y — DM(DEO,n(T)) C ])DEO’H(T) Jor any
vyel andm > m(c,n).

Proof. Thanks to (5.2.4), this is essentially (3.1.6) with constants ¢, ¢y > 0 sufficiently small such that ¢ + 2¢9 +
2¢3 < 1. The last sentence follows from (iii). O

5.3 Sen’s operator: construction, I

5.31-Lemma. Let Gy C G be an open subgroup. We have B’GJZ;_M = Bg,m for any m € N.

More generally, let D be a Q,-Banach space with a Bg,,-module structure such that the natural map
Bgyo ®Bg,, D — BGo,oo@’Bao,nD is injective (for example, a free Bg, ,-module of finite rank). If D is equipped
with an analytic p" T-action for some n’ > n, then (Bg,e®p, ,D)? ria“ = BGym ®pg,, D foranym > n’. In
particular, if D is equipped with a locally analytic I -action, then (B(;U,oc@gcwD)F_la = (ll_n)lm Bgym) ®8g,, D.
Proof: Without loss of generality, we may assume Gy = G so that Bg, = 4, since Xg, — X is finite étale and
the tower as well as the trace maps is constructed by base change.

Let’s prove the general case. For / > n, the normalised trace try; : 4o — A; induces a continuous

I'-equivariant morphism
17 - ADQ@A,LD — A;®4, D.

By (5.2.2, ¢), {T1};>, is an equicontinuous family of operators. Then we obtain maps
T; i (Au®g, DY"" — (4; @4, D).

The latter is equal to A’fmr ®4, D = Ap ®4, D because 4; is p™I"-smooth. We conclude by lim;_, . 77(x) =
x. Indeed, this equality holds for x in the dense subset Ao ®4, D C Aw®4,D; we pass to general x by
equicontinuity of {77};. O

5.3.2 - Proposition. For each finite-dimensional continuous Q,-representation V of G, there exists a unique Be-
linear action of Lie(I') on B ®qg, V

¢v : Lie(I) - Endp, (B~ ®q, V)

extending the natural action of Lie(I') on (Bw ®q, V) =12 Moreover, it satisfies the following properties:

(i) ¢y commutes with G X T';
(ii) @y is functorial in V;
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(iii) dpyew = ¢y @ idw +idy ® ¢y for VW two finite-dimensional continuous Q, -representation of G.

Proof. Since G is compact, V' admits a G-stable lattice 7. Choose ¢ < % a constant in |[C*| and an open
subgroup Gy C G so small that Gy acts trivially on T'/pT, i.e. that the conditions (5.2.6) be verified. We are
going to start by constructing an action ¢y, , for all sufficiently small open subgroup Gy C G and n > n(Gy),
and to prove it to be independent of Gy and n. Once the existence of ¢y is proved, the implicit independence
of ¢y, on the choice of a lattice T C V will be eliminated.

(1) Let DEO,”(T) be the sub-Bgo’"-module of BS, ®z, T provided by (5.2.6). The last sentence of (5.2.6) and
(4.2.4) imply that Dg, (V) = DEM(T)[%] is 'locally analytic for n > n(Gp), inducing an action of Lie(I")
on Dg, (V). This action is Bg, ,-linear because the action of I" is Bg, ,-semi-linear and Bg, , is p"I"-smooth;
it is also G X I'-equivariant because the actions of G X I" and I' commute with each other.

We have By ®Bg, . D¢, n(V) = B ®q, V (5.2.6, ii), so we can extend B, -linearly the action of Lie(I") to
one over By, ®Bgy D¢y (V) = Bs ®q, V. We denote it by

0vGyn : Lie(I) - Endp, (Bw 8q, V).

e action @yg,, is independent of n. Indeed, for #n” > n, the action ¢y, is uniquely determine
2) The acti Gon 1s independent of z#. Indeed, for »” > n, the acti Go.w 1S uniquely determined
by its restriction to

(5.3.2.1) DGU,n’(V) = BGU,n’ ®BGov" DGO,n(V)7

where the equality follows from the uniqueness in (5.2.6). Deriving the locally analytic I"-action and using the
I'-smoothness of Bg, ., we obtain ¢y, » = dv.cya-

Now, let’s show the independence of ¢y, := ¢rg,» on Go.

(3) First, we descend Dg, (V) to the G-invariant subspace as follows. Shrinking Gy, we may assume
it to be normal in G. Then 4, = Bg, — Bg, is finite étale G/Go-Galois, so that by Galois descent,
D¢, (V) = DGO,,Z(V)G/GU is a free 4,-module with a locally analytic I"-action and there is a I'-equivariant
isomorphism

Dgyn(V) = By ®4, Do u(V).

The above Galois descent together with (5.3.2.1) also guarantees that
(5.3.2.2) Dy (V) =A4w ®4, Dega(V).
(4) As a result of (3), ¢y, is uniquely determined by its restriction to

(lim Bgym) ®8g,,, D6y (V) = (lim Bgym) @4, Do (V) = (lim Bg, ) B(lim An) ((lim 45) ®4, De.a(V)),

m m m m

and ¢y, restricted to Dg,(V) is the infinitesimal Lie(I")-action. Using the I'-smoothness of 4,/, we find
that ¢y, is even determined by its restriction to the following (h_n} An)-lattice of B, ®g, V
m

(im 4) ®4, Dg.a(V) = (Ao ®4, Do (V)™ = (Beo ®4, Do (V))* 7 = (Boo @9, V) 17,
m

where the first equality comes from (5.3.1). But this restriction coincides with the natural infinitesimal Lie(I")-
action, because we have (li_n)lm Ap) ®4, Dea(V) = h_n)lm D¢, by (5.3.2.2). This proves the independence of
dv.g, on Gy as well as the uniqueness and the existence of ¢y .

(5) Finally, for properties (i)-(iii), it is enough to check them on (B ®q, V)& 'l which is immediate. O

5.3.3 - Remark. According to (3.1.4), We may also replace G by any open subgroup of it in the previous
proposition.

5.3.4 - Corollary. The action ¢y of Lie(T") extends the natural action of Lie(I') on (Bw ®Qq, p)Gsm I=la

Proof. This follows from the previous remark and the uniqueness part of the previous proposition. O
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5.4 Sen’s operator: construction, II

5.4.1. Let (Go,w) be as in (4.1.5), i.e. Gy C G is a compact open subgroup of rank d equipped with an integral
valued, saturated p-valuation w defining the topology of Go. In addition, by (4.1.15), up to replacing Gy by

some G, = Gg", we may well assume that there exist finite-dimensional subspaces V;, £ > 0 of €*(Go,Q,)
stable under both the left and right translation actions of Gy such that V;V; C Vi and 1i_n)1]C Vi is dense in

% (Go,Qp). We regard the V; as representations of G via its lef translation action. It is also clear that such
Gy form a basis of neighbourhoods of 15 € G.

