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Abstract

For rigid-analytic varieties over a p-adic local field, we construct a natural syntomic descent spectral
sequence which is compatible with the Hochschild-Serre spectral sequence. We deduce that the rigid-analytic
étale regulator maps on the naive K-group of vector bundles factor through the geometric Selmer groups of

Bloch-Kato when the rigid-analytic variety is proper.
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0 Introduction

We (re)examine the arithmetic syntomic cohomology for rigid-analytic varieties over p-adic local fields, define

a rigid-analytic analogue of Soulé’s étale regulators, and, in the proper case, study their images.

0.1 Main results

Let K be a p-adic local field of mixed characteristic (0,p) with ring of integers O, algebraic closure K and
absolute Galois group ¥k = Gal(K/K).

0.1.1. Motivation: algebraic setting. Recall that syntomic cohomology for proper and smooth schemes over
Ok was introduced by Fontaine and Messing [34] in their proof of the crystalline-étale comparison theorem
as a natural bridge between crystalline cohomology and étale cohomology. It was generalised later by Kato
[46] to log-syntomic cohomology for semistable schemes over Og (allowing horizontal divisors), and further
extended by Nekovai and Niziol [56] to a syntomic cohomology theory for arbitrary varieties over K or K.
Very roughly speaking, for r € N and for schemes 2" semistable over Ok, the r-th (log-)syntomic cohomology
is, up to certain power of p, the filtered Frobenius eigenspace associated with the eigenvalue p” in the absolute
(log-)crystalline cohomology ; then it is rationalised and globalised to arbitrary varieties over K or K using
alteration techniques. The syntomic cohomology could be thought of as a p-adic analogue of Deligne-Beilinson
cohomology for complex manifolds X, which is defined as the cohomology of the Deligne complex

Z(r)p: 0 > Z(r) —>QIX —>Q§( — - —>QS(_1.

Indeed, since its introduction, log-syntomic cohomology has proved to be useful in the study of special values
of p-adic L-functions and in formulating p-adic Beilinson conjectures.

Let us recall Nekovai and Niziol’s result [56, Theorem A].

Theorem (Nekovat-Niziol). For varieties X over K, there is a canonical graded commutative dg Q,-algebra
RUsyn (Xp, %) satisfying the following properties:

(i) It is the unique extension of log-syntomic cohomology to varieties over K that satisfies h-descent.
(ii) It is a Bloch-Ogus cohomology theory'.
(iii) For X = Spec K, we have H, (X, r) =~ Hy (YK, Qyp (7)), where Héf (9 ,—) denotes the Ext-group Exti(Ql,, -)
in the category of potentially semistable Galois Qy-representations of Y.

(iv) There are functorial syntomic-étale period maps
Pg}rzghi Rrsyn (X/Zs T) - Rrét (X’Qﬁ(r))’ P%;ﬁmi Rrsyn(Xf’hs T) - Rrét(Xi,Qp(r))

compatible with product structures and inducing quasi-isomorphisms after taking the canonical truncation T=.
(v) The Hochschild-Serre spectral sequence for étale cohomology

Y = Hon (G Hy (Xg. Qp (1)) = Hy (X.Qy (1)
has a syntomic analogue, the syntomic descent spectral sequence
My’ = Hy (G, ) (Xg. Qy(1)) = Hyil (X.Q,(1)).

vi) There is a canonical morphism of spectral sequences Y"E'’ =& E' compatible with the syntomic-étale period
q ¢ ¢ 5y
map.
(vii) There are syntomic Chern class maps

syn 2i—j .
6‘i,yj : K](X) - Hsyn j(Xll’l)

!More precisely, there exists a canonical syntomic Borel-Moore homology H; "(—,*) such that the pair of functors
(Hs*yn(—,*),ny"(—,*)) is a twisted Poincaré duality theory with supports in the sense of Bloch and Ogus [9, Definition (1.2), Defini-
tion (L.3)]; in particular, there are structures of cap product with supports (which is compatible with restriction map), projection formula,

fundamental class and Poincaré duality.



compatible with Chern classes via the syntomic-étale period map.

For finite-dimensional Q,-representations V' of Yk, the extension groups ng‘ (9x,V) that appear in (iii),
so-called geometric Selmer groups, were introduced by Bloch and Kato [8] as part of the local tools for the
Tamagawa Number Conjecture and the Tate-Shafarevich group of a motive. These extension groups play an
important role in modern algebraic number theory, and one crucial fact is that there is a natural injection from
H;(%K, V) into H'(9k,V), which is often strict. In light of (v) and (vi), syntomic cohomology groups can be
viewed as a higher dimensional (or geometric) generalisation of these extension groups. They are used as an
approximation of p-adic étale motivic cohomology (a refinement of p-adic étale cohomology capturing classes
coming from geometry), and enter into the study of special values of p-adic L-functions, more precisely the
p-adic regulators.

0.1.2. Rigid-analytic syntomic cohomology. For rigid-analytic varieties, which are deemed to be a suitable
non-archimedean analogue of complex analytic spaces, the syntomic cohomology still serves as a useful tool
for proving p-adic comparison theorems and even beyond them. We wish to extend the above theorem (0.1.1)
to the rigid-analytic context.

Our principal object of interest has been well-defined: for smooth rigid-analytic varieties, the syntomic
cohomology can be obtained by 7-étale hyperdescent’ from the (log-)syntomic cohomology of semistable
models, as developped by Fontaine and Messing (and Kato) [21, 23]; the syntomic cohomology can be fur-
ther defined for general (singular) rigid-analytic varieties by further éh-hyperdescent [11] thanks to the local
smoothness of the éh-topology studied by Haoyang Guo [42]. The rigid-analytic syntomic cohomology was
employed firstly by Colmez and Niziol to prove a (potentially) semistable comparison theorem for smooth and
proper semistable formal schemes over O (allowing horizontal divisors) [20], later generalised to the case of
smooth proper rigid-analytic varieties [24], which has another proof by Bosco [11] using period sheaves and the
Fargues-Fontaine curve. The syntomic method is important in the study of the Stein rigid-analytic varieties by
Colmez, Dospinescu and Niziot [17] in the semistable case, and continued by their other works [21, 23, 24] and
by Bosco [10, 11].

0.1.3. Syntomic descent spectral sequence. What comes next in the rigid-analytic analogue of Theorem
(0.1.1) are the syntomic-proétale period maps and a syntomic analogue of the Hochschild-Serre spectral se-
quence (see (3.1.3), (4.2.12), (3.1.8) resp. (3.2.22), (3.2.17), (3.3.7) for details).

Theorem (Syntomic descent spectral sequence). Let X be a (quasi-separated, finite-dimensional and paracompact)
proper or a smooth Stein rigid-analytic variety or a smooth dagger affinoid rigid-analytic variety over K. Let r € N.

(i) There are functorial syntomic-proétale period maps

Pyn’t RTuyn(X.1) = RTproe (X.Qy(1)

syn

compatible with product structures and inducing quasi-isomorphisms after the canonical truncation T<".

(ii) The Hochschild-Serre spectral sequence for proétale cohomology

HSEL = HY (G, HY L (X0.Qy() = HEL(X,Q,(r)

proét proét
admits a natural map from the syntomic descent spectral sequence
i.j i+
VE, = Hyy (X,7)

compatible with the syntomic-proétale period maps.

(iii) If X is proper over K, then the syntomic descent spectral sequence is identified with

"y = Hi (G, Hloo(Xc,Qp (1)) = Hyyd (X,7)

compatible with the natural maps ng’ (Y ,—) — Hciont(%K,—).

Here, all the cohomology groups can be upgraded to condensed cohomology groups (see Section 1.3).

2This is the hyperdescent for the 77-étale topology, whose covering families are those that become étale coverings on the generic fibres.



0.1.4 - Remark. We have restricted ourselves to the class of the rigid-analytic varieties that are proper or
smooth Stein over K, as well as to smooth dagger affinoid varieties over K. This restriction relies essentially
on our known instances of Cg-conjecture [24], which is to be applied to the base change from K to C of
these analytic varieties (see Remarks (3.2.18) and (3.2.11)). If the Cy-conjecture were proved in a greater
generality, for example, for small smooth dagger varieties over C, our theorem would likewise apply to the
corresponding broader class of varieties, such as small smooth dagger varieties over K. Recall that a smooth
dagger variety (over C, resp. over K) is said to be small |24, §1.2.3] if its de Rham cohomology groups are
finite dimensional (over C, resp. over K). Small (smooth dagger) varieties include smooth proper varieties®,
quasi-compact smooth dagger varieties, analytifications of algebraic varieties (which are partially proper rigid-
analytic varieties®), certain tubular neighbourhoods of subvarieties of proper varieties or complements of such
tubular neighbourhoods. Currently, the only small varieties known to verify the Cy-conjecture are those with
de Rham slopes > 0 [24, Theorem 1.11].

0.L5 - Remark. There is another collection of period maps, the Fontaine-Messing period maps ™™ [21], defined
by globalising the Fontaine-Messing period maps on semistable models [34], which induce quasi-isomorphisms
after the canonical truncation 7=" [21, Corollary 7.3] as required by (i). However, a priori, it is unclear whether
the period maps o™ fit for (i) and eventually (iii). On the contrary, the arithmetic and geometric period
maps Psyn that we will define in section 2.3 satisfy automatically the compatibility properties required by (ii)
and (iii), although by construction, it is @ priori unclear about their truncated quasi-isomorphisms. One of our

key ingredients in combining the advantages of these two period maps is that there exist natural homotopies
M

a;" = pgyy thanks to the uniqueness of geometric period morphisms [37].

0.1.6 - Remark. The reason for the properness condition in Theorem (0.1.3, iii) is twofold. Firstly, the groups
Héf (%k,—) were defined only for finite-dimensional Q,-representations of ¥k, and the proétale cohomology
groups are only known to be finite-dimensional Q,-vector spaces for proper rigid-analytic varieties. It fails for
Stein varieties in general, but it may not be the most important reason for which we require properness. More
importantly, and likely related to the previous point, the non-proper case lacks the semistable comparison
theorem. However, the proétale-to-de Rham comparison conjecture/theorem [24, §9] could help reformulate
Sy“E;’j in terms of proétale cohomology for small varieties satisfying the Cy-conjecture (namely those with de
Rham slopes > 0 in the terminology of [24, §1.2.3)).

One possible logarithmic generalisation of this result could be allowing horizontal divisors, namely con-
sidering the Kummer proétale cohomology of proper log-smooth fs log-rigid spaces, whose foundation and
finiteness were established by Hansheng Diao, Kai-Wen Lan, Ruochuan Liu, Xinwen Zhu [29, Theorem 6.2.1].
An analogue [70] of Temkin’s altered local uniformisation could be helpful. The author hopes to return in the
future to these aspects beyond the proper case.

0.1.7. Bloch-Kato exponential. As a corollary of Theorem (0.1.3), we obtain a description of the Bloch-Kato
exponential. Let X be as in Theorem (0.1.3). For this, recall that the arithmetic syntomic cohomology fits into
a fibre sequence arith

0 ‘HK

RTgn(X,7) = RTux (X)# V=05 R (X)/F,

where L?{r}i{th: RI'nk (X) — RI4r(X/K) denotes the rigid-analytic arithmetic Hyodo-Kato morphism. It yields

boundary maps 0 on cohomology groups.

Corollary. Let X be as in Theorem (0.1.3). Let i € N. The composition

arith

) P ) Psyn . )
Hip (X)/FT = H(X,1) = Hin (X.Qy(r) » Hit (Xe,Qy(r))

syn
is the zero map. The syntomic descent spectral sequence then induces a map
Hip (X)/F" = H o (G, Hiro (X0, Qy (7).

If X is proper over K, then this map is equal to the Bloch-Kato exponential map associated with the finite-dimensional
[64] Qy -representation Hy, . (Xc,Qy()) of Y.

3When a dagger variety is partially proper, it can be equivalently viewed as a partially proper rigid-analytic variety: it admits a unique
structure of rigid-analytic variety, which, conversely, determines its dagger structure.



To this end, for a general X € Rigy, the boundary map & that appears above can be considered as a
higher dimensional analogue of Bloch-Kato exponential map.

0.1.8. Syntomic regulators. Dirichlet, followed by Dedekind, defined in the 19th century a regulator map
(in fact, a logarithm map) from units in the ring integers Of of an algebraic number field E to certain finite-
dimensional real vector spaces; they showed that the image forms a lattice, whose covolume, also called a
regulator, together with some other invariants of E are related to special values of ¢-functions (Dirichlet’s class
number formula), of which the regulator serves as the transcendental part.

The term regulator has since been used to denominate certain maps relating cycle class invariants, e.g.,
K-groups, Chow groups, to cohomological groups. One famous arhimedean example is the Beilinson regulator
which takes values in Deligne-Beilinson cohomology groups. Intuitively speaking, the regulator plays the role
of an abstract integration theory.

The syntomic cohomology has been considered as the p-adic analogue of Deligne-Beilinson cohomology
(see for example [55]). Then, the syntomic regulator being regarded as an abstract p-adic integration, the
Bloch-Kato exponential map above compares certain p-adic integrals to the values of the p-adic étale regulator.

The map of spectral sequences in Theorem (0.1.3, ii) allows us to study the image of p-adic (pro)étale
regulator maps via syntomic regulators as follows.

0.1.9. Image of étale regulators: algebraic setting. Let us start with the algebraic setting. Let X be an
algebraic variety over K. There are étale Chern class maps ¢i': Ko(X) — Hégti (X,Q,(7)) for i € N, where
Ky(X) denotes the Grothendieck group of the commutative monoid of all isomorphism classes of vector
bundles on X with the monoid operation given by direct sum. It can be generalised to higher (connective)
K-groups, so we have étale higher Chern class maps

¢ K (X) — Hy T (X,Qp(1))

for i, j € N. We may consider the subset of homologically trivial elements of K;(X) along ci;, which is defined
as ét

bif 2 . 2i-j .
K;(X)o = ker(K;(X) = Ho'™/ (X.Qy(0) = Hy' ™ (Xz.Qy(0))).
By the Hochschild-Serre spectral sequence, the map clet] induces Soulé€’s étale higher regulator map

& 2i—j-1 .
riy s Ky (X)o = Hoon (G Hy 7~ (X, Qp(0)).
Nekovai and Niziol proved the following result on the image of the regulators rf; [56, Theorem BJ, already
known to Scholl, which generalised their own previous results with good or semi-stable reduction to arbitrary
varieties over K.

Theorem (Scholl, Nekovai-Niziol). The regulator rle; Jactors through the subgroup

HYN(Gx Hy 7 (X Qp(1) € Hon (i Hy' 7™ (X, Qy (1)),

This follows directly from nice properties of syntomic cohomology (e.g., projective bundle formula and
Al—homotopy invariance), their theorem on the syntomic descent spectral sequence (0.1.1) and compatibility of
syntomic and étale Chern class maps with the syntomic-étale period maps.

0.1.10. Image of étale regulators: rigid-analytic setting. Similarly to Theorem (0.1.9), our Theorem on the
syntomic descent sepctral sequence (0.1.3) should have a direct consequence concerning rigid-analytic étale
regulators. Our goal is to establish a rigid analogue of Theorem (0.1.9). In the present article, we deduce only
a basic case of it as follows (see (4.4.2) for details).

Theorem (Image of (pro)étale regulators). Let X be as in Theorem (0.1.3). There are rigid-analytic (pro)étale
regulators
it K3 (X)o = Heom (Y i (X0, Qp (1)), 1 €N,

proét

which factor through the map SY“E;Z’A_1 —HS E;Qi_l = H! (9x, H* N (Xc,Q,(4))). In particular, if X is proper,

proét



then the regulators " factor through the geometric Selmer groups
Hy(%, Hy' ™ (Xe,Qp (1)) © Hoon (9, H' ™ (X, Qy (1))

0.1.11 - Remark (Higher regulators). Let us make some comments on the higher syntomic regulators, the details
of which is left to future work.

Presently there are two candidates for K-theory in the rigid-analytic setting: the (non-connective) analytic
K-theory K" a la Kerz-Saito-Tamme [47, 48] and the (non-connective) nuclear-continuous K-theory KI>¢ for
analytic adic spaces a la Andreychev [2] (essentially equivalent to Morrow’s continuous K-theory); the first is
built from algebraic K-theory but “forcing” (pro-)A**-homotopy invariance, while the latter is built from the
category of (derived) nuclear modules “just as” the algebraic K-theory is built from the category of perfect
complexes. Both can be viewed as presheaves on Rig, with values in Condhght(Sp), the category of light

condensed spectra, and there is a natural map of presheaves KI — K" of presheaves, inducing equivalence

nuc
cont*

on qcqs varieties after Al-localising K
In our future work, we are interested in generalising the above results to (higher Chern classes and) higher
regulators. By the Al-homotopy invariance of étale cohomology, we may obtain rigid-analytic (pro)étale higher

Chern class maps cftj (see [71, Appendix B] for its construction), whence étale higher regulators

é nuc 2i—j—1 X
ri,;' : Kcont,j (X)O - Hclont (gKaHprloé{ (XCanJ(Z)))

2i—j-1

for 7, j € N. We hope that the latter factor through SV“E;’ —HS E;’Zi_j_l = Hclom(gK,Hii_é{_l(XC,Q/,(i)));

in particular, if X is proper, then the regulators rle; would factor through the geometric Selmer groups

HY G Hyy 77 (X0.Q,(1))) € Hoy (I Hyy 77 (X0, Qy(1))).
One current obstacle is that, the preceding approach does not apply to the rigid-analytic syntomic cohomology,
due to its failure of being Al—homotopy invariant. Nevertheless, it satisfies the projective bundle formula, and
enjoys similar features with the motivic spectra of Annala-Iwasa [4]. It would be interesting to consider the
framework of a rigid-analytic version of motivic spectra in order to construct reasonable syntomic higher
Chern class maps.