Recall that we equipped ¢*"(Go,Q,) with the norm |[|-||¢,. Let €*"(Go,Q,)° be its unit ball and for each
k20, V7 =V NE"(Go,Qp)°. It is easy to see that V” is a Go-stable lattice in V. Also, it follows from

4.1.14 that for all £ > 0, Ve /p is fixed by the open subgroup G; = Gﬁ of Gy.
Y y P group

5.4.2 - Proposition. Let (Go,w) be as in (5.4.7. Then there exists a unique Bs-linear action of Lie(T') on
B®q, ¢ (Go,Qy)
ég, : Lie(I') — Endp, (BDQ@QP%M(G(),Q[;))
extending the natural action of Lie(I') on (Bx®q, E(Go,Qy)) % T2, Moreover, it satisfies the following property:
(i) ¢g, commutes with Gy x T';
(ii) ¢¢, commutes with the right translation action of Gy on Bw®QP<€an(G0,Q[,);
(iii) ¢, is a derivation, i.e. for any 6 € Im ¢¢, and fi, f € €*"(Go,Qyp), one has 0(f1f2) = 0(f) fo + AO(fo).

In [)artz’cular, ¢Go factors as
d¢, : Lie(I') —» B ®Qp Lie(Gy) — Endp, (Boo@)Qp(gan(Go,Qp)),
where Lie(Gy) acts Beo-linearly and by deriving the left translation action on €**(Go,Qy).

Proof: In the same spirit as (5.3.2), we proceed as follows.

(1) Fix a constant ¢ < % in [C*|. Since Gi C Gy acts trivially on V;’/p, k£ > 0, we may apply (5.2.6) to
obtftlin},l for any n > n(Gi), k = 0, a G-invariant Gy X I'-stable Bgl,n—lattice Dgl,n(Vko) C (Bx)° ®q, V, ie.
such that

B, ®BZ¥ GM(V ) = B, ®z, V

The uniqueness part of (5.2.6) makes {Dg,  (V;")}£>0 a direct system, for any n > n(Gi). So taking the directly
limit of the above identity and then the p-adic completion, we obtain

B®g; D, = Bu®2z,%" (G0, Q)"
where DEM C €*"(Go,Qyp)° is the p-adic completion of li—I>nk Dgl’n(Vk"). After inverting p, this becomes

B°°®BGI n DGla" = B°°®Qﬁ Cgan ( GO s Q[))

Gi,n Gi,n
According to (5.2.6), there is a constant m(¢,n) independent of £ such that for m > m(c,n), we have
(y - 1)"‘D2’;1 V) C pDEI"(Vk") for all £ > 0, so that

with Dg, , = D, [ ]. A side remark is that the natural map Bg, ®p; D: — B;@Bé DEI , is injective.
1" 1.1 >

(y - l)mD 2 C j)DGl 0

Therefore Dg,, is p" T-analytic for some n’ € N by (4.2.4). Its Lie algebra action extends Be-linearly to
BOO@BGI,nDGl,n ~ Boo@Qp%a“(G",Q[,), which we denote by

$Gon : Lie(I) — Endg, (Bu®, 6 (G, Qp)).-

(2) We may argue as in the proof of (5.3.2), part (2) to show the independence of ¢g,, on n. Let n’ > n.
The uniqueness part of (5.2.6) implies

Gl n,(V ) G, ®B Gl,,(V )
so that after taking the direct limit over £ > 0 and the p-adic completion, we obtain

(5.4.2.1) DG, =BG w®; Dty
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The independence of ¢¢,, on n follows.
(3) Let’s descend Dg,, to its Go-invariant subspace Dg,,. As D¢, (Vi) = Bg ®Bq, D¢, (Vy), after
taking the direct limit over £ > 0 and the p-adic completion, we obtain

DG],n = BG],n ®BGU~" DGQJL'
with Dg, , the p-adic completion of li_I)n]C D¢, »(Vi), on which Gy acts trivially. By Galois (faithfully flat) descent,
we have D¢, , = (DGl,n)GO/Gl, and thanks to (5.4.2.1), we have for n’ > n

(5.4.2.2) Deyw = Beyw ®8g,, Déyn-

4) From the natural isomorphism B.®p. Dg,n = Bew®g, ¢ (Gy, , we obtain an identification
p Gyt Gos Q,
BGo,oo@’Bco_,,DGo,n = (Bmé)QP‘fan(Go,Ql,))GO (2.4.9), so that by (5.3.1) and (5.4.2.2),

(Boo®q, €™ (G0, Q) #" 17" = Dy,

(Boo®Qpcgan(G0’Qp))G0’ -la = (h_r)nm BGo,m) ®BGO»" DGo,n = li_l')nm DG()Jn'
But we know from (1) that the action ¢¢, of Lie(I') when restricted to ll_I‘I)l Dg,m is the natural action by
n

derivation. This proves the existence and the uniqueness of ¢g,.
(5) By construction, we see that ¢¢, restricted to B ®q, Vi coincides with ¢y,. The (i)-(iii) then follow
from those of (5.3.2). The last sentence is a direct consequence of (i)-(iii), because we have By, ®q, Lie(Gy) ~

Derg, (Bo®q, €™ (G0,Q,))% (4.112) and (Bw ®q, Lie(Go))" = BL, ®¢, Lie(Gy) = B ®q, Lie(Gy) (2.4.9). O

5.4.3. We identify Lie(Gy) = Lie(G) (4.1.8) and denote the map Lie(I’) — B ®q, Lie(G) by ¢¢,. Then ¢¢,
does not depend on the choice of (Gy,w) verifying the conditions in (5.4.1). We denote this map henceforth by

¢ : Lie(l) — B ®q, Lie(G).

Indeed, let (G{,w’) be another pair as in (5.4.1). If G is contained in Gy and if this inclusion in-
duces a well-defined (necessarily G X I'-equivariant) continuous injective map j : Booé)Qp%an(Go,Ql,) —
B°°®Qp ¢*(G},Qyp), then ¢, = ¢G(/, will follow from the uniqueness part of the previous proposition. In gen-

eral, according to (4.1.11), there exists # € N such that both inclusions G|, = G(;ﬁ e G and especially G, C Gy

induce a well-defined j as above; therefore, b, = da, = da,; showing the desired independence.

5.4.4. Sen’s operator. Picking a topological generator y of I', we define the associated Sen’s operator
0
=¢3(z—) € B®g, Lie(G)
X X 3‘)/ Q
(see (4.1.8) for definition of %) Different choices of y modify 6 by Z;f.

5.5 Sen’s operator: properties
5.5.1. Let (Go,w) be a pair as in (5.4.1). By the construction of ¢¢, (5.4.2), 05 acts naturally on'
(Butig, € (Go, Q)% T = BG-m T

The identification here is I'-equivariant (4.2.1), so 65 acts on the right hand side by the natural infinitesimal

operator %; one has more explicitely

v (b) - b
n

o) = Jim 00 el

So, varying Gy, we see that 6 also acts on Bf,*la’ [-la by the infinitesimal action operator %. In particular,
6% annihilates BGla T = pG-la(= Bla) the equality by (2.4.9).

12 On the left hand side, the action is induced by the natural infinitesimal left translation action of G: writing 0 = ¥, b; ® X; €
B ®q, Lie(G) and b € Bf,o’“, we have (6(f3))(g) = —2; 0:Xi(f3(g)). But 6(fy) is not necessarily of the form fj for some

b e Bf,o’“. Nevertheless, if furthermore 4 € Bf,‘)’a“’ I nd 6 € Im # %, then 6(f3) is of the form fy, because 6 can now be interpreted
as an infinitesimal action of I" by (5.4.2). Evaluating 0(f;) at eg, we get 8" = —; 5; X; (). In conclusion, 6 really acts on Bﬁo’a‘" I by

0(b) == b X;(b), be pGo—an. T-la
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Proof of (5.1.5) and (5.12, i). By the previous paragraphs. O

5.5.2 - Proposition. For any finite-dimensional continuous Q,-representation (V,p) of G, we have a commutative
diagram
qﬁ);/ B ®q, Lie(G)
I
T

EndBw (B ®Qﬁ V)

Lie(T)

where dp is induced by the natural infinitesimal action Lie(G) — Endg, (V).

Therefore, to calculate ¢z, we may take a faithful finite-dimensional Q,-representation V' of some open
subgroup Gy (4.1.9) and calculate ¢y .

Proof. Let t € Lie(I), it is enough to compare ¢ (¢) and ¢y (¢). For simplicity, we will omit ¢ below.

Let Gy C G be an open subgroup acting trivially mod p on some lattice of V.

Any finite-dimensional representation is locally analytic, so shrinking if need, there exists a pair (Go,w)
as in (5.4.1) such that the matrix coefficients of p are Gp-analytic. This induces a map my : V ®q, Vs —

C(G0,Qyp), my(v®A)(g) = A(g7'v), which is easily seen to be Go-equivariant with respect to the action
p®idy- on V ® V" and the left translation action on ¢*"(Go,Qy). This induces a diagram

idp,, ®

B ®q, |4 ®q, v —m)VBoo‘g’Ql,(gan(GOst)

lq)V ®idp* \L(ﬁi

idBoo Rmy

Boo ®Q}1 V ®Qp V* H Bm®QﬁC€an(G0st)

Every map here is By -linear and is determined by its restriction to Go-fixed I'-locally analytic vectors, and
one checks that the diagram commutes on such vectors (see (5.3.2) and (5.4.2)), so the diagram commutes in
general.

On the other hand, one has a diagram

idp., ®my

B ®Qp |4 ®QP v — Boo®Qngan(G07Qﬁ)

ldpoqu, ®idy+ \L(pi

idp,, ®my

Bw ®g, V ®g, V' —— Bu®q, ¢ (Go,Qp)

whose commutativity can be checked again on Gy-fixed I'-locally analytic vectors.
Now for any v € V, there exists 4 € V™ such that my (v ® 1) # 0. So the induced map

idg, ® my(—® 1) : B ®q, Q/]v - Boo@Qngan(Go,Q[])

is injective. Then we deduce from the commutative diagrams that ¢y and dp o ¢ agree on Bs ®q, Q0.
Hence they are equal, since v € V is arbitrary. O

5.5.3 - Corollary (id est (5.1.2, it)). Let H be a closed normal subgroup of G such that X' = Spa(BY ,B*) is an
affinoid perfectoid G | H -Galois pro-étale covering of X. Then we have a commutative diagram

Lie() — % Beag, Lie(G)

l¢ X7 lquotient

B ®q, Lie(G/H) —— B ®q, Lie(G/H)

Proof. By the construction of ¢ and ¢ 5,, we may shrink G as much as possible. So we may assume that G /H
admits a faithful finite-dimensional Q,-representation (V,p) (4.1.9). It is then enough to check the following
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solid commutative diagram

B ®q, Lie(G/H) &2 ey —% 5 B ®q, Lie(G)

e N

e 7 AN N lquotient
// bG/HY dey \\€ ®Q/’ Lle(G/H)
y o
Endzu (B ®g, V) < > Endp, (B ®g, V)

The upper left and upper right triangles are commutative by the previous proposition; and according to (5.3.2),
the lower triangle commutes by simple check about the actions of Lie(T") on (BZ ®Q, V)G H=sm, I-la 54

(B~ ®q, V)G-sm Il respectively. O

5.6 (In)dependence on charts

Conserving our notations in (5.1.1), we want to examine the dependence of ¢ on the choice of a toric chart
X ->T! (resp. Bl) in the smallness assumption. For a second toric chart X T! let’s denote by X.. the fibre
product X X T using this chart. Similarly for anything associated with this tower we emphasise it by the

colour, e.g. I' = Gal(X../X) and ¢ 5. There is a canonical isomorphism [ =~ I". Let’s fix a topological
generator ¥ € [ and the corresponding element y € T.

5.6.1. There exists a unique a € A* such that adlog7 = dlog7’, for Qk/c is a free 4-module of rank 1 with
basis dlog7" or dlog?".

Notice that in the geometric case, we have H! (T, Aw(1)) ~ HL (T, A)(1) and likewise for other ones
with 4... So according to (2.4.12), we have natural isomorphisms of 4-modules

~ H. (' A)() =~ H. (T, A)(1),
1) Qe B KB () = Bl (1 x T o)1) = | Heom (DA = Heond F A
Hcont( ’A )(1) = Hcont( ?A)(l)v
where the isomorphisms on the right result from properties of the normalised traces (5.2.2). By the explicit
discussion of (2.4.12), we have more precisely
Q¢ = Hion (N AW), - dlogT 1 (g 1= {g(TVF")/T17"},),
Q¢ = Hoon (1.A(D), - dlog? > (g = {g(TV2")/T"},).
Hence the composed isomorphism

Ql

A/C = Hclont( ’A) = Hclont( X F’A s°°) = Hclont(F’A) = Q14/(}

must be given by the multiplication by a € 4*.
Consequently, there exists & € A.  providing a coboundary connecting the cocycles (y,—) +— 1 and
(=,7) — a, i.e. such that

(5.6.1.2) 1+ (v,e)(b)—b=0
(5.6.1.3) 0+ (e,y)(b) —b=a.
In particular, b € 4 ‘ij Il ond

4] 0

2 b=l Z.p=a

3 b 3y b=a

We point out that one may always perturb & by some by € (J, 4,, = (4.oc0o)’ ™ ™™ to make ||| sufficiently
small without changing the above formula.

5.6.2 - Remark. If Gy is an open subgroup of G and we consider Bg, in place of 4, then the change of charts
induced from those of 4 will produce the same element a € Béo.

5.6.3 - Proposition (Unigueness part of (5.1.2)). We have ¢z = ad5.
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Proof. We may shrink G such that G admits a faithful finite-dimensional Q,-representation V' (4.1.9). Moreover,
we may assume that there is a pair (Go,w) as in (4.1.5) with Gy = G, so that every notation about Bg, can be
simplified as 4; this does not change the element a € 4* by the previous remark.