0.2 Outline of proofs

0.2.1. Usage of condensed mathematics. To have a better control on p-adic cohomology theories, which have
huge cohomology groups and are thus difficult to handle as plain groups, one needs to take their natural, if
not canonical, topological structures into account. Our point of view will be upgrading objects and statements
to the condensed world without much loss of information. The advantage of condensed mathematics that we
make use of in this work lies essentially in the good homological algebraic properties of solid p-adic functional
analysis, especially those of nuclear modules over Qy, such as behaviours of interactions between countable
limits and solid tensor products.

We believe that many results could have been done in the more classical language of locally convex
topological Q,-vector spaces or in other potentially adequate models of topological structures on algebras, but
we are not going to pursue this point of view.

0.2.2. Consider first Theorem (0.1.3). As observed above in (0.1.5), it is easy to find a candidate, namely the

M

Fontaine-Messing period maps «;

satisfy the assertion (i), however it is not clear whether they fulfill (ii)
and (iii); on the other hand, using (condensed) proétale period sheaves as in [ll], one may construct Galois
equivariant geometric period maps pfsﬁm, with the help of which the statements (ii) and (iii) become more

accessible; the uniqueness proved by Sally Gilles [37] reunites these two sets of period maps.

Now let us focus on (ii) and (iii). Following the path of proof of Nekovai and Niziol, we find that the key
is the compatibility between arithmetic and geometric Hyodo-Kato morphisms, not only after taking derived
fixed points and monodromy-trivial elements but also before it. In other words, we should have the following



Galois equivariant commutative diagram

arith

®
RTug(X) ©% B 2% RT (X /K) ®% BY,

(0.2.2.1) l m l:

RTuk (Xc) ®% Bf —=—> RTui(Xc/Bjy)

for X € Rigy, where RIiyi(X¢/BJ,) denotes the condensed enrichment (1.3.8) of the infinitesimal cohomology

of X¢ over B

r [41, Theorem 1.2.7, Definition 7.2.1], and where the Vertihcal maps are the obvious ones, while
tp: B — B, is the canonical embedding given by log[[)b] — log(%). Let us discuss the Hyodo-Kato
morphisms appearing in the horizontal maps. Recall that Colmez and Niziol defined globally for rigid-

analytic varieties (as well as for dagger varieties) an arithmetic Hyodo-Kato morphism in [2]] using a zig-zag

;I‘I"(th’CN, and defined a geometric Hyodo-Kato morphism in
[23] using Beilinson’s method, which we denote by t%elgm’CN.

construction, which we denote for the moment by ¢

It is unclear on the first sight whether these two Hyodo-Kato morphisms are compatible via the obvious

maps; if it is the case, then our work should have been greatly shortened on this issue’; otherwise, we are at

arith
HK

diagram (0.2.2.1) commutative and Galois equivariant. Indeed, this follows essentially from our construction.

least able to construct by Galois descent a seemingly new arithmetic Hyodo-Kato morphisms (" making the

arith . arith,
HK ~ ‘oK
reduction case, however, the homotopy that we construct does not seem to be natural (due to potential higher

It is then natural to ask whether there is a homotopy ¢ CN. We prove this in the semistable

associativity issues), since it depends on the choice of uniformiser of a finite extension L of K. Despite this
shortcoming, the syntomic cohomology defined by this new arithmetic Hyodo-Kato morphisms is naturally
isomorphic to the usual one defined by Colmez and Niziol in [21].

Once the Galois equvariant compatibility (0.2.2.1) is established, the (ii) and (iii), namely, the existence of
the syntomic descent spectral sequence mapping naturally to the Hochschil-Serre spectral sequence and the
identification of terms of its E9-page in the proper case with Selmer groups, follow as in [56].

0.2.3. Now we turn to the second Theorem (0.1.10). We have proétale first Chern class maps for p-adic proétale
cohomology, which induces, by the projective bundle formula, Chern classes for vector bundles. Similarly, we
obtain a theory of Chern classes taking values in syntomic cohomology groups. These two different Chern
classes are compatible via the period maps pgyn, and even better, compatible with the map from the syntomic
descent spectral sequence to the Hochschild-Serre spectral sequence, from which Theorem (0.1.10) then follows
immediately.

0.3 Organisation of the article

In Section 1, we are going to collect some preliminary results from higher topos theory and condensed mathem-
atics, recall condensed group cohomology, which generalises Tate’s continuous group cohomology, and finally
discuss what condensed structures we will consider on typical p-adic cohomology theories. Readers familiar

with condensed mathematics may skip this on their first reading.

In Section 2, we “redefine” the arithmetic Hyodo-Kato morphism for rigid-analytic varieties to be compat-
ible with the geometric Hyodo-Kato morphisms defined in [23], which induces the same arithmetic syntomic
cohomology as defined in [21]. We will also extend the construction to overconvergent situation by standard
procedures.

In Section 3, we will define the arithmetic syntomic-proétale period map, compare it with the Fontaine-
Messing period maps, and construct morphisms of spectral sequences under specific conditions, namely the
Cy-conjecture.

In the last section (Section 4), we define and study the étale Chern class maps for rigid-analytic varieties.

Along the way, we provide details of the projective bundle formula for syntomic and integral p-adic (pro)étale

#The compatibility holds for the overconvergent Hyodo-Kato morphisms, thanks to a motivic construction of the p-adic monodromy
operator, more precisely based on [7, 12]. The proof idea has been communicated to the author by Alberto Vezzani after an earlier version
of the present article has been written.



cohomology, and produce compatible higher Chern class maps by standard methods.
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1 Preliminaries

1.0.1. Notation and conventions. Fix a prime number p. Let K be a complete discrete valuation field of
mixed characteristic (0,p), with the ring of integers Og and perfect residue field £. Let K be an algebraic
closure of K and C := K be its p-adic completion, which is still algebraically closed’. Let 9, = Gal(K/K)
be the absolute Galois group of K, which is a profinite group. Let Of := W (k) be the ring of Witt vectors
over k, and F := Op| _%_], which is the maximal unramified subfield of K. Let F™ be the maximal unramified
extension of F inside K and F be its p-adic completion (so that ' C C).

Let L be any other complete nonarchimedean field of mixed characteristic (0,p). We denote by £, its
residue field, by F7, its maximal unramified subfield with ring of integers OF,. We have three log-structures:
the trivial log-structure O;fiv = (0r,05), the canonical log-structure O = (Or,0r\{0}) defined by the
closed point of Spec(Oy) (and given by the inclusion Oz\{0} c Oy), and the fat (or hollow) log-structure
(’)%L associated with the pre-log-structure (Op,,Or\{0}) sending 0 # a € Oy, to [a] € W (kz). We have
reductions Op, = Op/p" for n > 1 and Orp = Op/my ~ OF, 1, which could be decorated to designate the
corresponding induced log-structures.

On the level of derived categories, we will principally work with co-categories in the sense of Lurie [51, 52,
53], which naturally capture higher homotopical structures and coherences. However, many computations can
still be performed using ordinary categories, where classical techniques and tools apply.

1.0.2. Rigid spaces. Let L be a complete nonarchimdean field of mixed characteristic (0, p). All the rigid-
analytic varieties over L that we will consider are supposed to be quasi-separated, of finite dimension, and
paracompact, i.e., admitting an admissible locally finite affinoid covering; in particular, they are admissible
disjoint unions of connected paracompact rigid-analytic varieties of countable type (i.e., having a countable
admissible affinoid covering) [27, Lemma 2.5.7]. When we regard them as adic spaces, we may use the term
rigid spaces.

Let Rig; (resp. RigSmy) denote the category of rigid spaces (resp. smooth rigid spaces) over L.

11 Condensed mathematics

Topological structures on Q,-vector spaces will be used in many of our arguments, particularly in dealing
with continuous group cohomology on the derived level. As is well-known, many categories of very interesting
topological Q,-vector spaces lack certain nice properties of abelian categories, making it tricky to define

derived functors on them. Nevertheless, Colmez-Dospinescu-Niziol managed to employ certain guasi-abelian

5This follows as an application of [57, Krasner’s Lemma (8.1.6)]; see [57, Proposition (10.3.2)] for a detailed argument.



category of topological spaces (see (1.1.7) to study p-adic cohomology of Stein spaces. On the other hand,

Bosco was able to overcome this difficulty in his PhD thesis thanks to the convenient framework of condensed

mathematics, especially its solid aspects’, developed by Clausen and Scholze in [15, 14, 16]. Moreover, Clausen

and Scholze have proposed a more recent light condensed theory, though not well documented, during their
lectures on Analytic Stacks jointly held in IHES and Bonn in winter 2023/2024.

We are now going to recall some basics of the theory of condensed mathematics (both its original and

light versions) and some solid p-adic functional analysis.

111. Condensed mathematics. Let us recall some definitions in condensed mathematics:

(i)

(i)
(iv)

Let C be an co-category that admits small limits. For any uncountable strong limit cardinal «, one defines
the oo-category of «-condensed objects of C as the co-category of hypersheaves on the site of k-condensed
sets valued in C, i.e.

Cond, (C) := Shv™P (ProFin.,C).

It is the same as the co-category of contravariant functors from «-small extremally disconnected profinite
sets to C that take finite coproducts to products, denoted by

Cond, (C) ~ Fun*(EDSZ,C).

Light condensed theory, introduced by Dustin Clausen and Peter Scholze in their lectures on Analytic
Stacks jointly held in IHES and Bonn in winter 2023/2024, are of interest to us, since most objects that
concern us live in the light setting. A profinite set is called light if it can be written as a countable inverse
limit of finite sets. One defines the co-category of light condensed objects of C as

Cond"8™(C) := Shv™P (ProFin'$",C).

Both Cond, (C) and Cond'"*(C) are stable (resp. presentable) co-categories if C is stable (resp. presentable)
[26, Lemma A.4 (resp. Lemma A.3)].

The k-condensed and light condensed theories can be related via the adjunctions L, 4 Res 4
Ry, where L.: Fun(ProFin" C) — Fun(ProFin.,C) is the left Kan extension L X(S§) :=
l—ir—>nS—>TeProFin“g‘“ X (T), and Res"$" : Fun(ProFin.,,C) — Fun(ProFin"¢™,C) is the restriction of the func-
tor to the subcategory ProFin"¢" c ProFin.,, and R,: Fun(ProFin"$",C) — Fun(ProFin.,,C) is the
right Kan extension (or "sheafification”) R X (S) = limp g g, ¢ X (7). The formula shows that
Res8™ oL, ~id, so L, is fully faithful; and Res'8" oR, ~ id, so R, is also fully faithful; Moreoever, both
Res™®" and R, preserve sheaves, so they restrict to an adjunction Res™™ 4 R, between Cond,(C) and

Cond"s™(C).

As opposed to the k-condensed case, colimits of light condensed objects may not be computed point-

light

wise. Nevertheless, most statements about Cond, (C) can be transferred to the Condlight(C), sometimes
requiring extra countability control on the index sets.

There is a functor const: C — Cond,(C), X — X, which is defined as the composition of the constant
functor C — Fun(ProFin.,,C) and the hypersheafification. There is an adjunction const 4 ev, where
ev,: Cond,(C) — C, X — X (%) is the functor taking underlying objects. Similarly in the light setting.
There is a comparison functor y,: pro(C) — Cond,(C),"lim";c;X; +— lim;c; X;, which preserves small
limits, similarly we have y!8" in the light setting; they are related by ' = Reslisht oy.’. This could
be thought of as "putting the discrete topology on objects of C and then the profinite topology on pro-
objects". For our purposes, it will be indifferent to choose between the «- and the light condensed
settings. However, since the light condensed setting tends to have its own interest, we intend to keep
these two frameworks in parallel throughout the remainder of this work. All statements will be true both
in the «- and the light condensed settings, unless otherwise mentioned.

6We should point out that it might not be substantial to use the condensed mathematics in our work. For example, we might consider
the quasi-abelian category used in the works of Colmez-Dospinescu-Niziol, and might consider only pro-spectra instead of condensed
spectra in the K-theoretic part, but condensed mathematics will simplify greatly our treatment of these theories.

"However, it is not true in general that we have L oy

light — 5, even when restricted to the subcategory of light profinite sets and with

C = Ab.



(vii) The restriction functor to light pro-spectra y!&ht: pro!ight(Sp*) — Cond, (Sp) is conservative by Clausen-

Scholze [26, Theorem A.12]°. Here Sp* denotes the category of bounded above spectra.

112 - Remark. The statement of [26, Theorem A.12] (Clausen-Scholze) might not be fully correct; indeed,

light

their proof actually proves that y, and y'8™ are conservative, but one could not deduce directly from that

light

the conservativity of their functor yPY = R, o y!&ht since it is not equal to the functor y,: pro's(Sp*) —

Cond, (Sp), which defined as "lim; "X; — lim; X;.

Moreover, we record a contribution of the author to the proof of [26, Theorem A.12]. The original version
of the proof (cf. version 1 of 0p. cit.) established only the conservativity of y,. Nonetheless, their argument
applies verbatim in the light condensed setting, thanks to the following lemma, which we provide as an analogue
of [26, Lemma A.15] adapted to the light condensed context:

11.2.1 - Lemma. For a tower (M) ,en of abelian groups, the following are equivalent:
(i) The tower is Mittag-Leffler and lim, M, = 0.
(ii) The tower is pro-zero, i.e. "lim", M, = 0 in pro(Ab).
(iii) We havelim, M, = R'lim, M, = 0 in Cond"s" (Ab).

Proof- The proof of (i) = (ii) is the same as that of [26, Lemma A.15].

The proof of (iii) = (i) is also the same as in [26, Lemma A.15], except that we have to establish the
isomorphisms of abelian groups

(#) lim, [(S, M) ~ [(S,lim, M), R'lim, [(S,M,) ~ T'(S,R'lim, M,)

for the light profinite set § := N U {oo}. For this, recalling that for this special profinite set .S, the object
Z[S] € Cond""(Ab) is an (internally) projective object, so that

RT(S,M,) ~ T(S, M,)[0].

Using the isomorphisms R lim, RI'(-,M,) ~ RI'(-,Rlim, M,) on ProFin'®" for general countable projective
systems {M, },en in Cond"(Ab), we obtain

RUm(T'(S,M,)[0]) ~ Rlim RT'(S,M,) ~ RT'(S,Rlim M,) ~ ['(S, R lim M,,).
n — n — n — n —

Taking cohomology groups, using again the projectivity of Z[.S], one finally obtains (#).

As for the proof of (ii) = (iii), we apply [26, Lemma A.15] to obtain that R lim, M, = 0 in Cond,(Z(Ab));
but the functor Res™: Cond,(Z(Ab)) — Cond"$™(Z(Ab)) preserves limits (cr[26, Remark A.7]) and
commutes with the functor M — M; thus, R lim, M, = 0 remains true in Cond"#"(2(Ab)). O

Let Spc be the co-category of spaces and Sp be the co-category of spectra.

113 - Lemma. Let R € Cond,(CAlg)so” be a connective condensed ring spectrum, and let Mod;zond’K =

Modg (Cond, (Sp)) denote the symmetric monoidal oo-category of R-module objects of Cond, (Sp).
(i) The forgetful functor Mod%’nd"{ — Cond, (Sp) is conservative and preserves (small) limits and colimits.
(i) The t-structure on Cond, (Sp) induces a t-structure (Mod "%~ Mod< %Y on Mod;;"d"(, where Mod "%~

R,>0 ° R,<0 R,>0
(resp. Mod;g?(’)'() is the inverse image of Shv(C,Sp)so (resp. of Shv(C,Sp)<o) under the forgetful functor

Mod;‘md”( — Cond(Sp). This forgetful functor is t-exact. The subcategories Mod;em;d(’)'( and Modjfl;d(’)'( of
Mod;é)"d"< are stable under (small) filtered colimits.

(iii) If R is discrete, then the functor my induces an equivalence
Mod;émd"(’@ = Modg (Cond, (Set)),

where the latter is (the nerve of) the ordinary category of (discrete) condensed R -modules.

8The proof loc. cit. is not correct. Please refer to (1.1.2) for one possible correct proof.
9Cohomological indices are denoted by superscripts, while homological indices are denoted by subscripts. They could be quite
confusing when we mix homotopy theories with cohomological notation of derived categories.
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(iv)

If the condensed ring spectrum R is discrete, then there is a canonical colimit-preserving and t-exact equivalences
of co-categories
d,k, 0y = d,
t: P(Mody ") — Mody" .