It suffices to check that ¢y = a¢y. By functoriality result, cf. the proof of (5.5.3), we may use the affinoid
perfectoid pro-étale G x I'-Galois (resp. G x I'-Galois) covering X (resp. Xx,) and the chart X — T! (resp.
X — TY). Then ¢y and ¢y are calculated respectively by the following data

(Bi)oo ¢— Ao ¢— R (Bs).. +— 4 Re
T T 1 T T 1
B. < A4 R Bo <— 4 R

Notice that canonically (B..)e = (Bx)e by symmetry; we denote it by B.. . Denote also 6 = ¢V(%) and

= V(ai). It suffices to show 0 = af.
Now consider the operators

cp—zﬂe" ‘P—Zb—n”eEd (B..oo ®0, V)
= -] ) = "] ndp_, (B ®q, V),

n>0 n>0

where we assume |||| to be sufficiently small (5.6.1) to guarantee the convergence. Using (5.6.1.2) and (5.6.1.3),
we check that 6,0,®,¥ all commute, and we have a commutative diagram

0]
B - 174 GxI', I'-la B - 14 GxI', I'-la
(Boowo ®q, V) ﬁq} (Beowo ®g, V)

! I

[
B - 174 GxI', I'-la B - vV GxI', I'-la
(B, ®Q, ) ﬁq’ (B, ®Q, )

where ® and ¥ are mutually inverse. As both sides generate B..«®q, V' as a B.. -module, we see immediately
that 6 = a0 as follows: for any 2’ € (B..« ®q, V)T -l yrite 27 = @(2) for 2 € (B e ®q, V)<l T-las then
we have

0(2") = 0(@(2)) = D(6(2)) = at(P(2)) = atl(2"),

where the third equality comes from the above commutative diagram. O

5.6.4 - Remark. By the proposition and the definition of a, the map
¢ ® dlogT : Lie(I') — (B ®q, Lie(G)) ®4 QL/C

is independent of the toric chart X — T! chosen, hence it is a canonical map.

5.7 Zd-acyclicity

Let G be a p-adic Lie group. Let X = Spa(4,4*) be a smooth affinoid adic space over Spa(C,0O¢), and
7 : X = Spa(B,B*) — X be an affinoid perfectoid pro-étale G-Galois covering.

5.7.1 - Theorem. Suppose that X is small. Then R*LA(B) = 0, i > 0 if and only if X is a locally analytic
covering of X, in this case, B is strongly £ -acyclic.

Fix (Go,w) as in (4.1.5) and denote G, = ng as usual. Denote 6 = 7.05. Consider the subsheaves
6" c 6 of G-analytic sections, n € N, and the subsheaf 6% c 6 of G-locally analytic sections. By left
exactness of L9, we have 0*(U) = 6(U)% 2" and 6*(U) = 6(U)® for U quasi-compact open. Clearly we

have lim,, 6" =6k,

5.7.2 - Proposition. Suppose that X admits a covering Uy = {Xy,...,X¢} by small rational open subsets X;, i =
1,....k whose preimage = (X;) C X is a locally analytic covering of X;.

(i) We have R*£A(B) ~ H*(X,0%) ~ H*(X,0%). In particular, B is £ -acyclic if and only if H*(X,0%) =
0,i>0.

(ii) If the direct system {H'(Uo,0")} 4N is essentially zero for all i > 0, then B is strongly L9 -acyclic.
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Proof. Let % be the basis of open subsets of X consisting of small rational open subsets of X that are contained
in some X;. By assumption on Xj, for any U € 9, the preimage 7 Y(U) is also a locally analytic covering of
U. We claim that for any U € %,

H' (U6™) =0, i>0.
Granting this, we finish the proof formally: by classical results [Gro57, p.175-176], there is a natural isomorphism
H*(U, 613') ~ H*(U, 61"‘) for any open subset U C X, and there is a natural isomorphism

H*(Uo,0%) ~ H*(X,0).

We have a G-equivariant resolution 0 — 6(X) — B*(Up,0) by (2.3.10); each term is a Q,-Banach space by
finiteness of Ug. The remaining statements then follow from (4.2.8, iii) and the strong & d-acyclicity in the
theorem.

To prove the claim, since U is quasi-compact, it is enough to show that for any finite cover U of U by
open subsets in %, we have

HY (U,6%) =0, i>0.

We obtain an exact sequence 0 — O(U) — @°(U,0) of Q,-Banach representations of G by applying (2.3.10)
to the rational open cover 77 (U) of 77'(U) (and by finiteness of U). The claim follows by applying (4.2.8, ii)
and the first part of the above theorem. O

Proof of (5.7.7). The "only if" part is clear by applying —®Qﬁ (G, Q) to (FE), taking HS  (G,,—) and then
passing to the direct limit over #n € N.

For the converse, we only sketch the proof. We are to prove the strong ZLd-acyclicity of B. By almost
étale descent and the degenerate Lyndon-Hochschild-Serre spectral sequence (1.1.3) (twice), we obtain a natural
isomorphism functorial in Gy

Hciont(GO’B®Qp<gan(G05Q}))) = Hciont(GO X F’Bw®Qp(5an(GO’Qﬂ)) = Hciont(rvBoGoo_an)s i> 0
Fix a topological generator y of I'. Then the last cohomology group is calculated by the complex

Bgo —an 7__} BGo—an

&) ’

so it vanishes for i > 2.
We need a decompletion lemma.

5721 - Lemma. For sufficiently large k, there is a natural isomorphism functorial in Gy
k —
H.,, (0B&™™) ~ gl (1, BT,

Proof. Let’s go back to the proof of (5.4.2) and use the notation there: ¢ < %, and Da’n, Dy Dyn = (Dgya)©
+

for n large enough, etc. Denote DEO 0= (DG1 n)GO. In part (4), we obtained for some n > 0

Go- 5 G 5
Booo M (B00®Qp(gan(G0’Q[))) 0 BG(),OO®BGO_,,DG(),”'
Since normalised trace maps are retracts, we obtain

1 Go— 1 1 oy S
Hcont (F’ BOOO aﬂ) = Hcont (F’ BGOJC ®BGO,n DGOJl) ® Hcont(r’ ker trXGo,k ®BGo¢n DGOs”) .

—an, pFT—
The first direct factor is the same as Hc1 DG k) = Hclont(F,Bgo an 70 ™). It remains to show that Accord-

{0
ing to part (1), for m > m(c,n), we have

(y-D"Dg,, C pDg, -
Recall (5.2.3) that for £ sufficiently large (depending on m), y —1 is invertible on ker EXGO,k with
(y - 1)‘2’”(kerEXGO.k)+ c (kertry, )",

where (kerEXGM)J' = kerEXGOJC N BZ,. It is then not hard to show H! t(F,kerEXGU'k ®BGO,,,DGo,n) =0. O

con!
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FT—an
To show the &£ d-acyclicity of B, it suffices to fix £ € N and show that for any element x € Bg“xﬁ e , we

can find # > 0 and / > £ such that

I
xe(y- 1)Bf,""” r an

For this, denote 6 = % € Lie(I').
5.7.2.2 - Lemma. Suppose X is a locally analytic covering of X. Then, for sufficiently large n and | depending on

Ir-
k but not on x, there exists y € BEPT such that 6(y) = x.

Proof. By (4.2.5) and (4.2.6), there exists a constant C = C (k) such that for all z > 0 and [ > £,

160G, xpir < Cllxll gyxptr-

k —an

uniformly for x € BgOXp Fman
By definition (5.1.7, iii), there is & € B¢~ such that y(b) = b — 1, hence

o(b) =-1

ngl"—sm

Furthermore, similarly as in the proof of (5.6.3), by perturbing & by an element of , we can make

16llp. = ”b”anplF so small that we obtain a well-defined element

! —an

which converges in (BS,”X” r Nl g,xpir) for m,l > 0. One checks easily that
5m+1 (x) om (x)
o(p)=- )y ——=b"" - +1)5(6)b™ = x. o
) Z(m+l)! Z(m+1)!(’" YoB)e" = x
m>0 m>0
Fix such #,/ as in the lemma. By the proof of (5.4.2), part (1), after enlarging / if needed, one has

(5.7.2.3) (y=D"Dg,, < pDg,
for some integer m > 0. Also, D, , is an open bounded and I'-stable sub-Z,-module of the Q,-Banach space
D¢, = REw#"T-an )

5724 - Lemma. We have §(Dg,;) C (y —1)Dg, ;.

Proof. Let z € D¢, ;. By definition,

P n—1 1?_1 ipk
o= Jim T = G i [ =

once we show that this last limit exists. For this, one deduce from (5.1.7) that there exists some / > 0 such that
k _ —1 ik _ e
(y?" - DDE,,,: cpt MDE,,,I for any £ > [, thus (’% Zf:o Yy - I)D’én’l cpt IDE”J. Hence the limit exists. O

This proves the £ d-acyclicity of B. Notice that the n,/ chosen in (5.7.2.2) depends only on £ but not on

kp_
X € BgOX/} " so B is even strongly Ldl-acyclic. O
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6 Towards a p-adic Simpson correspondence

Let £ be a complete discretely valued field over Q, with perfect residue field «. let O; be its ring of integers.
Let C be the completed algebraic closure of £ with ring of integers Oc¢.

6.1 Faltings’s approach

6.11. Notation for local study. Let Spec(R) be a smooth affine scheme over O which is small, that is R is
étale over G‘fnk = Spec(6y [Tlil,. .. ,Tdil])13. Consider the following tower

R Ry &Ry — R,

where R; = R ®g, Of, R is the integral closure of R in the maximal étale cover of R ®g, k which is "Galois"
over R; with group A, and R, is the base change R by O [Tlil/pm,. .. ,Tdil/pw], which is "Galois" over R; with
group A = Z[,(l)d. Fix a Zy-basis { = ({pn), of Z,(1). We associate with it the Z,-basis {y1,...,yq} of A
such that y,»(le/pn) = g"sf,ijl/pn.

6.1.2. A generalised representation of A is a finite projective R-module with the canonical topology (2.3.2)
equipped with a continuous semi-linear action of A. Such a representation M is called a-small for some

rational number @ > 0 if M is a finite free R-module with a basis on which the action is trivial modulo %

and is called small if M is a-small for some a > pl—l Similarly, we define the notion of small representation of
A by considering Rj-modules and also the p-torsion versions of generalised representations.

We remark that the 1%_1 in the definition of smallness is on the one hand related to the element £, —1 € k,

which annihilates H'(Ac, M ® Rs) (by decomposing it into a direct sum corresponding to the eigenspace
decomposition of Ry), and on the other hand related to the radius of convergence of the exponential function.

A Higgs module over Ry is a pair (M,0) consisting of a finite free Rj-module M and a Higgs field
0: M — M ®g Q}R/(ﬁk(—l) such that 8 A 6 = 0. We say that (M,0) is @-small if 6 is divisible by p®, and small

if it is @-small for some @ > ;;L—l

6.1.3. Descent and decompletion. There is a natural functor

R-representations of A}

{small El—representations of Aw} — {small R-
M - M ®r R.

(6.1.3.1)

By Faltings’ almost purity theorem [Fal02, Section 2, Theorem 4], each R-module with a continuous
semi-linear action of A = Gal(R/R) is almost induced from an R.-module with an action of Aw. Using this
and the remark above on eigenspace decomposition of R, it is not hard to prove the following descent and
decompletion lemma:

6.1.3.2 - Lemma ([Fal05, Lemma 1]). Suppose o > is a rational number. Let M ~ R’ | p° be a generalised
representation.

(i) If M is p*® -small, then its reduction modulo p*~° is induced from an Ry/p*~® -representation of A.

(i)) Let M, N be two semi-linear Ri/p* -representations of As. If [ : M ® R—> NQ®Risa A-equivariant

R-linear map, then its reduction modulo p*=° is given by a A -equivariant R;-linear map.

1
p-1

By gluing mod p° representations for various s > -, we see that the functor (6.1.3.1) is an equivalence of

-
categories.

6.1.4. Let a > ﬁ Let M be an «@-small El—representation of Aw. This induces the infinitesimal action

0: M — M®p Qk 164 (-1) by taking logarithm. More precisely, we have
0= Z log(y;) ® dlogT; - £,
i

where the convergence of logarithms is guaranteed by the smallness of M. Since y; commute with each other,
so do log(y;), hence 6 is a Higgs field on M.

3In [Fal05], Faltings allowed R to have toroidal singularities, and similarly for the global case.
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Conversely, let (M,0) be an a-small Higgs Rj-module. Then writing 6 = ¥, 0;®dlogT;-¢ ! or equivalently
defining 6; := G(ﬁ - {), we obtain operators on M

(6.1.4.0) Yi(x) = exp(8)(x) = ) %Hf(x), xeM

whose convergence is assured by the smallness, and we extend them continuously to an R-linear action of A,
on M by integrability of 6.

6.1.5 - Lemma. For any toric chart of Spec(R), the formulae (6.14.1) and (6.1.3.1) induce a bijection between small
Higgs modules over Ry and small generalised representations of A.

6.1.6. Globalisation. Now we turn to the global case. Let X be a smooth and proper scheme over O; and X

be the associated formal scheme. A small generalised representation of the geometric étale fundamental group

m1(¥X¢) is defined as a compatible system of small generalised representations on a covering of X by {;}; with

U; = Spec(R;) small affines of X. A small Higgs bundle on Xe,, is a vector bundle € together with a morphism
2

0:E—-C® Ql% /@C(—l) which is divisible by p® for some rational number @ > =t and such that 6 A 6 = 0.
¢

First, let’s fix a toric chart for each U;. To any small Higgs bundle (€,6), the local correspondence
associates a small representation p; on each U;. In order to glue these local Higgs field to a global one, we
need to study auto-equivalences of the category of Higgs fields (especially those induced by change of charts).
This will be done by choosing a lifting of Xg, over Aj.