The same holds for the light condensed setting.

Proof. This follows from applying [53, Proposition 2.1.0.3 (iii), Proposition 2.1.1.1, Remark 2.1.2.1, Corollary
2.1.2.3] (see [71, Lemma B.L7]) to the co-topos X = Cond,(Spc), which is hypercomplete by definition. The
same works in the light condensed setting. O

11.4.

Solid mathematics. It will be particularly useful to employ “complete” objects, under the name of solid

objects [15, Lectures V-VIII].

(i)

(i)

(iv)

There is a full subcategory Solid € CondAb consisting of solid abelian groups, which is a localisation
with left adjoint (—)™ the solidification functor. It is stable under all limits and colimits, equipped
with a tensor product — @™ — = (- ® —)™, compactly generated under colimits by Z[S]" for k-small
extremally disconnected sets S, hence compactly generated under colimits by their retracts []; Z (in
particular, Z[.S]", isomorphic to a product of Z, is a compact projective for any profinite set .S). For any
M € CondAb and N € Solid, we have ExticondAb(M, N) € Solid for all i € Z.

There is also a derived version of solid theory: there is a notion of solid objects in 2(CondAb), which
form a full subcategory stable under all limits and colimits. The natural functor Z(Solid) — Z(CondAb)
is fully faithful, whose essential image consists precisely of the solid objects of Z(CondAb); this functor
has a left adjoint (=)™, called the derived solidification functor. There is a unique way to endow
9(Solid) with a symmetric monoidal tensor product — ®® — such that the derived solidification functor
is symmetric monoidal. The derived solidification functor and the derived solid tensor product coincide
with the derived functors of the corresponding functors in (i). Moreover, we have Z[S]/™ ~ Z[§]®[0] by
[15, Proposition 5.6].

For any (noncommutative) condensed ring R (e.g., a commutative ring, a group ring), we denote by
Mod™ < CondAb the full subcategory of R-modules, and Mod} := Mod$™ N Solid the category of
R-modules that are solid abelian groups, which are the same as solid R™-modules. Similarly as Solid,
the category Mod} carries a tensor product — ®% — = (- ® —)", and is compactly generated under
colimits by ([]; Z) ®7 R.

For example, there is a canonical isomorphism ([]; Z) ®é' M > [1; M for any profinite abelian group
M [10, Lemma A.19]. In particular, when the residue field of K is finite'!’, we obtain ([]; Z) ®é' Ok _—
[1; Ok and then ([T, Z) ®,* K — ([1; Ox)[}].

When the situation is clear, for example for usual topological abelian groups M such as Z, Ok, K, C,
etc., we will not distinguish the notations M and M, unless we want to stress some results in the classical
topological setting.

1.1.5. Let C be a site. We record two consequences of [53, Corollary 2.1.2.3]:

(i)

1.16.

For any ordinary ring R, there is an equivalence of co-categories
2 (Mod™) = Shv™P (e, 7 (Mod))

sending M to S — RI'(S,M) on profinite sets S, which simplifies to M (.S) on extremally disconnected
sets S.

For any condensed ring R, we have equivalences of co-categories
2(Shv(C,Mod%™)) S Shv™P(C, Z(Mod$™)),  Z(Shv(C,Mod%)) — Shvi™P(C, Z(Mod®))

induced by sending a sheaf F € Shv(C,Mod%"‘d) to its global section functor RI'(—, F).

Convention. For simplicity, we will denote by Hom(—,—) the internal Hom (bi)functor

Homcond(set) (——) or Homgongab(—,—) depending on the context, and also denote Homg(—,—) :=

0This is the situation in [10, Appendix A], see loc. cit., Lemma A.17. Special thanks to Alberto Vezzani for pointing this out.
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HOmMOd;ond(_,_) for any condensed ring R; similarly for the derived internal Hom. However, the internal
Hom in categories of solid modules will keep the full notation HomMOd;(—, -).

1.1.7. Topological structures on p-adic cohomology theories: a review. We may understand the p-adic
proétale cohomology of rigid-analytic varieties over K or C by comparisons with other (integral or rational)
p-adic cohomology theories such as Hyodo-Kato cohomology and de Rham cohomology. However, in order to
control maps between their cohomology groups, which are typically large (with no hope of finite-dimensionality,
except in the dagger qcqgs case), it would be useful to endow these groups with a suitable topological structure.

Firstly, Colmez, Niziol and Dospinescu [17] have considered the category Ck of locally convex topological
K-vector spaces, which is a quasi-abelian category11 by [62, Proposition 2.1.11]. Its left bounded derived oco-
category 2(Ck) admits a t-structure (2=°, 9=9), called the left t-structure, where 2=° (resp. 2=) is the full
subcategory of Z(Ck) formed by the complexes being strictly exact in each positive (resp. negative) degree. The
corresponding heart LH (Cx) (the so-called left heart) consists of complexes represented (up to equivalence) by
a monomorphism f : E — F, where F sits in degree 0. The cohomology groups of an object X € Z(Ck) are
given by

H"(X) = t5"t2"(X) = (coimd"™" - ker d") € LH(Ck),

while there are also naive cohomology groups
H"(X) := (kerd"/coimd"™') € Cx

endowed with the quotient topology. An object (E — F) € LH(Ck) is called classical if the natural morphism
(E— F) — F/E = H°(E — F) is an equivalence.

More recently, in his PhD thesis [10, 11], Guido Bosco has drawn on condensed mathematics to investigate
the rational p-adic Hodge theory, which is related to the previous perspective by the condensification functor
[19, Section 4]

(L17.) Cp® = ModZ™, VsV

as well as its natural extension to derived categories, where CECg C Cg denotes the full subcategory of spaces
that are Hausdorff and compactly generated, and Mod}Ond the category of (underived) condensed K-modules.

The condensification functor sends strict exact sequences of K-Fréchet spaces (resp. of spaces of com-
pact type) to exact sequences in Mod} [19, Lemma 2.18]. For example, this applies to rational p-adic co-
homology theories such as (pro)étale cohomology, de Rham cohomology, Hyodo-Kato cohomology; indeed,
RT proet (X,Q, (7)) is represented by a complex of Q,-Banach spaces if X € Rig}Cqs [17, §3.3.2], and is repres-
ented by a complex of Q,-vector spaces of compact type if X € Rig;{chqs [19, Proposition 4.23]; similarly for
varieties over C instead of over K, likewise for de Rham cohomology and Hyodo-Kato cohomology.

Moreover, for K-Fréchet spaces, the condensification functor transforms projective tensor products in Cg
to solid tensor products [10, Proposition A.68].

1.1.8. Solid p-adic functional analysis. It seems that the condensed, especially solid, mathematics has better
homological behaviour than the classical p-adic functional analysis. For this reason, we will always stick to the
condensed point of view unless arguments demand intervention of the classical one.

We gather the following nice features of solid p-adic functional analysis.

(i) There is a particular class of nuclear K -vector spaces inside Modfvfnd [10, §A.6] (see [16, Lecture VIII] for
a more abstract framework). To avoid conceptual confusion with the classical nuclear K-vector spaces
a la Grothendieck [39], we shall call the former solid-nuclear K -vector spaces. The classcial nuclear K-
vector spaces are somewhat orthogonal to the concept of K-Banach spaces, as their common objects are
finite-dimensional. On the contrary, any K-Banach space is solid-nuclear.

ii) Let Mo C Mo enote the full subcategory of solid-nuclear K-vector spaces. It is stable under
Let Mod}“ ¢ Mod} d he full subcategory of solid-nuclear K p I bl d
finite limits, countable products (hence countable limits), all colimits, and the solid tensor product [10,

IWe refer to [62, §1] for a review of quasi-abelian homological algebra. Let A be an additive category with kernels and cokernels. A
morphism f € A is strict if its coimage and image coincide canonically. We call A a quasi-abelian category if every pullback of a strict
epimorphism is a strict epimorphism and every pushout of a strict monomorphism is a strict monomorphism.
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Theorem A .43]. It contains all K-Banach spaces, and is generated under colimits by these, which are flat
objects for the solid tensor product [10, Corollary A.61]. It contains all K-Fréchet spaces, which can be
written as filtered colimits of K-Banach spaces [10, Proposition A.64].

Furthermore, on the derived level, one has a full stable co-subcategory of solid-nuclear complexes Nucg C
% (Mod%). This subcategory is closed under taking direct summands, derived tensor product ®IL{', finite
limits, countable products and all colimits; it is generated under shifts and colimits by the objects
Hom, (K [S],K) for varying profinite sets S. Moreover, any object M € Z(ModY) lies in Nuc if and
only if H'(M)[0] € Nucg, or equivalently H'(M) € Mody'. See [ll, Theorem A.17] for a detailed
account.

(iii) Let (V,)nen be a countable projective system of solid-nuclear K -vector spaces, and let W be a K-Fréchet
space; then by [10, Corollary A.67 (i)], we have

. n (1 n
m(Vn QF W) =~ (1(31 V) g W.
n n
This can be refined into the following lemma (1.1.8.1). Besides, as a corollary [10, Corollary A.67 (ii)], if
(Va)nen is a countable projective system of objects in Z(Mod%) such that each V, is represented by a
complex of solid-nuclear K-vector spaces, and if W € Z(ModJ) is represented by a bounded above
complex of K-Fréchet spaces, then

Rlim(V, ®g" W) = (Rlim V,) & W.

n n

11.8.1 - Lemma. Let (V;,)nen be a countable projective system in Mody. Consider the full subcategory C C Mod
consisting of W such that
. n —(1: ]
@(Vn ®x W) = (1(21 V) ®x W.
n n
(i) C is closed under finite colimits and direct summands.

(ii) IfV, andlim V, are all flat for ®R, then C is closed under finite limits.
«—n
(iti) If Vy are all solid-nuclear objects of ModY, then C contains all K -Fréchet spaces.

Proof. (i) For taking direct summands, we remark that the vanishing of kernel and cokernel of the natural map
between two sides is stable under taking direct summands of W. As for finite colimits, this is because ®%
commutes with all colimits in each variable and l(in commutes with finite colimits.

n

(ii) By flatness, ®% preserves finite limits; and l(in commutes with all limits.
n

(iii) This is [10, Corollary A.67]. O

11.8.2 - Example. Here is an elementary example of Lemma (1.1.8.1). Let V4 — V5 be a morphism between
two K-Banach spaces with cokernel N in Mod%. Let I be a countable set. Let K(I) denote the K-Banach
space generated by /.

(i) The natural map N ®% K(I) — []; N is injective.
(ii) The limit l(iil] N o} K (J) vanishies, where J runs over all cofinite subsets of I.

Proof. (i) We have an injection N ®F L(I) — N ®7 []; L by the injectivity of L (I) — []; L and the flatness
of N for ®z [10, Corollary A.61]. Consider the following commutative diagram

Vl®2H1L—)V2®2H[L—>N®2H1L—>0

ok

I ——I1Ve — [LN —— 0
where the maps 7 and i are isomorphisms by [10, Corollary A.59] since [ is countable, the first row is exact

by flatness of []; L for —®7 [10, Lemma A.58], the second row is exact by exactness of countable products
(AB4*) [15, Theorem 2.2]. From this, one deduces that i is also an isomorphism. Thus, (i) follows immediately.
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(ii) Consider the short exact sequence of projective systems indexed by cofinite subsets J C 1
0> N®FL(J) > Ny L{I) > Ny L(I\]J) > 0
where again we are using flatness of N. Using left exactness of limit, we obtain a left exact sequence

. | ] u : L
0— l%n(N Y L(J)) — N &f L{I) — I(%I(N ®F L(I\]))
whose rightmost term is identified with [J; N. Then (ii) follows from (i). O

1.2 Condensed group actions

We benefit from nice categorical properties of condensed modules, at the cost of our objects becoming more
complicated since we have to keep track of their topology by evaluating them on all profinite sets rather than
only on the singleton. Therefore, the treatment of condensed group actions and their cohomology, which
substitutes for continuous group actions and continuous group cohomology, requires extra care. We shall
recall the condensed theory of group cohomology and some computable examples, as well as the counterpart

concerning smooth group actions.

1.2.1. Condensed group algebra. Let G be a condensed group. Let p be a G-action on a condensed ring R.
We define the R-algebra R[G],, called the skew group algebra of G over R", to be the R[G] € CondAb with
the multpilication law [g]-[g’] = [gg¢’] and [g]-x = g(x) - [g] for g € G and x € R. We define the category of

R-modules with semilinear G-action by Mod;;[n g]p, and the derived co-category of R-modules with semilinear

G-action by 2(Mod™)¢ = @(Modj{o[ng]p); similarly for solid objects by replacing Mod*™ with Mod®, or,

more generally, for analytic rings. We may simply denote R[G] := R[G], with p understood.
1.2.2. Let G be a condensed group acting on a condensed ring R.

(i) The forgetful functor (Mod;ao[“g]) -9 (Mod%’“d) induced by the structural ring homomorphism R —
R[G] (ie., forgetting the G-action) is conservative and commutes with all limits and colimits. It admits
as a right adjoint the orbit functor R Hom, (R[G],,~), and as a left adjoint — ®z R[G],.

(i) Assume the G-action on R to be trivial.  Then there is a natural trivial action functor
(=) .@(Mod%’"d) - @(Modﬁf"d)G induced by the R-algebra homomorphism R[G] — R,[g] — 1
(i.e., putting trivial G-action on complexes), which is fully faithful and commutes with all limits and colim-
its. It admits as right adjoint the derived G-fixed points functor (—)¢: 2(Mod™)¢ — 2(Mod™),
which is computed by M¢ ~ RT'(G,M) = RHo_leGJ(R,M) ~ RHo_mZ[GJ(Z,M) € Q(Modgmd ,
namely, the condensed group cohomology of G with coefficients in M. On the other hand, (—)™ admits as
left adjoint the G -coinvariants functor — ®g[q| R.

A standard way to compute the condensed group cohomology of profinite group is to consider the con-

densed cochain complex, cf. (1.2.4.1).

1.2.3 - Lemma. For any condensed group G and any M € 9(CondAb)®, we have an isomorphism in 9(CondAb):
RI'(G,M) ~RHom((--- > Z[G X G] - Z[G] - Z — 0),M).

Proof. The key is the standard bar resolution Z[G**'] — Z — 0 in Modczo[‘g], and the natural equivalence
RHomZ[G] (Z[G**'],-) ~ RHom(Z[G"],-) killing the first component G; for the latter, we have Z[G**!] ~
Z[G)®z Z[G*] = Z[G] ®é‘ Z[G"*] where the last isomorphism follows from the flatness of Z[G] over Z. O

1.2.4 - Proposition. Let G be a profinite group. For any M € 2(Solid)¢ ¢ 2(CondAb)<, the condensed group
cohomology is computed by the condensed cochain complex

(1.2.4.1) RT(G,M) ~ (M — Hom(Z[G],M) > Hom(Z[G x G], M) — ---).

Moreover, RT'(G,—) commutes with filtered colimits on 2(Solid)€.

21n some literature, it is denoted by R#G or R =, G, etc., hence there is no standard notation.
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Proof. This follows from the facts that we have a natural equivalence of functors RHom(Z[S],-)
RHomg .. (Z[S]®,—) on Z(Solid) and that the functor Homg ., (Z[S]®~,) is an exact functor on Solid, with
Z[S]" being an internally compact projective object in Solid for any profinite set . O

The following lemma is a special case of condensed group cohomology with solid-nuclear coefficients.

1.2.5 - Lemma. Let G be a profinite group. Let E C K be a p-adic local subfield. For any V' € Mody'“ with trivial
G -action and any B € Mody™ N Modco’}‘;i], there is a natural isomorphism

V ®p RT'(G,B) — > RI(G, V ®F B).
Proof. Since V is flat for ®Y, it suffices to see that the natural morphism
V ®% Hom(Z[G*],B) — Hom(Z[G"],V ®} B)

is an isomorphism. According to [10, Theorem A.43 (i)], V ®% W is still solid-nuclear, so by characterisation
of nuclear objects as trace-class functors [10, Proposition A.55 (i)], we have the vertical isomorphisms in the
following commutative diagram

V ®f Hom(Z[G*],B) ————— Hom(Z[G"],V ®} B)
V ®f Hom(Z[G*],E) % B —— Hom(Z[G"],E) ®} V ®F B.
Now, we can conclude by Proposition (1.2.4). O

1.2.6 - Remark. The above lemma remains true in a more genral setting: we still have this isomorphism for
all solid-nuclear V € 2(Mod}), which are characterised by the property that H*(V) € Mod}y'* for all i € Z,
and for general B € ¥ (Modz[G]) [14, Proposition 13.14]. Indeed, the proof of loc. cit. actually works for S = ¥
by the compact projectivity of Z[¥x]°.

In the particular case of profinite groups ¢: G = Z;f (often non canonically isomorphic), its condensed
group cohomology can be computed alternatively by the Koszul complex, determined naturally though not

canonically by the isomorphism ¢.

1.2.7. Let M € CondAb and f,...,f» € Endcondab(M). Its Koszul complex is the complex

Koszar (fis- - -, f) = Tot M ®f 71 x, ,XJ(X)(Z (X.... . X,] 2 Z[X,....X,])

with the complex Z[ Xj,. .., X,] it Z[X,...,X,] sits in (cohomological) degrees 0 and 1, where M is regarded
as a Z[X,...,X,]-module via the map Z[Xj,...,X,] — Endconaab(M) given by X; — f;.

1.2.8 - Proposition. Let G be a profinite group with an isomorphism : G ~ Z1, and let yy,...,y, denote the
associated (topological) generators of G, transported via i from the standard basis of Z;,. For any M € .@(Mod;p )<,
the condensed group cohomology is computed by the following Koszul complex

(1.2.8.1) RT(G. M) ~Koszar(y1 = 1,. ... ya = D).

The isomorphism depends on 1, and is compatible with changing the isomorphism ¢ (which amounts to changing
generators).

Proof.: We have a projective resolution Tot& z,,_ (Z[,[G] R i Z,[G]")| = Z, — 0 in ModZ , where the

first Zy[G]"™ sits in the degree —1 and the s cond 51ts in the degree 0. Takln R Hom, a (- M), using that

RHomMOdE l (Zy[G]".-) = RHomZﬁ G](ZP[ ],-) = id on ModZ (] Ve obtain the sthtement. O
»

We have the following relation between the two identifications.
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12.9 - Lemma. LetI" = Zj be a profinite group with the associated generators y,. .., yn, and let M € Mody

Then the composite identification H'(Hom(Z[T*],M)) ~ HY(T,M) ~ H'(Koszay (y1 — L,...,y, — 1)) agrees wzt/l
the map (yy,...,y,): Hom(Z[I'|,M) — M®" restricted to cocycles, where y; is induced by the map Z[+] — Z[T']

sending the point to y;. More precisely, evaluated at a point, the class of a cocycle ¢ gets identified with the class of
the element mz == (¢(v1),...,c(yq)).

Proof. Since M (S) ~ Hom(Z[S],M)(x*) for any profinite set .S, we only need to prove the statement evaluated
at a point.

Denote by I'” a copy of I' for the Koszul construction, and F (read as "digamma") another copy of the
continuous cochain complex construction. We have quasi-isomorphisms of genuine complexes

Koszzﬁ[p]- n-1...,v,=1 —_— Z,

7 1

Tot (KOSZZ,,[F’XF‘“J' rn-1...,v,— 1)) —= Z[Fo+1]l
in MOd;,,[F |» inducing after RHO_mMOd;,,m (—,M) the quasi-isomorphisms of genuine complexes

Koszy(yi—1,...,7, —1) 4 = RT(L, M)

(L2.9.1) v|- lz

Tot (Koszmz[r] i xFan (Y — Ly, — 1)) < HomZ[F] (Z[F**], M)

in Mod;ﬁ. We are going to show that a’(m;) — a”/(¢) is a coboundary in the total complex.

Consider the following upper right pieces

Homz[r](Z[F’],M)m <—1)" Homy - (Z[F] M)

Homy . (Z[I" x F], M)GB" (—1) HomZ[F] (Z[T” xF],M)
(12.9.2) ld”‘ﬁ{‘—ﬁé'
. Ho_mz[r] (z[1r’ XF2],M) m HO_mZ[r](Z[FZ]’M)
o

Ho_mz[r] (Z[FBLM)

of (1.2.9.1), or, equivalently, the diagram

®n

<——— M
(ri-Dj
la’ :=const \met

MFE! s MP) <,

(1.2.9.3) ld"#a N
\
M(F?) o= M(F)
l&
M(F?),
where we have killed the I'-action by reducing the respective first components to the unit 1 € I". We write with a
bar f € M(T*) for the restriction, under this reduction, of a I'-equivariant function f € Homgz|r (Z[T**], M).
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Consider the identity map of M (F) fitting as the dashed arrow into the diagram (1.2.9.3). It is a direct
computation to check that
a"=d"+6
on M (F), and that
(&)= (=) +6fvuvi' )iy
for f € M(F). In particular, for any cocycle ¢ € Z'M(F®) = ker§ ¢ M(F), if we view it in degree 0 (upper
right corner) of the total complex and apply the differential d = d’ + d”’, we obtain

dc = (—(constg(yt))l'?:1 + (65()/,»,7{1g)):‘=1,a”(c’) - 65) = (=a’(mz),a”’ (¢)) e M(F)®" & M(FQ),
thus proving the identification. O

1.2.10 - Remark. In fact, conversely, for any m = (my,...,m,) € M(+)®" such that (y;—1)m; = (y;—1)m;, there
exists a cocycle ¢, such that ¢(y;) = m; for i =1,...,n. For this, using these conditions and the fact that {y;}}
form a basis of I', one can write down an explicit formula for ¢, and then check that it defines an element
¢ € M(I'). For this, using compact projective generation of Mod;ﬁ[G], one can reduce to the case where M is
of the form M = Z,[T'|® ®7 Z[S]" ~ Z,[T" x S]", in which the verification is direct. Alternatively, admitting
the identification of the lemma, one can argue that there exists an element my € M (*) such that m + dm
comes from a cocycle ¢, i.e., such that m; + y;mg — mo = ¢(y;) for i =1,...,d, but now m; = (¢ — dmo)(y;)
where ¢ is the zeroth differential of the cochain complex M (I'*).

1.2.11. Galois cohomology. Now we study examples of condensed Galois cohomology, whose computation has
essentially been done in the classical continuous cohomology context. We record these results and interpretate
them in the condensed language.

Let M € .@(Mod%’“d). Consider C = K, with its natural continuous %x-action, as an object of
.@(Mod%’"d)g—" concentrated in degree 0. We have a canonical morphism M — M ®IL( C in .@(Mod%}"d)g—’{,
inducing the following morphism :

M — RT(%x.M ®% C) = (M &% C)%x,
and this construction is functorial in /. We may also replace C by other objects in 2 (Mod}?nd)g—".

Here is a solid variant. As above, we have a natural transformation
D(Mod%) — D(Mody}), - — (- @k €)%,

The advantage of working with the solid category 2(Mody) is that C is a flat object for ®%, whence the
natural isomorphism M ®é‘ C ~ M ®% C. Thus this natural transformation becomes

D(Mod®%) — D(Mod%), - — (- o% €)%,

Here is a noncompleted version. The object K is flat already for the non-solid tensor product ®g, hence
M ®é K ~ M ®k K and we get the natural transformation

D(Mod2™) — D(Mod™),  (-) — (- ®x K)ZE.

1.2.12 - Example. Let us review some examples of Galois cohomology. Let i € N, j € Z.

(i) Tate calculated that

K, j=0,i=0,
(L2.12.) H 9k, C(j) =9 K-logxeye, j=0,i=1,
0, otherwise,
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from which we deduce [35, Proposition 6.35] that

K, j<0,i=0,
(1.2.12.2) Hciom(%K,thgR) =3 K-logxee, j<0,i=1,
0, otherwise.

These upgrade, by the condensification functor (1.1.7.1), to the computation of corresponding condensed
Galois cohomology groups, thanks to [19, Lemma 3.3 (1)]. Furthermore, by (1.2.5), we can even allow
nuclear coefficients: for any W € Nucg (for example for W concentrated in degree 0 and coming from
a K-Banach space, or, more generally, a classical nuclear Fréchet K-vector space or a K-vector space of
compact type) endowed with the trivial ¥x-action, we have

W, j=0,i=0,
(1.2.12.3) H' (9g. W Q% C(j)) =1 W-logxee, j=0,i=1,
0, otherwise,
w, j<0,i=0,
(1.2.12.4) H' (kW Qg t/Bipg) =1 W -1og xeye, j<0,i=1,
0, otherwise.

Indeed, when W = K[0] is trivial and concentrated in degree 0, the key computation has been done in
(1.2.12.1) and (1.2.12.2); then one obtains the statement for general W € Nucg by applying (1.2.3) and |1,

Proposition 5.35] (see also [14, Proposition 13.14]).
(i) By adding to C and Bj; the polynomial variable log ¢ together with the semiliear ¢ -action g(logt) =
log t +10g(x ¢y (7)), we define the ¥x-modules C[log ¢] and B} [log ¢]. We have the computation [30]
W, j=0,i=0,
0, otherwise,

H' (g W &% Cllog1]())) = {

for W € Nucg equipped with the trivial ¥k -action; similarly, we have

A ) W, j<0,i=0
i mjpt = ’ ’ ’
H'(9x, W @k ¢/ B [logt]) { 0, otherwise,
and
i u = ’ ’
H' (9, W ®g Bar[logt]) = { 0, otherwise,

for W € Nucg. Indeed, these are reduced, by applying (1.2.3) and [, Proposition 5.35]), to the compu-
tation for W = K[0] trivial and concentrated in degree 0, in which case the detailed proof is recorded
below in Proposition (1.2.13) for the convenience of the reader.
We denote
B;dR = Bigllogt], By = Bar[logt] = B;dR ®;§R Bgr

with g(log ) =log ¢ +10g x cye ().

1.2.13 - Proposition (Bosco-Dospinescu-Niziol, [30]). Let C[log¢] (resp. BY;[logt]) be the polynomial ring
on C (resp. on BY,) with one formal variable log t, equipped with the semilinear Gy -action given by g(logt) =
log t +10g(x eye(07)). For j € Z, let C[log t](j) (resp. Bj;[logt]) be the corresponding Tate twist of C[log t]
(resp. of B, [log t]).
(i) We have isomorphisms in Mod:
; W, j=0,i=0
Hz 1 . — ’ ’ ’
(i, Cllog 21(7)) { 0, otherwise,

(ii) We have isomorphisms in Mod;:

W, j<0,i=0,

H' (9, W ®% t/Bip[logt]) =
(Y, W ®k t/ By [log t]) { 0, otherwise,
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d
an W, i=0,

H"(%,W ®k Ban[log?]) = { 0, otherwise,
Proof. We include the full proof here, since the cited literature is not yet publicly available.
(i) Set
A:=Cllogt], A= Cllogt]*™ =3 C(logt)), meN.

We have inclusion of ¥k -modules 4, C A4y41. Since Z[9x]™ is a compact object of Solid = Mod7, we have

(1.2.13.0) H' (9. A())) = lim H' (Gk, An ().

For all m € N and j € Z, we have a short exact sequence
0— A4u(j) = Aun(j) = C(j) = 0

of ¥k -modules induced by the inclusion 4,, C Am +1. Taking the condensed Galois cohomology, we obtain
the associated long exact sequence

0 — H(Gx.An(j)) = H* (k. Ann(j)) — H(x.C()))
(1.2.13.9) — H' Yk, An(j)) = H (G, Ann(j)) = H' (k. C(§))
> HA( G A () = B, Anr () — HA G, C()) = -+ |

If j # 0 or i > 2, the computation (1.2.12.3) yields, by induction on m € N, the vanishing of all H*(¥x, A (j)),
so H (9%, A(j)) = 0 by taking the colimit over m € N (1.2.13.1). Now, let j = 0, then the long exa?sequence
(1.2.13.2)_reduces to
(1.2.13.3)

0 — H (G, An) = H'(Gx, An) ™5 H' (Gx,C) - H' G An) ™5 H' G, Anst) — H'( i, C) — 0.

Let us show that 8, = 0. For this, let P = Z;’fol a;(log Nl e H° (9K, Am+1), where a; € C. By definition,
we have 8,,(P) = au41, and for any g € %, we have g(P) = P. Identifying the coefficients of (log#)™*
in the equality g(P) = P yields any € H'(%%,C) = K, and identifying the coefficients of (log ¢)™ yields
—(m+1)ans110g ¥ cye(g) = (g —1)an. The comp_utation Hl(ﬁ, C) = K -10g X ¢yc (1.2.12.3) then forces a1 = 0.

Having established 8, = 0, an induction on m € N shows that:

+ the natural map K — H° (YK, An) is an isomorphism;
* the condensed K-module Hl(%,Am) comes from a genuine one-dimensional K-vector space for all
m € N, thus y,, = 0.

Therefore, we conclude the statement (i) by taking the colimit over m € N, using (1.2.13.1).

(if) We are going to proceed as in the proof of (i). Set M = Bggr[log¢]. For j € Z, set
M; = t/B;[logt], My =t/Bl[logt]=" = ¥ t/ B} (log t)!, meN.
The subspaces M;,, C M; C M are all 9k -stable, and we have short exact sequences

0—>Mj,m—>Mj,m+l—>l‘ngR—>0, Jj€Z,meN.

Again by compactness of Z[¥x]|™ € Solid, we have

(1.2.13.4) H' (G, My) = lim H' (9, My),  H'(Gic, M) = lim H' (G, M),
m J

Consider the long exact sequence

0— Ho(ﬁ»Mj,m) - HO(%»Mj,mH) - Ho(g_Ka th;R)
(1.2.13.5) — H' (Y, M) > H (G, Mjmu1) > H (Y. t/Bly)
— H*(Yx . Mjn) = H* (G, Mjma) = H*(Gx t/Bl) — -+
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This time, using the description of Galois cohomology of M; given by (1.2.12.4) and an induction on m, we
deduce that:

e if j >0 or i > 2, then H (9x,M; ) = 0;
« if j < 0, then the natural map K — H° (Yk,M;n) is an isomorphism, and the map Hl(%_K, Mjn) —
Hl(%, M; 141) is zero for all m € N.

Then (ii) follows by taking the colimit over m € N and subsequently letting j — —oo, using (1.2.13.4). O

1.2.14. Discrete condensed objects. For M € Cond(Set), we set M° := M (*)gis., or, equivalently, for profinite
sets S, we set
M°(S) = lim M (S;).
S»S;

There is a natural continuous map M (x)gisc — M (*)i0p underlying the morphism M o M. We say that M
is discrete if M° — M is an isomorphism. The functor (=)°: Cond(Set) — Cond(Set) preserves all colimits.
Similarly, one can define M° for M in Cond(Ab), Cond(Z(Z)), etc. by the same formula, and we say that M
is discrete it M° — M is an isomorphism.

On the other hand, given an object N of Set (resp. of Ab, of Z(Z), etc.), we can endow N with the discrete
condensed structure Ny, that is, for profinite sets .S, we set

Ndisc(S) = h_H)l HN
S»S8; S
Then we obtain an object Ngisc of Cond(Set) (resp. of Cond(Ab), of Cond(Z(Z)) ~ 2(CondAb), etc.)

1.2.15 - Definition. Let S be a profinite set with a pro-finite presentation §' = 1(21 S; (where S; are finite sets).
1
Let M € CondAb. We define

(1.2.15.1) Hom™ (S, M) = Hom(S,Z) ®z M € CondAb

as the condensed group of locally constant functions from S to M. We denote Hom*™ (S, M) := Hom*™ (S, M) (x).

1.2.16 - Lemma. Let S be a profinite set with a pro-finite presentation S = 1(31 S; and let M € CondAb.
1

(i) There is a natural map Hom*™" (S, M) — Hom(S,M).

(i) We have Hom*™(S,M) = h_n)ll MSi, in particular for any extremally disconnected set T, we have
Hom* (S, M)(T) = li_r)ni Hom(S;,M(T)); in other words, we have Hom*™(S,M) = M%(S), or, more
generally, Hom*™ (S, M)(T) = Hom(T,M)°(S). The map in (i) corresponds to the colimit of the natural
maps Hom(S;, M(T)) = M(S; X T) — M (S x T'); in particular, it is injective.

(iii) If M is discrete, then Hom®™ (.S, M) S Hom(S,M).

Proof. (i) The natural map is clear by remarking that A = Hom(Z, M).
(ii) For extremally disconnected sets T° with pro-finite presentation 7" = lim T, we have Hom(S,Z)(T) =
—j —_—
Z(SxT)=lim Z(S; x T}), hence
—i,j . S
Hom(S,Z) = h_r)nZ d

1
and by tensoring with M, we obtain

Hom*™ (S, M) = limZ% ®7 M = lim M*:.
— —
z i

Evaluated on extremally totally disconnected sets 7', this is

sm _ 1 Si I X
Hom (S,M)(T)—h;)nM (T)—IE_)nHom(S,,M(T)).
1 1
We know that Hom(S,M)(T) = M (S x T), hence there are maps M(S; X ') — M (S x T), and the above

map is identified as its colimit.
(iii) If M is discrete, then M (S x T') = h_r)nlj M(S; x T;) = h_r)nl M(S; xT). O
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1.2.17. Smooth group actions. Let G be a profinite group. Let M be an object of ModCOIl We say that the
G-action on M is smooth if the map M — Hom(G, M) factors through

(1.2.17.1) M — Hom*™(G,M) — Hom(G,M)

where the injectivity is due to (1.2.16, ii)]. We denote by Mody the full subcategory of Modco“ | consisting
of condensed abelian groups with a smooth G-action and 2° m(M dczo[‘g) = Q(ModsmG]) Here is the solid
situation: we denote Mod;’[sgl = MOd;[G N Mody, and @Sm(Mod;[GJ) = (Mod' Sm) The categories
Modszn[lG] and Mod;’[sg] are Grothendieck abelian categories with generators Z[S X (G/H )] for profinite sets §
and open subgroups H < G; indeed, that these elements indeed form a family of generators follows from the
observation that every element in M (S) for any smooth condensed G-representation M is fixed by some H.