6.1.7. Fontaine’s rings. Recall that Fontaine’s 4i,s construction gives a ring Ay = W(@g) by Witt vector
construction, which admits a surjection onto ©¢ whose kernel is a principal ideal generated by some ¢. We
define Ay := Ajye/ §2, which sits in the extension

00— 6cé — Ay — 6 — 0.

We have canonically O¢ (1) = pl/ #D0Oc¢ and Galois equivariantly. Similarly, we define Ag(R) = W(Eb) /&2,

which is a lifting of R over Ay and sits in the extension

0 — Ré — Ay(R) » R — 0.

Fix a system {{yn}, of p-power roots of unity and let € = ({n), € C’. Then the image ¢ € Ay(R) of

log([€]) € Aint(R) is an generator ofpl/(ﬁ_l)ﬁf = R(1).
Suppose we have a diagram

Ay —> R ——-= Ay(R)

L L

6¢ S Ry > R

where the first row is a lifting of the second row over As. By classical deformation theory, the set & of all

possible dashed arrows is a torsor under Homﬁl(ﬁ%/@ ,RE).
1/Y¢

6.1.8 - Lemma. W keep the notation of (6.1.6) Let Xbea lifting Xo,, over Ay. To each U = Spec(R) small affine
of X, we associate T (W) = Homﬁ(ﬁ%m ,RE).
1/Y¢
(i) There exists a natural 1-Cech cocycle ¢;; € T (W; N W) such that exp(6(¢;;)) interwines p; and p ;, which
necessarily glue together to a small generalised representation p.
(ii) For another choice of toric charts for U;, denote the corresponding cocycles by ¢;;. Then there exists a natural
cochain ; such that ¢’ — ¢ = dyp, so that necessarily exp(6(y;)) interwines p and p’.

Furthermore, these constructions are going to be functorial. So we obtain

6.1.9 - Theorem (Faltings). Let X be a smooth and proper scheme over O and X be the associated formal scheme.
Suppose Xo,, is liftable to Ay, Then there exists an equivalence between the category of small Higgs bundles over Xo,
and that of small generalised representations of m(Xc).

42



6.1.10 - Remark. (i) The set of all liftings X is a torsor under Hl(%@c,%{)fmx@c (ﬁlxﬁc J60° O, £)). This group
acts on the set of equivalences provided by the theorem, in a compatible way with its action on the set of
liftings.

(ii) So far, our construction is integral. This extends also to the rational level by inverting p (by well
defining the categories). Besides, one can compare cohomologies through this correspondence.

(iif) The smallness of generalised representations and Higgs bundles can be dropped for curves by some
descent argument.

We sketch a proof of the last lemma.

6.L11. Now let (M,6) be a small Higgs module over R and let’s define an action of A on M. On the one hand,
by integrability and smallness of 6, the formula exp(6(u)) is well-defined and induces an R-linear action of

u € Homg (QA ,Ef) on M ® R. On the other hand, any ¢ € & induces a group homomorphism

A — Homg; (QR 1o RE) g 8(9) =0,

hence an R-semi-linear action of A on M ® E, that is
ps(0)(g) =exp (0(g(¢) —¢)) o g, g EA.

Any two ¢, ¢y € & differ by some ¢jg € HomRAl(S/ilﬁ/@ ,R¢) and the corresponding representations p 4, (6) and
1/¥¢

P, (0) are interwined by the automorphism exp(6(¢12)) of M ® R.

Let’s specialise to toric charts. For any toric chart and elements Ti,...,7; € R lifting 73,...,T, ,1, there
is a distinguished element ¢, 7 € &£ defined by R - Ay(R), T; — [le], where le = (Tl/p ) € R The
correspondmg action of A factors through A and is described exactly by the same formula as (6.1.4.1) with

=0(575+ 3logT,~ - 1).

Now the lemma follows immediately.

6.2 Liu-Zhu’s approach

Let X be a d-dimensional smooth rigid analytic variety over Spa(k,0), i.e. locally admitting toric charts
U—T¢ = Spa(k(Til,. .. ,Tdﬂ),@c(Til,. .. ,Tdﬂ)) which can be written as a composition of rational subsets
and finite étale maps. In [LZ17], Liu and Zhu defined a functor from the category of Q,-local systems on
X to the category of nilpotent Higgs bundles on Xx (local systems play the role of representations of the
fundamental group). Here, the condition of being smooth over a discretely valued field is needed to make sense
of the period sheaves especially OBgr [Schl3a, Definition 6.8] and the Faltings extension,; this is also a posteriori
related to the nilpotency of target Higgs fields.

6.2.1. Let v : Xp060 — Xeo and v’ 1 (Xk)prost — (Xk)et denote the canonical projections. A Z,-local system
L on Xy is an inverse system of sheaves of Z/p"-modules L, on X such that each L, is étale locally a
constant sheaf associated to a finitely generated Z/p"-module and that this inverse system is isomorphic in the
pro-category to an inverse system for which L,41/p" ~ L,. We associate with L the sheaf L = limn v*L, on
Xproet- For example, Z, = {Z/p"}, is a Zy-local system on X and we obtain the sheaf Zp on Xproet; inverting
p, we obtain the sheaf Qp

A Qy-local system on Xg is a descent datum for the étale topology in the isogeny category of Z,-local
systems. We can associate to a Qj-local system L a sheaf L on Xproet, which is a locally free Ql,—module.

6.2.2. Let X be a smooth scheme or rigid analytic variety over k. A Hl’ggs bundle is a pair (%,6) on
X consisting of a vector bundle # and an Ox-linear map H > HQ Q X/ k( 1) verifying the integrability

condition A A @ = 0, where everything is on the étale site'*. The 6 is called a Higgs field or flat connection on
#. The Higgs cohomology of (¥ ,0) is the cohomology of the complex

AT ® QL (-]) Lxe Q2 ,(-2) -

4By [Schl3a, Lemma 7.3], these data descend to the analytic topology over X.
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Locally we can write 8 = (6,...,0,) with 6; € End(%), corresponding to a set of generators #,...,¢; of
Qﬁ( / +(=1). The integrability condition 6 A & = 0 is equivalent to the commutativity condition [6;,6;] = 0.

We say that 0 is nilpotent if each 6; is nilpotent; this definition is independent of the generators chosen.
Similarly, we can define a Higgs module (44,0) over a ring R smooth over a ring containing k. or over its
ring of integers.

The category of Higgs bundles admits a tensor product given by (%, 0;)® (s, 02) := (#1Q9% 2, 6,01+1R64),
and a natural dual. For a morphism f : ¥ — X between smooth rigid analytic varieties over £, the pullback
induces a functor from Higgs bundles on X to Higgs bundles on Y. One can ask further for such as
nilpotency or, for Higgs bundles on (Xg)e, a semi-linear Gal(X/k)-action, these are preserved under these
operations.