By (1.2.17.1) and (1.2.16, ii), ModSZnEG] - MochO[nG is stable under all colimits and solidification. Deriving it,
we obtain a strictly commutative diagram of functors

7™ (Modis,) —— Z(Mod"s,)

(1217.2) l(_)L. l(_)L.

Sm(ModZ[G]) — @(Mod;[G]).

1.2.18 - Lemma. Let G be a profinite group. The fully faithful embedding functor Modz] s, C Modczo['};i] has a right
adjoint, which is given by

(1.2.18.1) M — M®*™ = M Xgom(G.ur) Hom™ (G, M).

More concretely, for any profinite set S, the set M®*™(S) consists of m € M (S) such that its orbit orb,, € M(G x S)
comes from the subset M (G; X S) for some finite quotient G; of G.

Proof. The natural projection map ¢: M%™ — M is injective by (1.2.16, ii). The right translation action
7:GXG — G,(g,g8) — gg induces a G-action on Hom(G, M) and on Hom*™ (G, M) compatible with the
G-action on M; indeed, for the latter, we need to check that the subobject Hom*"(G,M) c Hom(G,M) is
stable under this G-action, but this follows from the expression (1.2.15.1). As a result, there is a natural induced
G-action on M ™ making ¢ a G-equivariant map. Now let us show that the G-action on M is smooth. For this,
the coaction map ME*™ — Hom(G,M%*™) lands in Hom*™ (G, M) N Hom(G, M%*™) = Hom*™(G, M %"*™).
Finally, for the adjunction statement: for any N, € ModZ"[lG and Ny € Modco'g], any G-equivariant map
M — N, factors uniquely as Ny — NG'Sm C N, by factorisation property in the definition (1.2.17). O

1.2.19 - Lemma. Let G be a profinite group. For any M € ModCOG], we have

ME™ ~ lim HY(H, M)
e
H
where H runs over the filtered system of all open normal subgroups of G.

Proof. Let H be an open normal subgroup of G acting on M via restriction pz: M — Hom(H,M). We have
Hom(G/H, M) = ker(m" — pr;: Hom(G,M) — Hom(G X H,M)) over Hom(G, M), induced from the colimit
diagram colim(m,pr;: G X H 3 G) — G/H with compatible maps from G (e.g. (id,¢¢): G — G X H), hence

M Xtom(c.u) Hom(G/H, M) ~ ker(py — const: M — Hom(H,M)) = HO(E,M).

Here, we have used that

GxH

pI‘1 M=M XHom(G.M) HOIII(G M) - M XHom(G.M) Hom(G x H M) ~ Hom(Gx—{}

M),

where % is the quotient topological space, and that they both factor through the subobject Hom(H, M).
We conclude by taking colimits over /4 and applying (1.2.18.1). O
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1.2.20. Let (—)RG-sm. @(Modczollgj) - @sm(Mod;’[’gJ) denote the right derived functor of (=)¢*™. Then
(1.2.19) implies that
MRES™ ~ lim RT(H, M)
um 4
H
forM e (Mod%o[’g]), where H runs over the filtered system of all open normal subgroups of G.

Taking right adjoints of the commutative diagram (1.2.17.2), we find that ()%™ and (—)R%™ restrict to
functors on corresponding solid objects.

1.2.21 - Lemma. Let G be a profinite group and M € CondAb. Let G act trivially on M and by right translation
on G. Then we have a natural isomorphism

Hom*™ (G, M) ~ Hom(G,M)®*™.

Proof. For profinite set 7', the map Hom(G,M) — Hom(G,Hom(G,M)) ~ Hom(G X G, M) is induced by the
multiplication map m: GV x G® — G?, (g, ) — gogi, where GV and G? are two copies of G. For
extremally disonnected T, we have

Hom™ (G, Hom (G, ))(7) = lim Hom(G,", Hom(G*). M) (7)) = lim M (G, x G x T),
: i
SO
Hom(G,M)“*™(T) = M(G® X T) Xy goxcoxr) l_ir_,nM(G,.(l) x G x T)

1
= lim M(G® x T)
-
= Hom*™(G®), M)(T).

Here, for the second to last identification, we used the following commutative diagram

MG xg, GO xT) <™ M(G? x (G xg, GV)x T)

pr{ —PrQT pry —PTZT

MGOXT) —™ s MG x GV xT)

) )

MG xT) —" 5 MG xG" xT)

with exact columns to get a unique map M(G® x T) XM(GOxGD xT) M(Gi(l) xG? xT) — M(G;Z) xT)
making the diagram commutative, whence this map is an isomorphism. O

1.2.22. Smooth group cohomology. Let G be a profinite group. We define the smooth group cohomology
functor of G as the right derived functor RIi,(G,-): 2" (Modzg]) — Z(CondAb) of Ho_mZ[G](Z,M),
which is right adjoint to the trivial action functor; similarly in the solid situation, we define, by abuse of
notation, Ry, (G,-): @Sm(Mod;[G]) — 2(Solid).

For M € Qsm(Mod;[G]) with image M’ in .@S’“(Modczo['g]), there is no ambiguity, since RI'yy (G, M) has
image Ry (G, M’) in 2(CondAb). Indeed, this is because we have a strict commutative diagram of functors

7(CondAb) 55 7 (Modsrd )

l(—)"' l(—)“

7(solid) =5 7 (Mody ),

where the right solidification functor is well-defined by (1.2.17).
1.2.23. Let G be a profinite group. Consider the sequence of morphisms CondAb (_—)> Modszn[lG] — Modczo[rgi],
which preserve colimits and finite limits. Taking their right adjoints, which thus preserve injective objects, we
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obtain

RT(G,-) = RTypn (G, (—)FCm).

1.2.24 - Lemma. Let G be a profinite group. For any M € .@sm(Mod;[G]) and any profinite set S, we have
RTin (G, M)(S) =~ RT(G,M(S)) where the latter computes the usual profinite group cohomology of the smooth
G -representation M (S).

In particular, if M has a Q-linear structure, then RT's,,(G,M)(S) is represented by (MS')G Jor any Q-linear
complex My representing M ().

Proof. The first statement is [50, Lemma 3.4.15] (cf. [2], Remark 4.28] for a classical but more restrictive
explanation) and the last is due to vanishing of higher cohomology groups of profinite group cohomology of
smooth representations over Q, O

1.2.25 - Proposition. Let G be a profinite group. For any M € Mod;’[sgl], the smooth group cohomology is computed
by the smooth cochain complex

RTn(G, M) ~ (M — Hom*™ (G, M) — Hom*™ (G X G, M) — ---) .

Proof. This is [50, Corollary 3.4.17]. O

1.2.26 - Corollary. For M € Mod;’[sg], we have
HY,(G,.M) = H* (G, M).

Proof. This is due to (1.2.25) and the factorisation M — Hom*™(G,M) — Hom(G,M) for M € CondAb
(1.2.17). O

The following lemma explains the relation between the classical continuous actions and the condensed

group actions.

1.2.27 - Lemma. Let G be a profinite group and let M € 2(CondAb) be a discrete object.

(i) Any condensed G-action on M is smooth and is uniquely determined by the underlying G -action on M (*),
which is smooth.

(ii) Comversely, any smooth G -action on M (*) extends to a condensed G -action on M.

Proof. (i) The smoothness of the G-action on M is clear from (1.2.16, iii).

Now, we want to reconstruct the G-action on M from the G-action on M (*). It is the same as recon-
structing corresponding structural maps

M(S) > M(GxS)

natural in §. The G-action on M () can be interpretated as a map M (x) = M(G) = h_n)ln M (G,); hence every
m € M () has open stabliser in G, so that the G-action on M (*) is smooth. We know that M (S) = li_r)ni M(S;)
by discreteness. So the structural map
M(S) > M(GxS)
is identified as
li_r)nM(S,») - h_r)nM(G,, X 8i),
i in
which in turn agrees with

Si
gﬂwwﬁ@M@»m=@Wwe@M@ﬁ.
1 n 1 n

The map in the last parenthesis is the same as M (*) — M (G) by discreteness of M.

(ii) Conversely, if the action of G on M (%) is smooth, then the action is described by a morphism
M(x) — h_n>1 M(%)G = 1111)1 M(G,). Hence we may use the formula in the proof of (i) to define its (unique)
extension to an G-action on M. |
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1.3

Condensed cohomology theories

As pointed out in (1.1.7), we need to put condensed structures on various cohomology theories in p-adic

geometry. Let us start with the p-adic (pro)étale cohomology.

13.1. (Pro)étale cohomology. Let X be an analytic adic space over Spa(Qy,Z,). We define the proétale site
of X as Xproer = chproét’ the quasi-proétale site of the diamond associated to X, with canonical projection

v: Xgprost — Xa to the étale site, with the associated morphisms of topoi (v*,v.). We are interested in
(pro)étale cohomology of (complexes of) sheaves of R-modules on X, where R € {Z/p",Z,,Q,}.

(i)

(i)

1.3.2.

For sheaves F € Shv(Xg,Ab), we have the natural equivalence F S Rvo'F [65, Proposition 14.8],
whence the natural equivalence RIe(X,F) = RIp0e(X,v*F). The proétale cohomology verifies
proétale hyperdescent, hence so does the étale cohomology.
For any étale Z,-local system L = (L/p"),en on X with completion L= lim, v*(L/p") on Xproer, We
define

Ry (X,L) = RlianFét(X,L/p”).
Then we have
Rl (X,L) = Rli;ln RT et (X, v (L/p"))
(LD = RTproec (X, Rlim v* (L/$") & REpeo (X, D),

where the second isomorphism follows from the fact that R lim, and RI ;0 commute, the last isomorph-
ism follows from the vanishing R’ lim, v*(L/p") = 0; indeed, by [64, Lemma 3.18], we may reduce it to
checking that for totally disconnected perfectoid spaces U over X, we have R!'lim, H*(U,Z/p") = 0
and H'(U,Z/p") = 0 for i > 0, which is clear.

Two condensed structures on proétale cohomology. Let X be an analytic adic space over

Spa(Q/,,Z,,) with the canonical projection morphism fpmét: Xprost — *prost = ProFin to the proétale site of

a point.

(1)

(i)

We have two versions of condensed proétale cohomology on X:

For F € 2(Shv(Xproet, Ab)), we may define its (derived) pushforward to the proétale of a point as
RL,  (X.F) = R fnoits F € Z(ShV(#proee, AD)) ~ (CondAb) = Shv™P (1,04, Z(AD));
more precisely, we have
Eproét(X,f)(S) = Rr(Xproét/Xx§7]:) = Rrproét(X X E’]:)

for any profinite set .S.

We have a functor
Shv(Xprost» Ab) — Shv(Xprosr, CondAb) = Shv(Xproer X *proet, Ab)

sending F to F: U +— (§ — F(U x §)), which by [26, Lemma A.20] (cf. [71, B.1.8, (i)]) is further
identified with the pushforward p.F along the morphism of sites

1 Xprost = Xprost X *proét-
Then, for F € Shv(Xproet, Ab), we define the object
R0t (X, F) € 2(CondAb) = Shv™P (xproer, Z(Ab))
as the global section with condensed coefficients; more precisely, we have
R proet (X, F)(S) = RT((Xproet X *prost) /x x5 MxF)

for any profinite set .S.
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Though not equivalent to each other the two points of view are related for 7 € Shv(X IOét,Ab). Since the
pr
composite morphism of sites X Lx proét X *proét = *prost agrees with ﬁ,roet, we have

Rr((Xproet X >X‘proet)/X><S HxF) = proet(X F),

whence an evident natural map RI 06 (X, F) — RIC

proét(X ,F), whose obstruction of being an isomorphism

lies in the higher direct images R'u.F for i > 0.

1.3.3. Disambiguation of two condensed structures. Let X be an analytic adic space over Spa(Q,,Z;).
We give instances of F € Shv(Xproer, Ab) such that Ry, F = 0 for i > 0, so that by (1.3.2), there is a natural
equivalence

(13.3.1) RUproet (X, F) > RL,, (X, F)
in 2(CondAb). In the following examples, we will actually prove that
(1.3.3.2) H o (UXS,F)=0, i>0

for sufficiently “small” strictly totally disconnected perfectoid spaces U over X and all extremally disconnected
sets §; then U X S is also a strictly totally disconnected perfectoid space [65, Lemma 7.19], i.e., a quasi-compact
perfectoid space all of whose étale covers split.

(i) Let F = v*F be a proétale sheaf on X pulled back from an étale sheaf F on X. Then (1.3.3.2) holds as
we have H;mét(U x 8,F) =~ H!(U,F) =0if i >0 by splitting of étale covers of U.

(ii) Let F be a proétale Z,-local system on X. Then (1.3.3.2) holds for sufficiently “small” strictly totally
disconnected U, in the sense that F|y =~ Z” is trivialised. We may assume that F = Z/, = lim, v*(Z/p").
Now H’met(U X S,v*(Z/p")) vanishes 1f i > 0, and is, if i = 0, equal to Cont(’U ><S| Z/p"™), the
set of locally constant functions on the underlying topological space U X § with values in Z/p". So
(H;mét(U X 8,Z/p"))nen forms a Mittag-Leffler system. Therefore,

Cont(|U x §|,Zy), i=0,

(1.3.3.3) Hyrooi(U X 8.Z) = lim Hy, o (U X S,V (Z/p")) = : 0. i>0,

where Z, is endowed with its natural p-adic topology.
(iii) Let F be a proétale Qy-local system on X. Then (1.3.3.2) holds for sufﬁc1ently ‘small” strict’l\y totally
disconnected U, in the sense that F|y ~ Q[’ is trivialised. Recall that Q, = Zp[ ] = colimy,. Z,. Then
roet(U x 8,Q,) = colimy,. H Oet(U x §,Z,) since proétale cohomology on qcgs spaces commutes with
ﬁltered colimits (by coherence of the topoi (U X 8)= .. = (U X S)qproet chs) We conclude by (1.3.3.3) that
Cont(|U X 8|,Qp), i=0,
0, i>0.

proét —

(1.3.3.4) H! (U % 8,Qp) = {

(iv) Let F = @X or F € {BI,B,BIOg,BIOg[%],BER/Fil"‘ dR,BdR} be a proétale period sheaf. Then by virtue
of [10, Proposition 4.7] and [11, Proposition 2.37], the vanishing (1.3.3.2) holds for sufficiently “small” U,
in the sense that U is an affinoid perfectoid space over Spa(C,,Oc, ).

In conclusion, let 7 € Shv(Xyei, Ab) be the pullback of an étale sheaf on X, be a proétale Z,- or Q,-local
system, or belong to {Ox,B;,B,Biog, Biog[ 1], B /Fil" B} . Bar }, then:

(v) The equivalence (1.3.3.1) holds.

(vi) We have RFproet(U F) € 2(Solid) for sufficiently “small” U, even that RI" roet(U F) is concentrated
in degree 0 and is a Qy-Banach space if 7 € {Qy, OX,BI, r/Fil"} and is a Q,-Fréchet space if
F € {B,B;

(vii) By descent and stability of solidness under all limits and colimits, we obtain RI" proét(X ,F) € P(Solid).
In fact, if X is quasi-compact (and quasi-separated), then R[" . (X,F) is represented by a complex
of Q,-Banach spaces if F is a Qy-local system or if F € {%,BI,B;R/FH”’}, and is represented by a
complex of Q,-Fréchet spaces if 7 € {B,B

Q,-vector spaces in both cases.

dR’

dR}’ whence is represented by a complex of solid-nuclear
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1.3.4. The étale cohomology of qcgs objects is discrete. Let ' = v*F be a proétale sheaf on X pulled back
from an étale sheaf 7 on X. Then by [65, Proposition 11.23, Proposition 14.9], for any profinite set S = llil Si,
we have RTprost (X X §,v*F) = lim RTproe(X X S;,v*F) = lim RTproe (X, v *F)S lim RTe (X, F)%, hence

RT o (X, F) = RUat (X, F)disc

and it is classic and discrete, i.e. is the condensification of RI's(X,F) € Z(Ab) endowed with the discrete
condensed structure (1.2.14). We define

RL, (X.F) = RT

proét

(X,F).

1.3.5 - Proposition (Hochschild-Serre spectral sequence). Let G be a profinite group and X — X a proétale
G -torsor of analytic adic spaces over Spa(Qy,Zy). Let F € Shv(Xproer,Qp) together with a G -equivariant structure
on F|z. Then we have a natural equivalence

(X, F) =~ RT(G,RL, (X))

proe
in Z(Solid).

Proof. First, we have Epmét(X, F) = limp Epmét(f X G**,F) by the proétale descent along the Cech hyper-
covering of the G-torsor and G-equivariance of F|z.

There is an isomorphism
proet(X>< G*",F) ~ RHom(Z[G*"],R proet(X F)).
Indeed, for an # € N and a profinite set .S, there are isomorphisms

Epmét(j(“ X G, F)(8) = Rl proet (X X G*" x S, F)
~ RT, (X, F)(G*" X )
~ RHom(Z[G*" x ], RFpmet(X,}"))
~ RHom(Z[S],R Hom(Z[G*"],RL (X, F))),

where, for the last isomorphism, we have used that Z[G*" X §] =~ Z[G*"] ®z Z[S] =~ Z[G*"] ®% Z[S] is
concentrated in degree 0 (the last isomorphism follows from the flatness of Z[S] in CondAb, and the second
to last follows from the definition of Z[—]").

Next, recall that Epmét(i,}') € Z(Solid) (1.3.3, vii), and that Z[S]“® ~ Z[S]®[0] is compact projective
in 2(Solid) for any profinite set §' (not only the extremally disconnected ones). But we have

RM(Z[Gxn],M) = RHO—m@(Solid) (Z[Gxn]L.sM) = Ho_mg(solid) (Z[G™*"]*. M) ~ Ho_m(Z[GX"],M)
for M € 2(Solid), whence

RHom(Z[G*"].RT . (X.F)) = Hom(Z[G*"].RT, . (X.F)).

proet
Finally, the differentials in the condensed group cohomology are identified with those in the total complex
of the Cech cosimplicial nerve. O

1.3.6. Notation. For simplicity, we will often remove the underline in the notation RI" proét(X ,F) if the context
permits, while keeping that in RI',re (X, F). Since in most cases that we will encounter the two versions even
agree, there will be no harm in doing this.

BLet M* be a complex in Z(CondAb). The corresponding condensed object M € Shvhyp(*proét,@(Ab)) is given by M(S) =
RT(S,M*) € 2(Ab), which is represented by M*(S) if S is extremally disconnected. By the definition of free objects Z[ -], we have

RHom(Z[S],M*) ~ RHom(Z[S],1°) = I°(S) for any injective resolution M* SI'in 2 (CondAb); but this is also the definition of
RIT(S,M*). Therefore, we obtain R Hom(Z[S],M*) ~ M(S).

26



Next, we pass to log-crystalline cohomology, keeping in mind the intuition that étale cohomology of

(p"-torsion) sheaves ought to take discrete values on qcqs objects (1.3.4).

1.3.7. Condensed log-crystalline cohomology. Let us recall some basics on log-crystalline cohomology; for
details, cf. [6, §].

First, let St = (8,L,1,y) be a log pd-scheme with p € Og is nilpotent; more precisely, this consists of a
log-scheme (5, £) together with a pd-ideal (Z,7y) of the structure sheaf Og. Assume that S#is quasi-coherent,
i.e., that the underlying log-scheme (S, L) is quasi-coherent in the sense of Kato [45, 2.1]. Let 2 be an integral
[45, 2.1] and quasi-coherent [45, 2.1] log-scheme over S*. Let ((Z,Mz)/S8%)qis be the log-crystalline site of
(Z, M) over S*, whose objects are (% ,T) with 7 is an étale scheme over 2 with pullback log-structure
Moy, and T = (T,My) is a pd—Sﬁ—thickening of (% ,My ) with defining pd-ideal Zy < Or, and whose
coverings are the étale ones. We may simplify the notation to (Z/S Meris O even (Z2°/8)qs if the context
permits. The site ((2°,Mz)/S8%)cis has a structure sheaf Oy s (%, T) = I'(T,Or), with pd-ideal sheaf
Ty se: (%,T) v I'(T,Jr); it has also has a sheaf GE,L: (%,T) — I'(T,(1+Zr,X)) (note that Zr c Or is
a nil-ideal), and a monoid sheaf M g : (% ,T) — I'(T,Mr). These sheaves take values, on quasi-compact
quasi-separated objects, in the category of abelian groups (resp. commutative monoids), which we will regard as
condensed abelian groups (resp. condensed commutative monoids) with the discrete topology (1.2.14). Thanks
to the local discreteness of sheaves, many operations on them (such as taking global sections, cohomology or
internal Hom objects) could be enhanced to the condensed setting. For example, the condensed global sections
of Oy /st 1s

RUeis (2, M2)/SH)eris; O y52) = lim T(T,Or)aise € Z(CondAb),

(%.T)
and we define the condensed log-crystalline cohomology as

Rr‘cris((g’Mi’”)/sﬁ) = chris(((o@p’M&w)/Sﬂ)cris’Oy/sﬁ) € @(CondAb)

The cocontinuous functor ((%,Mz)/SHais — %, (%,T) — % induces a canonical morphism of topoi

lo log,~ -
u;/sn: ((g’MSZ’)/Sﬁ)mgS — 2,7 such that

(”;fg/;ug)(%’T) =G(%), (uz,fg/sﬁ*f)(%) = T(% 5% exis. F).

log . . .
st to u if there is no confusion.

Now we turn to the p-adic setting. Let St = (S,L,1,y) be an integral and quasi-coherent p-adic

We may shorten the notation u

formal log pd-scheme, that is, a sequence of exact closed embeddings of integral and quasi-coherent log
pd-schemes (Sﬁ),,eN such that Og, = Og,,,/p" and Z, = Z,,1Os,. For an integral and quasi-coherent log-
St_scheme (2, Mx), ie., an integral and quasi-coherent log-scheme over Sg for a suitable n € N, we define
((Z,Ms)/8") s as the union of fully faithful embeddings of (((f,Mg)/Sﬁ)cris)neN. We again have sheaves
Og/sg, Lo st GEn and Moy g valued in condensed abelian groups (resp. condensed commutative monoids)
with discrete topology. We define the condensed (p-adic) log-crystalline cohomology as

chris((goaMff)/Sﬁ) = lim chris(((g,Mff)/Sﬁ)crisa Ofg ﬁ) € @(CondAb)
n>>0 /8a

Again, we have a canonical morphism of topoi ”gf/sﬁ: ((Qf,Mgg)/S”)lc(;gs~ - Z;.
1.3.8. Condensed infinitesimal cohomology. We are going to put natural condensed structures on the
infinitesimal cohomologies defined in [41].

Let us first consider the arithmetic case. Let Z be a rigid space over K and consider the infinitesimal site
(Z ] K)int whose objects are pairs (U, T") such that U is an open subset of Z with a closed nil-immersion U — T
of rigid spaces over K, and whose coverings are open coverings. It has a structure sheaf Oz;x: (U,T) —
I'(T',Or) with an ideal sheaf 77,/x. They are naturally promoted to sheaves valued in Cg, the category of
locally convex topological K-vector spaces (1.1.7) (which lands furthermore in the subcategory of K-Fréchet

spaces), and we further regard them as sheaves valued in Mod} via the condensification functor (1.1.7.1). We
define the arithmetic condensed infinitesimal cohomology as

RUin(Z/K) = RT((Z/K)int. Ox/x) € Z(Mody).
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It agrees with the éh-de Rham cohomology, which we denote by
RTar(Z/K) = RT(Zen, Q% g o) € 2 (Mody).

For qcqs Z, it is represented by a bounded complex of Q,-Fréchet spaces (resp., of Q4-Banach spaces if Z is
smooth).

Similarly in the geometric B;R—case, for any rigid space Z over C, we have the infinitesimal site
(X/Bip)int = Un(X /By, )int, equipped with a structure sheaf O p: together with an ideal sheaf Ty g .
They are naturally made to take values in MOdE;R’ so we can define the geometric condensed infinitesimal

cohomology as
RTue(X /By ) i= RT((X/ By e, Oxmy,) € 7 (Mody, )

and
RTin(X/BlR) = li’IIn RTing(X /By ,,)-

Most results in op. cit. can be upgraded to condensed statements.

2 Arithmetic syntomic cohomology

It is unclear whether the original arithmetic Hyodo-Kato morphism [21, §4.2] for rigid-analytic varieties is
compatible with the geometric Hyodo-Kato morphism [23, §2]. Here, we prefer to make alternatively an ad hoc
definition of the arithmetic Hyodo-Kato morphism so that it satisfies this compatibility by definition. The key

tool is the Galois cohomology computation (1.2.12, ii).

2.0.1. Semistable formal schemes.

For p-adic admissible formal schemes over Og or O¢, we denote by (—), their rigid generic fibre in the
sense of adic spaces.

A (p-adic) formal scheme 3 over Ok is called strictly semistable if, locally for the Zariski topology, it
admits an étale morphism to a formal scheme of the form

Spf(oK<Xo,...,Xm>/(X0...Xl—w)), 0<l<m

for some uniformiser @ of Ok. Let L3 be the integral closure of K in I'(3,,03,), called the splitting field
of 3. If 3 is connected, then L3 is a field, and O, is the integral closure of Ok in I'(3,,03,), and J is
strictly semistable over Of,; in general, 3 is locally connected and we regard L3 as attaching the splitting field
to each connected component. Let M% be the full subcategory of formal schemes over Ok that are strictly
semistable over Oy, for some finite extension L of K.

A (p-adic) formal scheme X over O¢ is called strictly semistable if, locally for the Zariski topology, it admits
an étale morphism to a formal scheme of the form

Spf (Oc(Xon. .. Xn) /(X ... X - @), 0<l<m

for some @ € O¢\{0}. We denote by M the full subcategory of strictly semistable formal schemes over Oc.
Let ./\/lscs’b be the full subcategory of formal schemes over O¢ that are base change from a strictly semistable
formal scheme over O, for some finite extension L of K.

The arithmetic and the geometric setting are compatible by the base change functors

M3 i} RigSmg

(2.0.L1) l(—)é;c l_wc

M sg’b —)(_)ﬂ RigSm¢
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where the left vertical map is defined as'*

3%0 = ]_[ 3 ®(9L3,(r OC~

ocHomg (LS,C)

There is a natural ¥x-action on 3556 by permuting the components o > g !0~ and meanwhile acting on the
coefficients O¢; this is compatible with the ¥x-action on Z¢. One may replace L3 by any finite extension L/K
such that 3 is semistable over L and obtain the same object.

Exceptionally, from now on in this article, we will abbreviate the term “strictly semistable” to simply
“semistable”.

2.0.2. Recall that the éh-topology [42, Definition 2.4.1] on the category Rig is the Grothendieck topology whose
covering families are generated by étale coverings, universal homeomorphisms, and coverings associated to
blow-ups Blz(X) LI Z — X, where X € Rigy and Z is a closed analytic subset of X.

Recall also that a base (in the sense of Beilinson [5, 2.1]) for an essentially small site V is a pair (B, ¢), where
B is an essentially small category and ¢: B — V is a faithful functor such that: for any V' € V and a finite family
of pairs (By, fo) with By € B and f,: V — ¢(B,), there exists a set of objects B/; € B and a covering family
{¢(Bé) — V'} such that every composition ¢(Bé) — V — ¢(B,) lies in Hom(B/,B,) C Hom(d)(Bé),qS(Ba)).
We will refer to a base in the sense of Beilinson as a Beilinson base. We can unfold a presheaf on the base 5 to
a hypersheaf on V by hyperdescent.

By Temkin’s altered local uniformization [67], we see that the pair (M%,(-);) is a Beilinson base for
the site Rigy ., and (./\/lzs’b,(—),]) is a Beilinson base for the site Rig. 4, [1l, Proposition 3.10]; indeed, by [21,
Proposition 2.8] this is true for the étale topology on smooth rigid spaces, but éh-locally we have smoothness
[42, Corollary 2.4.8]. We can thus unfold a presheaf on M3 (resp. on MSCSI’) to a hypersheaf on Rigy ., (resp. on
Rig. ) by hyperdescent; we shall refer to this process as the n-éh-hypersheafification. In order to obtain a

reasonable sheaf, the presheaf should satisfy hyperdescent for sufficiently refined hypercoverings.

2.0.3 - Remark. When applying Temkin’s results in [67], one should note that Temkin’s definition of semista-
bility is slightly more general than the usual semistability. A formal scheme over O is called strictly semistable
(resp. semistable) d la Temkin if locally for the Zariski (resp. étale) topology, it admits an étale map to the standard
semistable formal scheme

Guy = Spf(Og(Xo..... %) | (Ko X, — @), 1<r<n,

over Ok, where @ is a uniformizer of K and z € N. In contrast, the usual (strict) semistability requires n = 1.
These are different notions because the above standard semistable formal scheme is not regular if n > 2.
Nevertheless, when we work locally for the n-étale topology (i.e. whose coverings are those families that
become étale coverings on the generic fibres), we can always assume n =1 by further localisation. Indeed, we
may proceed as in the proof of [67, Lemma 2.4.1], in particular the step 2 there: consider f;: S,, — G,_i,

induced by xX, j=i,
Temkin’s argument loc. cit. allows to show that {fy,. .., f,} form an n-étale covering.

2.0.4. Dagger varieties. Roughly speaking, a dagger variety (or dagger rigid space) over a non-archimedean
field L is a rigid space over L together with an overconvergent structure sheaf, namely X = (f , (’);(); cf. [38] for
basic definitions and properties. A presentation of a dagger affinoid rigid space U is a prosystem (Uj)en with
U, affinoid rigid spaces such that U and Uj, are rational subspaces of U, that U c’ Uy c' Uy. This system is
coinitial among all rational subspaces of Uj strictly containing X. The set of such presentations is non-empty
and cofiltered. For any presentation (Up)en of a dagger affinoid U, we have F(U,O;) = li_n)lh I'(Uy, Oy,),
which is a countable filtered colimit of Banach spaces.

2.0.5. Condensed (¢, N)-modules. Let L be the absolutely unramified p-adic local field with perfect residue

H“Beware that 30; = 3 ®ox Oc is a formal model of Z¢, but is not semistable over O¢ in general, hence RTpk(Z¢) is not
isomorphic to RI ¢s (SOOFI/O;)?")QP
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field [, ie. L=W()[ 1—1)], which is canonically equipped with a Frobenius action o7. We are going to recall the
definition of condensed (¢, N)-modules and their derived cousins, following the presentation in [11, §3.3.1].

A condensed (¢, N)-module over L is a tripe (V,¢,N) where V € ModzOnd is equipped with a o -semilinear
automorphism ¢, called Frobenius, and N, called monodromy operator, is an L-linear endomorphism of V'
satisfying N¢ = poN. The condensed (¢, N)-modules over L form an abelian category, whose derived oco-
category will be denoted by %, ) (Modzond).

Alternatively, the condensed (¢, N)-modules over L can be described as condensed left L{¢*!,N}-
modules. And objects in %, ) (Mod$*™) can be regarded as objects M € Z(Mod$™?) endowed with a
o r-semilinear automorphism ¢, called Frobenius, and with an L-linear endomorphism N, called monodromy
operator, satisfying the relation Ny = poN.

cond

For example, for 3 € M semistable over Of, we have RFC,iS(S?/O%L)QP € D(pN)(Mody)
3} is the pullback of 3 endowed with the canonical log-structure along OF — o7, — (’)gL; for X € Mscs’b,
we have ers(aef /O%)Qﬁ € .@(‘p,N)(Mod}ond), where X? is the pullback of X endowed with the canonical
log-structure along O — OF, — O%. These (¢, N)-structure are naturally defined [44, 6].

), where

By restricting ourselves to solid underlying objects, one obtains the derived co-category Z,n)(Mod]).
Similarly, one may also consider only the ¢-action or the N-action.

2.0.6. Let M € 2(CondAb) with an N-action. We define
MIN7Y = colimm 5 m % ..y, MV = o — MN7Y)).

In particular, if M is N-nilpotent with finite nilpotency order, then we have M [N ~!] = 0 and the natural map
MNP — M becomes a quasi-isomorphism.

2.1 Arithmetic and geometric Hyodo-Kato morphisms

We shall address the compatibility between arithmetic and geometric Hyodo-Kato morphisms previous defined
by Colmez and Niziol [21, 23]. We shall (re)define the arithmetic Hyodo-Kato morphism for rigid-analytic
varieties Z over K. By hyperdescent strategy, we are reduced to the case of affine Z with semistable model,
where the arithmetic Hyodo-Kato morphism is going to be defined via Galois descent from the geometric

Hyodo-Kato morphism; the latter is defined as in [23].

2.11. Condensed Galois action on log-crystalline cohomology. Consider a log-scheme 2°° over Spec (90.1
(resp. 2" over a Spec O;) which descends to a log-smooth integral map of fine log-schemes 2 0 - OFLZI
(resp. 2 — OF,). By functoriality of log-crystalline cohomology, the abstract absolute Galois group %7, acts

5L 2

on Rl (2°°/8, — EO) and on RTq(2/A%,)). On the other hand, by base change along O%L — O%,

thanks to the assumption of 270 — Ong being log-smooth integral [6, 1.11, Theorem, (i)], we have canonical

isomorphisms

cris

chris(%o/og) = chris(go/ogi) ®5FL OF’ 1{1—‘cris(t%/‘/A>< ) = chris(gx/oz() ®(.9L Acris-

Actually, the ¢ -action comes from that on the coefficients O (7esp. Aeis), which is continuous for their natural
topologies, hence it is upgraded to a condensed group action.

Alternatively, we may have started by defining the ¢ -action on log-crystalline cohomology of qcqs 2
and 20 as above. These ¥ -actions come from smooth ?L-actions respectively on discrete Rlﬂcris(ﬂ?fo/(?%’n)
and Rleis(27/A%,,) for n > 1, which are uniquely upgraded to condensed actions by (1.2.27). Taking limits
and globalising, we can pass to the p-adic setting and drop the qcgs condition. This way, we can also define
condensed Galois action for more general base pd log-schemes than O% and Oé (for example, A5 and Zl,st,
see later for the notation).