6.2.3. A period sheaf. In [Schl3a, Section 6] and [Schl6], Scholze constructed the de Rham period sheaf OB4r
on Xproet, which is a sheaf of Ox-algebras with a decreasing filtration Fil*OB4r and an integrable connection
VoBy : OBgr — OBgr ®oy QlX Ik satisfying Griffiths transversality. We will only use its zeroth graded piece

V = gr’ Vep,, : OC — OC ®¢, QlX/k(—l),

where OC = gr’ OBgz. Here the Tate twist (~1) comes from grlOBgr =~ 6C(-1). Fix a system {¢pr}n of

p-power roots of unity and let € = ({pn), € K’ t =log([€]) € Bgr. Then ¢! is a generator of the Tate twist.
We have a friendly local description of ©C on Xpos ([Schl3a, Section 6]). Let Y be étale over X such that

there is an étale map ¥ — T¢ and denote Yoo = Yi X T}i{’m € (Xk)proet- Choose a basis {y1,...,y4} of

the Galois group of T4 - over T;’;, which is canonically isomorphic to Z, ()%, such that y,»(le/['n) = géj;f le/[’n.
Then we have over Xproet/ Y o that

(6.2.3.1) 0C = gr’ 6B = Oy, [Vi.....V,].

where V; = ¢! log([Tib]/Ti) and y;(V;) = V; + d;;; also, over Xprost/ Y0, the connection V is simply the

derivation with respect to all 7, so that

(6.2.3.2) V= ® dlogT; - ¢ 7.

_ : 6_V,
Alternatively, one can also express (OC,V) using the Faltings extension
0— 6;( e 6)( ®6y le/k(—l) — 0,

which is the first graded piece of the integral Poincaré lemma [Schl3a, Corollary 6.13]. Locally over Xpro6t/ Yk co,
€ admits an Oy -basis {Lyt,....pq4} such that y;(1) =1, y;(y;) =y, + 6;; (cf. footnote 11). Then

6C =lim Sym” €
—>n Ox

with V induced by the surjection in the Faltings extension (up to a sign —1, just for later convenience), which
matches the previous description via y; > V.

6.2.4 - Theorem ([LZ17, Theorem 2.1)). Let X be a d-dimensional smooth rigid analytic variety over k.
(i) Let L be a Qy-local system on Xy of rank r. Then R'v. (L ® OC) = 0 fori > 0, and

% (L) := v.(L ® 6C)
is a vector bundle of rank r on Xx together with a nilpotent Higgs field
O :=v.(V): H(L) —» #(L) ® QIXK/K(—D

and a natural semi-linear Gal(K /k)-action.
(i) There is a canonical isomorphism

v HL B0, ®C|(XK)e’t =(Le ®C)|(XK)ét’

which is compatible with the Higgs fields on both sides.
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(iii) The functor 7 : L — (7 (L),0) from the category of Qy-local systems on Xy to the category of nilpotent
Higgs bundles on (Xg)a respects the tensor product and the dual, and is compatible with the pullback by a morphism
Y — X of smooth rigid analytic varieties over k.

(iv) Assume X is smooth proper over k. For any Z,-local system L on Xy, there is a canonical isomorphism

Hy(Xc.L) ® C ~ Hj(Xc, (% (L) ® Q% .0L)),

where the last complex is F (L) A # (L) ® QlXC/C(—l) LY # (L) ® Qg(c/c(—Q) — e

6.2.5 - Remark. (i) In the situation of (iv), if L = Z, then (% (L),6L) = (Ox,,0), and we recover the classical
Hodge-Tate decomposition (although in fact, the tools to be seen in the proof can imply more directly this
decomposition).

(ii) If X = {x} = Spa(k,0z) is a point, then for any Q,-local system L on X, the geometric fibre Lg
is a continuous Q,-representation of Gal(K/k) and # (L) = L; ® K; the Higgs field is zero since we are in
dimension zero. We know that the scalar extension loses information, so that in this case the functor # is not
fully faithful.

(iii) The statement (iv) can be more generally stated in the relative case: let f : X — Y be smooth proper
morphism of rigid analytic varieties over £ and L be a Z,-local system on X;. If R’ L is a Z,-local system

on Yy, then there is a canonical isomorphism (% (R’ £.L),0pi £1) = R’ fitiggs« (% (L) ® Q;(/Y,GL).

6.2.6 - Remark. Working with a formally smooth formal scheme X over O¢ (that is, the geometric case) which
admits a lifting X to Ay, Wang constructed a pair (®6T,V) consisting of an overconvergent period sheaf
and a connection on it, defined the functor L — (#7(L),6L) = v.(L ® 6C",1® V) from locally finite free
6X—modules on Xprost to Ox[1]-modules on ¥4, where v denotes the natural projection v : Xpr0s — Xgr, and
proved it to be an equivalence between small generalised representations and small Higgs bundles [Wan21]. This
functor is compatible with that of Liu-Zhu in the case where X is actually defined over O;. This construction
has the advantage of being global just as that of Liu-Zhu; similarly, a more detailed study of this functor is
done by passing to toric charts.

The period sheaf OC' is constructed, in a similar way as in the last paragraph of (6.2.3), from an integral
faltings extension 0 — pzlé} - €t - 6} ®6y ﬁlx/(%(—l) — 0 on the site Xpro4, for certain p; € O¢. From
this, we get via pullback an inverse system of smaller extensions

0 — Oy = €5 = pO @6y Qg (-1) = 0
parametrised by p € prOg. We define successively

0C} =lim Sym"&}. OC} = p-adic completion of 0C}, OC™* =lim OC},

and a natural connection V on all of them. Inverting p, we get the period sheaves ©C, = 6C, ®6p and OCT.
These are not surprising objects: indeed, we have a similar local description as in (6.2.3). Choose a toric chart
U = Spa(R,R*) — T? and let U, = Spa(Re,RY,) = U X4 T There are sections 1,y1,. ..,94 € €*(Us) such
that y;(1) = 1, y;(y;) = y; + 6;; and y1,...,y¢s map to a basis of ﬁ}{/@{. Then, denoting V; the corresponding
images of y;, we have

®C;(U00) = R:o [les . ’de]» GGZ(UOO) = R;<le’ .- ’de>’ 66?&([}00) = li_n)lp R;(le’ .- 9de>’

and V is the same as (6.2.3.2).

The rest of this subsection is dedicated for a sketch of the proof of the theorem.

First, we introduce a nice basis 9B of (X )st, whose objects consist of those étale maps to Xk that are the
base changes of standard étale morphisms Y — Xy (i.e. a finite composition of finite étale maps and rational
localisations) over some finite extension £ C £’ € K where Y is small after some finite extension of £’, and
whose morphisms are the base changes of étale morphisms over some finite extension of £ in K.

We start from the statements concerning Rv/(L ® O6C): it is enough to prove that

(i) if X = Spa(4,4*) admits a toric chart to T?, then H® (Xproét/XK,i.®C) is a finite projective Ax-module
of rank 7;

5Here, the ring Ay is a Op-typical variant of Ay (6.1.7): let Ajpsp = W(@E,) ®w («) O; it surjects naturally onto O¢ with kernel a
principal ideal generated by &;; then we define Ay == e /&2,
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(ii) if in addition ¥ = Spa(B,B*) — X is a standard étale morphism, then
H'(Xproet/Yx,L®OC) =0, i>0
H° (Xproe1/ Yk, L.® 6C) = Bx ®4, H® (Xproet/ Y, L. ® OC).
Thanks to their local nature, we may well assume that L is a Z,-local system.

6.2.7. Notation for local computation. Let ko = J,, k» be the cyclotomic extension of £ in k. . We
construct the following diagram

5 Gal(K ko) o Gal(koo/kn)
Xk oo % Xeo 8 — X Xqu TE — T
pmrgeom pmrgeom
~ ¥ ~ v v
Xkom > > Xy —> X xqpu TS — T,
~ ~ ~ \/ ~ v
Xk > X > Xk, > X > T

where m > 0, each square is Cartesian and the labelled arrows are affinoid perfectoid pro-étale Galois with
corresponding Galois groups; also, X « is affinoid perfectoid pro-étale Gal(K /k) I 'gcom over X; here I'geom =
Z,(1)? is essentially the "Galois group” of T% over T?. We denote

Xo = l(lnm Xn = 1(21'” SPa(Am,A:n) € Xproét’ Xoo = Spa(Aoo’A:o)
Xk oo = l<£lm Xk = Eﬂlm Spa(AK,m,A}},m) € (XK)proéta XK,oo = Spa(AK,oo,A;{yoo)‘

Then Xk is affinoid perfectoid pro-étale I'geom-Galois over Xx and Xo is affinoid perfectoid pro-étale
Gal(koo/k) < I'geom-Galois over X.

Similarly, if ¥ — X is a standard étale morphism, then we may define Y, = Spa(Bn,B}), Yem =
Spa(Bgm, By ), Yoo Yoo = Spa(Bw, BY), Yk and Yo = Spa(BK,oo,B;{’m) by pullback.

6.2.8. The vanishing of Hi(XprOét/YK’oo,]: ® OC), i > 0 allows an almost étale descent:

6.2.8.1 - Lemma. Fori > 0, the natural map
H'(Cgeom, (L. ® 0C) (Y)) = H' (Xproa/ Yic, L. ® OC)
is an isomorphism.

We are reduced to examine the left hand side. The local description of ©C over Yx ., allows to write
(L®OC)(Yke) = M(Yioo) [Vis- ... V4],

where we denote il := L.® Ox. The only mysterious part is Jl(Yx ), which is a finite projective Bg «-module
of rank r. By decompletion results for toric towers in [KL19, 7], we obtain:

6.2.8.2 - Lemma. There exists a unique finite projective Bg -module Mg (Y') (necessarily of rank r) of M(Yk ),
which is stable under T, such that

(a) Mg(Y) ®p, Broo = M(Yieo);
(b) the B -linear representation of Tgeom on Mg (Y') is unipotent.
Furthermore, Mg (Y') has the following properties:

(P1) We can descend Mg (Y) further to a finite projective By, -module My, (Y) such that My, (Y) ®p, Bk =
Mg (Y'). Moreover, the construction of Mg, (Y') is compatible with base change along standard étale morphisms.

(P2) The natural maps H' (Ugeom, Mg (Y)) = H' (Tgeom, M (Yg o)), i > 0 are isomorphisms.
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According to (P1) and by Tate’s acyclicity theorem and Kiehl’s glueing theorem for coherent sheaves, the
rule (Y = Spa(B,B*) = Xp) € B — Mg(Y) extends to a vector bundle # on (Xg)e.
The (a) means that globally,

(6283) v H ®®XK ®C|(XK)ét = (I: ® ®C)|(XK)ét’

which is Gal(K /k) = I'geom-equivariant.
By (b), one can define operators log(y;) on Mg (Y'), which gives a Higgs field

0: Mg (Y) > Mg(Y) ®p Qp  (-1), x — Zlog(@i)(x) ® dlogT; - ¢
i

Thus, we obtain a Higgs bundle (%,0) on (Xg)et.
Now, (P2) amounts to saying that H®(Xye/Yx,L ® Ox) can be calculated by the Higgs cohomology
(Mg(Y),0). This could be useful for some computation.

Everything becomes quite explicit now. After a little computation, we obtain:
6.2.8.4 - Lemma. Fori > 0, there is a canonical isomorphism

Mg(Y) i=0

H' (Tyeom, (L ® OC) (Yg o)) =
(geo ( )( K )) { 0 i>0,

which is Gal(K / k) -equivariant.

Therefore, one can identify # (L)(Yx) with Mg(Y') = # (Yk), hence (L) ~ % .

Now we verify that the Higgs field 8 constructed above is identified with v/(V) = 6y Indeed, deriving the
action of ['geom 0N (L® O6C)(Yk ), which is also unipotent, we find that H* (Xpmét/YK,I: ® OC) is calculated
by the Higgs cohomology of ((L ® 6C)(Yx.),®) with

0 -1
®=0®1+1®Z(9—Vi®dlogT,~t =9®1-18V.
Therefore, § = V on ker ® = Mg (Y).

Combining with (6.2.8.3), we have shown (i) and (ii) of the theorem.

6.2.9. The proof of (iii) is rather formal. For example, let f : Z — X be a morphism of smooth rigid analytic
varieties over k£ and let fpmét be the induced map of pro-étale sites; then we have a natural map

[ HL) = [V (L®OCx) = v, faa(L®OCx) = v} (FL®0Cz) = %(f°L),

where j;*

Toét

M = fp ;éét./% ® ]};})ét@X 62 for any 6X—m0dule M on X, left adjoint to ﬂ)roét’*. That this map is

an isomorphism is verified locally and would follow from the two lemmas above.

6.2.10. Let’s sketch a proof of (iv). Let g : X — Spa(k,0O) be the structural smooth proper morphism and L
be a Zy-local system on Xg. Consider the following diagram

8proét

(X¢)prost — Spa(C,0¢)proet
\LV;( lv’c
(Xe)a —— Spa(C.0c)u
First, we have a quasi-isomorphism by (i)

Rget (7 (L) ® Q% ,0L) = Rgets RV (L ® OC,V) = Ry Rgprost- (L ® OC, V).

Using the explicit local description of ©C and V in terms of polynomial algebras (6.2.3), we find that (L®OC, V)
is a resolution of L ® Gx. So
H (% (L) ® Q% 0.0L) = Hyos(Xc. L ® Ox).

By properness, one can apply the primitive comparison theorem to L over X¢ [Schl3a, Theorem 5.1}, and a
limit argument shows H,(X¢,L) ® C ~ H! t(X(;,L ® Ox). So we conclude.

proé
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