0
Fp

cohomology RT (% /OY.) is equipped with a natural monodromy operator N by [44, (3.6)].

2.1.2. For fine log-schemes % log-smooth and locally of finite type over O, the (condensed) log-crystalline

2121 - Lemma. Let & be a quasi-separated, fs (fine and saturated) log-scheme log-smooth and locally of finite
type over O of relative dimension d. Then the monodromy operator N on RTcis(2°/OY) is nilpotent with order
bounded above by a function depending only on d.
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Proof. This is [11, Lemma 3.3], whose proof we include here for completeness. By hypothesis, the fs log-scheme
& is log-regular, so by a logarithmic resolution of singularities [58, Theorem 5.10] implies that there exists a
log-blow-up map % — 2 over O from a classically regular log-scheme %’ that induces an isomorphism over
the regular locus of 2. According to (the proof of) [59, Proposition 2.3], we have a natural quasi-isomorphism
Rl ( 20/ O%) > RTois(2°)/ (92) compatible with the monodromy N. Then we conclude by applying
Mokrane’s nilpotency result [54, corollaire 3.19] to R ¢;is (% 0/ (’)g). |

2.1.3 - Theorem (Beilinson, Colmez-Niziol, Bosco). Let & be a gegs fine log- smooth log-scheme over O | of

Cartier type for some finite extension L/ K. Let & = & ®0x, O¢, and 2= ®ox F,l'

(i) In 2(Mody ), there exists a natural equivalence
etk Rluis(27°/0%) ®p, By = RUeis(27/ A%, % Bes

which is independent of the choice of the descent 2 of 2, and is compatible with the Gy -action, the Frobenius
¢ and the monodromy operators N.

(ii) In Z(Mody), there exists a natural equivalence
SdR chrls(gbyo/oo) ®(9 C= I{l—‘crls(dm//'/(9 )Qp,

which is independent of the choice of the descent 2 of 2", compatible with the Gy, -action and the Frobenius ¢,
and compatible with the previous equivalence via Fontaine’s map 0: Aqis » Og.

Proof. 1t has been treated in [23, Theorem 2.22, Corollary 2.31] and [11, Theorem 3.2]. Only the condensed
91.-equivariance needs an explanation. For this, we need to show that the natural maps in the construction of
&}ix are ¥ -equivariant.

Let us briefly explain the construction of eﬁK. For sufficiently large n, we have factorisations of Frob™:
n By 0
Frob": & - " — %
n 0 a0
Frob”: &% — ¥ - Z°.

Consider the commutative diagram of log-schemes

20— 2 —— S,

(2.13.1) lee lF,Lafg |paon

on Frob” ffo S()

which we shall denote by 7. These data 7 determine a lifting i; i -» (’)X as well as a log pd-thickening
Al st (’) . Consider the commutative diagram

(2.1.3.2)
chris(g()/o ) (L chrls(go/ PDO)

l(Fmb”)* \

chns(go/OFL n) RFCI‘IS(‘%/‘/Al st) <_ chns(%/A?m) ®. Iéi\l,,,st-

After taking limits and then passing to the isogeny category, (Frob")* becomes invertible [23, Theorem 2.12
()], and p;; admits a unique natural (¢, N)-equivariant Op, -linear section ¢ in the 1sogeny category, called
the Hyodo-Kato section [23, Theorem 2.12 (2), Proposition 2.14]; moreover, (RTciis(27/ A7) ®F Ay, st)N nilp

cris
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RU i (2 AL ®' B;'t. Recall also that RFC,iS(QFO/OgL) is N-nilpotent (2.1.2). Altogether we get
(2.1.3.3)

chrls(gO/OO )Qﬁ Rl’*cns(g()/rPD O)N nilp

Jomry ™ :
=| (Frob")* to \

chris(go/O%L)Q[, chrls(%/Al st)N nilp lrr RI—‘crls(f/Z'/A><

crls) ®. ri BS‘:
The morphism &y is then defined as the Bj-linearisation of the composition from the lower left corner to the
right end. This morphlsm is independent of the choice of sufficiently large # and eventually also independent
of the choice of the descent 2 of 2.

Regarding the condensed ¥ -equivariance of &}, one only needs to prove it for each morphism above.
Since the action is nontrivial only on the cohomology of 2", we only need to verify the equivariance of 7* and
K;’_l. But they are either the base change morphism along a % -equivariant morphism or the inverse of one

such, so we are done by the second description of the condensed ¢ -action in (2.L1). O

2.1.4. Local arithmetic Hyodo-Kato morphism. Let 3 € M% be a qcqs semistable formal scheme over
Oy, for some finite extension L/K. Let X be the base change of 3 from Spf(Or) to Spf(O¢). We have the
following ﬁ -equivariant commutative diagram

Rl—‘crls(g?/oo ) — chrls(xo/oo) ®- B+

e
RFCrlS(xl/AX

cris

1
RUers(X1/A%,) ®% Bl ]

1=
erf(x /B R)
l/l\
RT4(3,/1) ©2 B,
1
RT4r(3,/L) ®F B
d

RFdR(BT]/L) ®z B;dR’

) ®1.40ris B:;

where RI (310 / O?;L) and RI'4r(3,/L) are equipped with the trivial ¢ -action.
We define the local arithmetic Hyodo-Kato morphism as the composite map

G R (37/05,) — (RTar(3y/L) @f Blyp) % — RTar(3,/L),

where the last isomorphism follows from (1.2.12, ii), since RI'qr(3,/L) is represented by a bounded complex
of L-Banach spaces, By Q,-linearising the above map, we define, by abuse of notation and terminology, the
(Qy -linearised) local arithmetic Hyodo-Kato morphism as the map

2 RTea (30 /09 )0, — RTar(34/L).

2.1.5 - Remark. There is a certain independence of ¢ on the embedding o: L < C. For this, consider
two embeddings o,7: L < C. There exists a ¥ € ¥k such that ¢ = y o 7. Consider X, = 3 ®., L and

arith
HK
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X; = 3 ®rr C. We have a commutative diagram

x(r#)x‘r

| |

SptO¢ —— SpfO¢

hence a commutative diagram

(Seom

chris(S /O ) RFcns(BO/O ) ®FL0' F % chrls(xo I/OFO) 4 erf(xozq/B ) ®B+ B;dR

” id®yT: ]Q/*T: & ®idT:
(geom

RTix(30/09) = RUin(30/0%) % F = RTeia(¥%,/00) ™ RTunt(Xey /B) @y, Bl

which is ¥ -equivariant (with respect to the %, (;)-action on the top row and the %;(;)-action on the bottom
row; noticing that 9, 1) = % ( L)'y_l, so we have Y9, (1) = ¥, 1)y showing equivariance). Taking ¥ -invariants
respectively, we obtain a commutative diagram

arith

RTeris (37 /0% ) = RTar(3,/L)

‘ ’ f;T:
jan ith

chris(g?/og‘L) & RFdR(Sn/L)

which depends only on the restriction of y on the Galois closure of the extension L/K.

2.1.6 - Lemma. The local arithmetic Hyodo-Kato morphism L;{I‘(th is natural in 3 € M3.

arith

Proof. One goes formally through the construction of ¢§j ",

eventually using (2.1.5). O

2.1.7 - Proposition. For 3 € M a gcgs semistable formal scheme over O1, and X = 3 ®0, Oc, there is a natural
< -equivariant commutalive diagmm

Lanth

chris(s /O )Q;. —> RFdR(Sn/L)

l .

chns(x?/og) ®. —> erf(% /B R)

exhibiting the compatibility between local arithmetic and geometric Hyodo-Kato morphisms.

Proof. This follows from the construction of the upper map (2.1.4). O

2.1.8 - Proposition. If3 € M3 be geqs and semistable of relative dimension d over O, then RT cyis(3)/OY . )Q,
lies in the subcategory Nucp, C Q(Mod . ), and lies in Z102d] (Mod' ). In partlcular it is represented by a bounded
below complex of solid-nuclear Fy, -vector spaces and for any i € Z, we ‘have H H . (3?/00 )Q, € Modz“.

Moreover, for any i € Z, the condensed Fy,-vector space Hclrls(S?/Og‘L)Qﬁ is a direct summand ofthe cokernel of
a morphism between Fy-Banach spaces.

Proof- 1t is essentially the same proof as in [lI, Theorem 3.15 (ii)]. Let us sketch it. The isomorphism sﬁKl‘r’

induces by base change to Bj, an %, -equivariant isomorphism

RTess(37/0%,) 80, Bir = RTar(3,/L) ®] By

15A1ternatively, we can also use the original arithmetic Hyodo-Kato isomorphism [21, 4.2.3 (i)] for the proof.
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The right hand side is represented by a bounded complex of Fz-Banach spaces (as can be seen by analytic
descent to affinoids) and lies in g102d] (Mod;L) (as can be seen from the Hodge-to-de Rham spectral sequence
in the éh-topology and the vanishing H*(X,€/) =0 when i >dor j>d[42, Theorem 6.0.2]), in particular
it lies in Nucg,. On the left, we have a splitting via B, ~ F; @ M for some Fy-Banach space M, whence
Rlﬂms(f’)1 e . )Q,, being a direct summand of the right hand side, also lies in Nucp, by (L.1.8, ii) and belongs
to 102 (Mod' ). Now, the second to last statement follows from the properties of nuclear complexes (1.1.8,
ii), and the last statement is a consequence of the above splitting. O

2.1.9 - Proposition. The local arithmetic Hyodo-Kato morphism Li‘ﬂéh induces, after L-linearisation, an isomorph-

ism
chris(?) /O )QP ®F, L _) RFdR(S?]/L)

Proof. The isomorphism sﬁK induces an ﬁ—equivariant isomorphism
RTais(37/0%,)q, @ Biag = RTar(35/L) ®7" Blyg.

Since R i (3?/(921)% lies in Nucg, (2.1.8), we may take ﬁ-invariants and apply (1.2.12) to conclude. |

2.110 - Remark. Notice that the scalar extension — ®p, L in the proposition depends on the semistable model,
and cannot be replaced by — ®r K which depends only on our given base field. More explicitly, for 3 € M%
semistable over Oy, one has the following commutative diagram

-RFCIIS (SO/OFL)QP ®FI L ;> RFdR(ST]/L)

g 1

chrls(go/(9 )Qp ®F K — erR(gn/K)

The left vertical map is induced by Lox = Fi ®r K — Fi ®p, L, which is the inclusion of the maximal
unramified subextension of L/K into L; the latter admits a canonical retract being the normalised trace map
rf/a[l{ =Trg = m DgeGal(L/Log) & hence it is a direct factor, and is an isomorphism if and only if

L/K is an unramified extension.

2.111. Arithmetic Hyodo-Kato cohomology. We define RIyk: Rigy — Z(,n)(Mod}) as the n-éh-
hypersheafification (2.0.2) of the presheaf RFII;;: I RF(S?/O%{ )Q, on M% valued in D(oN)(Mod}).
3

2.1.12 - Proposition (Local-global compatibility). For 3 € M%, the natural morphism

RFHK(S?]) - chris (3?/O%L)

is an isomorphism in D, n)(ModR).

Proof: Let us recall the proof of [21, Proposition 4.11] (cf. [56, Proposition 3.18]). One needs to show that
RFCUS(SO / (90 ) satisfies n-éh-hyperdescent for 3 € M% (up to refinement of the hypercovering), admitting
the fact that Rf“dR(Sn/ K) does so. For this, we may assume 3 is qcqgs with splitting field K, and suppose that
3. is an affine -éh-hypercovering of 3, with respective splitting field L,, all finite Galois over K.

Let £ € N. Let E/K be a finite Galois extension containing all Le.<t4;, and let G = Gal(£/K). Consider

/0Ly g4 SS/ K

3o<k+1 o this is a (k+1)-truncated'® 5-éh- -hypercovering of 3 ; ~*, whose §enerlc fibre is Zg, with each mem-

Lok
e <k+1,0f
G-equivariant and compatible with the Galois action on Zg. Here, we denoted

ber havmg splitting field Of; moreover there is a natural G- actlon on 3 making this hypercovering

(2.112.1) 357 = || 3%0.00Ox
oeHomg (L,E)

and let g € G act on it by permuting indices o — g~! o o and at the same time acting on the coefficients
OE. It can be extended to an entire G-equivariant hypercovering 3 s/ OI . We have a bisimplicial object

Here, being n-truncated means that it is defined on the finite subcategory A, of A [28, §5.1].
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3o = Lgxe SSS/ Or. , the faces maps being evidently forgetting components of G except one being acting
on SE/EOL via o - g_l o o on the index set (2.1.5)7. Its diagonal is an affine 7-éh-hypercovering of 3, by
semistables with splitting field Of refining 3.. We have compatible isomorphisms

RUerio (3, <110/ O, ®r E = RTar (3,2 p10)n/E)

by local arithmetic Hyodo-Kato isomorphism (2.1.9) since every formal schemes here are semistable over O.
Taking limit over the index e, since 3, , forms an n-éh-hypercovering of [[;x- 3 ®o, OF, we obtain

i R (81 8/ Ol 01 £ 17l REm(30/
n k+1
~ RFdR((?) Rk OE)U/E)
G

o<k [ | RTar(3y/K) @k E
GXo

< [ | RTes (3 @0 Op)/OR)o, ®r; E
G*°

1R

IZ

inside which we identify the Fg-linear isomorphism

v lim RTain((3],),)5/00a, = 7 [ | RTas((3 ®0, Op) /0D,

[”]6 k+1 Gx°

=~ 75k [ | RTaus(3}/Of)o, ©r Fr
GXO
compatible with the residual simplicial structures.

Next, since the diagonal of a bisimplicial set calculates the total realisation, we have

- h?} chr‘s((3-<k+1-<k+1)o/OE)Qp o K —=F lim chrls((3.<k+1o<k+1)0/OE)Q/» ®r K
=7k hmﬁ RTeis(31/O)q, ®r Fr @r K

Apa Gx°

=~ 75 RT(G, RTis (3] /O ), ®F Fp ®F K)
F T= chns(glo/o )Q[, ®r K

The last isomorphism follows from the observation that due to finiteness of G, the condensed group cohomo-
logy agrees with the smooth one, and can be computed pointwise; since these groups are Q-vector spaces, this
simplifies to pointwise and termwise genuine G-fixed points. Finally, we extract from it the isomorphism

7% RTeis(37/Of)q, = 75" lim RTeis((3..)0/ Op)a,
showing the k-truncated 7-éh-hyperdescent for the hypercovering 3, , that refines J.. O

2.113. Global arithmetic Hyodo-Kato morphism. Let Z € Rig, and 3. be an 7-éh hypercovering of Z.
We define the global arithmetic Hyodo-Kato morphism as

ith - lim Gt RTpk(Z) ~ lim RF i (32,/0%, ) — lim RTqg (3e/Ls) & RTr(Z/K)
or by abuse of notation as the simplicial limit of Q,-linearised Hyodo-Kato morphisms. This can be made
independent of the chosen 77-étale hypercovering by taking colimit over all possible such coverings, which form
a filtered system'®.

2114 - Lemma. For Z € Rigy, the K-linearised Hyodo-Kato morphism L;ﬁi(th ® id has a canonoical natural
K -linear retract
r7: RT'qr(Z/K) — RI'yk(Z) ®r K.

7The intuition comes from the decomposition E®k (m+]) ~ [lgm E,x0® - ®xm > (x0-81(x1) - . . gm (¥m))gegm and the interpretation
of face maps.
8The category of such coverings up to homotopy is cofiltered. In fact, the co-category of such coverings is cofiltered.
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It is an isomorphism if Z has a n-éh-hypercovering by semistable formal schemes over Ok.

Proof. Assume first that Z has an n-éh-hypercovering by semistable formal schemes 3, over Oj, for some
finite unramified extension L/K; we may assume 3. to be qcgs (even affine). By éh-hyperdescent, local-global
compatibility (2.1.12) and local Hyodo-Kato morphism (2.1.9)19 , we have isomorphisms

A @ id: Rk (Z) ®F K =~ lim RTeis(30,/0%)0, ®F K = lim RTar (3e/K) & RTr(Z/K).

Hence there is a caonical retract rz = (Lia{rli(th ®id)~!. Taking one step back, if 3. are semistable over O only
for degrees ® < k£ +1, then we get a canonical k-truncated retract rZSk of Tkt @id): r<F RT'yx (Z) ®F K —

75¥RT4r(Z/K). This definition does not depend on the choice of the (truncated) éh-hypercovering, hence
it is canonical; moreover, such retract is compatible with base change, i.e. for any finite Galois extension
E/K, the rigid space Zg € Rigy satisfying the same reduction condition as Z € Rigy, there is a canonical
Gal(E/K)-equivariant commutative diagram

RTuk(Z) ®r K <——2%— RTw(Z/K)

| l

RTuk (Zg) ®F; E < RTar(Zz/E).

There are also normalised trace maps retracting the vertical maps by étale descent along Zr — Z, giving
again a canonical Gal(E/K)-equivariant commutative diagram

RTuk(Z) ®p K <——=— RTR(Z/K)

ig/]{T ﬁE/KT

7z
RTuk(Zg) ®F, E <—=— RTar(Zg/E).

The constructions are natural since they are inverse to Li"‘_ﬁi{th ®id, which is natural. Similarly we have a truncated

analogue.

More generally, let Z € Rig; be qcgs. Let 3o € MY be an n-éh-hypercovering of Z by qcgs semistables
splitting over L,. Similary as at the beginning of the proof of (2.1.12), there are increasing finite extensions E /L
for £ € N such that E; contains all Le<j.), so that we obtain (£ + 1)-truncated 77-éh-hypercoverings 35’;)“1 of
Zg, in M% which are compatible with base change between different £, compatible with the Gal(E} / L)-action,

and such that Sfli)k ,; has splitting field £;. For m > k, we define the k-truncated retract as the composite

<k

ZEy, Trg, /k <

=k vk RTR(Z/K) — v=*RTa(Zg, /En) = v5*RTux(Zg,) ®F, En — tv=*RTux(Z) ®F E,

which does not depend on m by the above commutative diagram, hence r; is well-defined; it is indeed a

retract of 75F (Li'{rli{th ® id) by diagram chasing. Taking filtered colimts, we obtain the retract rz := li_n)lk rZSk of

arith

tpx

® id. The naturality comes from that of the first special case.

Finally, the case for general Z follows formally from the qcgs case. O

2.115 - Proposition. If Z € Rigy be gegs, then RT'uk(Z) is represented by a complex of solid-nuclear F -vector
spaces, and lies in 21924 (Mod¥R), and the monodromy operator N is nilpotent with order bounded above by a
Sfunction depending only on d.

Proof. By local-global compatibility (2.1.12), one reduces to the case where Z = 3, for some qcqs 3 € M3.
Then the solid-nuclear representability and the nilpotency are clear respectively by (2.1.8) and (2.1.2). The
concentration statement is clear since it is true for RI'yr (Z/K), which retracts to RI'uk (Z) ® K by (2.114). O

19 Alternatively, we can also use the original arithmetic Hyodo-Kato isomorphism [21, 4.2.3 (i)] for the proof.
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2.116 - Remark. Bootstrapping boundedness into the proof of solid-nuclearity, we see that
Rk (Z) = 0520 =*™ Ry (Z) = v=*" lim RTes(32,/Oh, o,
2d+1 ’ *

for any n-éh-hypercovering 3o of Z in M. Therefore RI'yk(Z) can be represented by the truncation of a
bounded complex of Fy-Banach spaces.

2.1.17. Geometric Hyodo-Kato cohomology. We have a completed version as well as a decompleted version
of geometric Hyodo-Kato cohomology.

(i) Let the (completed) geometric Hyodo-Kato cohomology RI'yk: Rig, — Q(WV)(Mod;) be the n-éh-
hypersheafification (2.0.2) of the presheaf X — RFcris(X?/O%)Qﬁ on ./\/lsg’b.
(ii) Let the decompleted geometric Hyodo-Kato cohomology RI'uk s : Rigy — Z(on)(Modg.:) be the n-

éh-hypersheafification of the RFITI; e X — colimy RFC,iS(?)? / O%L)Qﬁ on M where ¥ is the filtered

system whose date are the reduction mod p of quadruples (L, 3,0,6) such that o: L < C is a finite
extension of K, 3 is a semistable formal model over O, and 6: X — 3 ®0, » O¢ is an isomorphism
over O¢, and whose morphisms are morphisms between the reduced objects 3? [21, 4.3.1].

One can globalise the geometric Hyodo-Kato morphism to obtain

5™ Ry (X) % BY, — RUiug(X/Bly)

for X € Rig; reducing mod ker 6, we obtain the Hyodo-Kato isomorphism [11, Theorem 3.15]

(2.117.1) et RTuk(X) ®% C > RTar(X/C)

compatible with the arithmetic Hyodo-Kato morphism (2.1.13).

Recall that for X € Mscs’b, any map of quadruples (L, 3,0.,0) — (L’,3’,07,6’) in X induces a canonical
base change isomorphism

(2.117.2) RTai(3)/0%,))q, ®F,.0 Fir = RTeis(3'7 /05, g,
in Z(yn) (Mod¥,).

2.1.18 - Proposition (Local-global compatiblity). For X € /\/ls;’b, the natural maps
RTuk (X,) — RTeis(X)/0%)q, in Dy (Mod})

RFHK,F“' (%7]) — RFII:-)IIE,F“‘ (%) in @(%N) (Mod;nr)

are isomorphisms.

Proof. For RI'yk, this is [11, Theorem 3.15 (i)]. For RI'yk por, this is done as in [21, Proposition 4.23 (1)] using
the original Hyodo-Kato morphism via convergent cohomology of op. cit. (4.17). O

2.119 - Lemma. For Z € Rigy, there is canonically a natural 9 -action on Rl'nk(Zc), and a natural Y-
equivariant F -linear morphism
RFHK(Z) ®;~ F — RFHK(Zc).

It is an isomorphism if Z has an 11-éh-hypercovering by semistable formal schemes over O. Moreoever, any F -linear
retract r: C — F induces a natural F -linear retract rux : RUuk(Z¢) — RTuk(Z) N F.

Proof. By functoriality, ¥x acts on RT'uk(Z¢). We want to make it condensed. By 77-éh-hyperdescent, we may
assume Z = 3, where J is a semistable formal scheme over Oy with splitting field a Galois extension L of K.
Then (3556),7 = Hoetomg (2.0) 3 ®0,0 Oc (2.0.11) is a semistable formal model of Z, the natural ¥ -action
on Z¢ extends canonically to one on 32;0 by permuting the indices o — g~'o and meanwhile acting on the
coefficients O¢. By local-global compatibilities and base change, we have

RTHK(Z) = RTais(3] /09, )o,
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and

1R

RTHk(Zc) = RTais((35,)5/0%)q, [ Ra((380,0 00 /0%,

oeHomg (L,C)

chrls(B?/O )Q;, ®FL0' F
o€Homg (L,C)

1R

The natural ¥k -action on the right hand side is given by permuting components o — g o o and acting on the
coefficients F, i.e. by letting g - (X5 ® ¢s)o = (x4-10 ® g(x4-1,)); this is refined canonically to be a condensed
action. The natural map RI'nk(Z) — RI'uk(X) corresponds to the diagonal embedding; linearising over F,
we obtain the desired ¥k -equivariant F-linear morphism, via the ¥k -equivariant morphism

Fr ®FF;> l_[ Fr ®FL,0-F'—> l_[ Fr ®r, » F,
oeHomp (Fi F) oeHomg (L,C)

where the last map is induced by the restriction surjection Homg (L,C) -» Hompz(Fz,F) on indices. This
becomes an isomorphism if L/K is unramified.

As for the retract, given a F-linear splitting r: C — F, we define it as the composite

geom

rk: RTuk(Ze) 5 RTar(Z/C) ~ RTa(Z/K) &% C 5" RTyk(Z) &% F

using the arithmetic Hyodo-Kato retract rz (2.1.14), and check that it is indeed a retract. O

2.1.20 - Corollary. For Z € Rigy, there is a natural G -equivariant commutative diagram

anlh

R (2) o8 B 28 RUw(2/K) 9% B

| b

RFHK(ZC) ®. —> erf(ZC/B R)

exhibiting the compatibility of arithmetic and geometric Hyodo-Kato morphisms.

Proof. The same proof as above applies, by reducing to semistable reduction case and using the compatibility

between (it and (" (2.1.7). m]

2.1.21. As a consequence of (2.1.17.2), the ¥ -action on RFEIIIEF“,(%) is condensed and smooth, making

RF%;EI,,r(X) € ‘@(S::,N) (Mod'm[%]). By descent and truncation argument combined with (2.0.1.1) as in the
proof of (2.1.14), for Z € Rigy qcgs, the Fx-action on RI'gk pw(Zc) is condensed and smooth, making
RTuk poe (Zc) € 9( ') (ModFm ) moreover, for any £ € N, there is a finite Galois extension E/K such
that 7<¥ Rk m(Zc) is deﬁned over Fg, such that there exists an (£ +1)-truncated 77-éh-hypercovering 3’
of Zg compatible with Gal(£/K)-action and such that 3’

isomorphisms

<k+1

kel all have splitting field E; consequently, we have

kRFHKF"r(ZC) = TSk hm (chns((3<k+1)1 /(9 )Qp ®Fb Fm)
( k llm RFCrlS((3<k+1)1 /O )Qp) ®FE F" = ( SICRFHK(ZE)) ®1.7E F™

in @(%N)(Mod;m[%{]). Similar arguments apply to the complete Hyodo-Kato cohomology, and show, with
the help of (2.1.19), that for Z € Rigy qcqs and for any £ € N, there exists a finite extension of £ and an

(k +1)-truncated n-éh-hypercovering 3’ , . of Zr compatible with Gal(Z/K)-action and with splitting field E,

<k+l
such that there are isomorphisms

<k Rk (Zc)

1R

sk hm (chrls((3<k+l)1 /O )0, ®FE F)
~ (z= s llmRFcrls((3<k+1)1 /05 )o,) ®F, F =~ (r=*RTux (Zg)) ®F, F

Apat

in 2y n) (Mod; ). In particular, the natural map RI'Hk o (Z¢) @ FS RTuk(Zc) in D n) (Mod;

[9Kk] [9x] )
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is an isomorphism.
2.1.22 - Proposition. Let Z € Rigy be gegs. We have H° (Y, Hjix (Zc) ®1':, Blog[%]) = H (2).

Proof. By (2.1.21), there exists a finite Galois extension E/K such that Hj, (Z¢) =~ H} (ZE) ®F, Fin Mod;[g
hence we are reduced to showing

1
H" (%, Hij (Zg) F, Biog[£1) = Hix (Z).
The computation H° (Y&, Bar) = K and the inclusion ¢): Blog[%] — Bgr implies
1
K > HO (G, Bl 1) = H (g, Bar) = K

hence they are all equal. On the other hand, since Hjj; (Zg) is a solid-nuclear Fg-vector space (2.1.15), and so
is Biog[1], we have by (1.2.5)

1 1
H® (Y, Hii (Zi) ®F, Bogl7]) = Hix (Zr) ®F, H'(Yic, Buogl ;1) = Hyix (Z)-
Moreover, since Gal(£/K) is a finite group, by smooth of its action, we obtain (1.2.24)
H'(Gal(E/K), Hiy(Zp)) = H"RT (9, RTyx (Zg)) = Hiye(Z),

where the last isomorphism follows from the étale descent along Zr — Z. O

2.2 Overconvergent variants

Now, we consider dagger varieties instead of rigid-analytic varieties. After recalling two (essentially equivalent)
approaches to Hyodo-Kato cohomology and de Rham cohomology for dagger varieties, we shall see that the
previous discussions on Hyodo-Kato morphisms have natural overconvergent analogues (i.e. analogues for
dagger varieties). These are more than purely analogues: compared with their rigid-analytic counterparts, they
enjoy better finiteness properties, which will provide crucial controls in arguments for partially proper rigid

spaces.

2.2.1. Cohomology for dagger varieties. There are two approaches to cohomology for dagger varieties [21,
§5], yielding strictly quasi-isomorphic theories. On the one hand, one can consider the dagger analogue of
Beilinson base (M;;’T, (=)y) and (M?’”, (=)y) in order to exploit the finiteness property of rigid cohomology
or de Rham cohomology. This way, we obtain the Hyodo-Kato cohomology a la Grosse-Klénne RFSE
éh-hypersheaf on Rig;{ unfolded from the rational log-rigid cohomology [17, 3.1.2] 3 +— Rrﬁg(g? /(’)10,;) on
Mj?’? and as an éh-hypersheaf on RigTC unfolded from ¥ — RTy(X)/ (’)%) on ./\/lscf’b’T.

On the other hand, let L be K or C and let 7" be a presentable co-category of coefficients; there is

as an

a general procedure to produce éh-hypersheaves on Rigz from étale hypersheaves on RigSm;j: for any F €
ShvP (Rigy &, 7), we define
Fi(U) = lim RT'(Uj, F)

h
for any presentation (U;); of a smooth affinoid U; this is well-defined and functorial, and satisfies étale

hyperdescent, thus giving 7' € Shv"P(SmAffd’ . ,%); then we éh-hypersheafify it to get

Let’
F' e Shv™P(Rig] ., %);

this satisfies éh-local-global compatlblhty for smooth affinoids cf. [21, 3.2.3] and [11, 3.24]*°. One has a natural
morphism RI'(X, FH — RF(X F) for X € ngL, which is moreover an isomorphism if X is partially proper

20The construction 3.18 in gp. cit. should be modified as follows: consider the fully faithful embedding ¢: Rigz — pro(Rig; ) into the pro-
system of rigid-analytic analytic spaces, preserving products and étale coverings, yielding a morphism of topoi (¢*,t.): pro(Rig; )z —
Rig;‘;t; consider the functor /: Rig; — pro(Rig;) sending a rigid space to its constant system, also yielding a morphism of topoi

(I*,L.): pro(Rigy ); — Rigj .; then we have F is the éh-hypercompletion of the étale sheaf (resp. of the étale hypersheaf) t.* F € Rig;’;t.
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[11, Proposition 3.26]. This approach applies to for example sheaves F € {RI'uk,RI4r(—/L)}, as well as
F = F*RIyy(—/B

R) if L = C, in the respective categories.
These two definitions are indeed compatible.
2.2.2 - Proposition. Let X € Rig)..
(i) There is a natural isomorphism in D, ) (Mod;):
Ry (X) = RTHR(X).
(ii) If X = X, for some X € Rigsg’”, then there is a natural isomorphism in D, N) (Mod;):
RIpk (X) = Rrrig(x?/og)-
(iii) There is a natural Hyodo-Kato isomorphism in 2 (Modg):

£ RTy (X) ®% C = RTr(X/C).

Proof. This is [11, Theorem 3.29]. Let us explain it briefly. The (i) is [23, 4.2.1 (iv), Lemma 4.17]. This together
with local-global compatibility of RFGK(X ) of loc. cit. implies (ii). For (iii), we reduce by éh-hyperdescent and
[10, Corollary A.67 (ii)] to the basic semistable reduction case, we only need need to prove the statements for
smooth dagger affinoids with presentation; but then this follows from the rigid-analytic case (2.1.17.1) and taking
filtered colimits as in the construction of F' (2.2.1). O

2.2.3 - Proposition. Let Z € Rig;{.

(i) There is a natural isomorphism in D, n)(ModR):
RTuk(Z) = RTG8(2).
(ii) IfZ = 3, for some 3 € Rigy’', ¥, then there is a natural isomorphism in D(e.N)(ModR):
RTuk(Z) = RTyg(3)/Op).
(iti) There is a natural Hyodo-Kato morphism in 2(Mody):
G’ RTuk(Z) ®F K — RTar(Z/K)

with a canonical natural retract r , which is an equivalence if Z has an n-éh-hypercovering by semistable
Jormal schemes over O .

Proof. The (i) is [23, 4.2.1 (ii), Lemma 4.14]. This together with local-global compatibility of RF (Z) [21,
Proposition 5.5] implies (ii). For (iii), we reduce as above to smooth dagger affinoids with presentation Z = 3,
with 3 € MSST then we use (2.1.13) to construct Lamh.
colimits. O

, and (2.1.14) to construct r;, by passing to filtered

2.2.4. Moreover, the identifications (2.2.2, ii) and (2.2.3, ii) are compatible with base change morphisms, as
shown in their proofs. Then the same argument as in (2.1.21), now using base change properties of rational
log-rigid cohomology instead of log-crystalline cohomology (2.1.17.2), we find that for Z € Rig}{ qcgs and
for any £ € N, there exists a finite extension of E and an (£ + 1)-truncated 7-éh-hypercovering 3’ , . of Zg

<k+l
compatible with Gal(E£/K)-action and with splitting field E, such that there are isomorphisms
=F Ry (Z¢) = rﬁk1ur11~zrng((3<k+1)1 0%, ®F F = =*RTyx (Zp) ®f, F

in @(w,N) (MOdF[%K])'
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2.2.5 - Remark. The advantage of using dagger version is that, for qcqs dagger variety X over C (resp. qcqgs
dagger variety Z over K), the condensed cohomology groups Hyy, (X) (resp. Hjyx (Z), Hip (X /C), H{y (Z/K))
are finite-dimensional condensed vector spaces over I (resp. F, C, K) [21, Proposition 5.12, Proposition 5.6, the
first paragraph a la Grosse-Klonne just before 5.1.1].

2.2.6 - Proposition. Let Z € Rig;{ be gcgs. We have H® (Y, Hy (Zc) ®; B]og[%]) = H} (Z) forall n € N.

Proof. The reasoning goes as in (2.1.22), but there is one step which relatively much easier than (2.1.22): for any
finite Galois extension £/K, one obtains
1 1
H (G, Hiy (ZE) ®F, Blog[;]) = Hiix (ZE) ®F HO(%,Blog[;]) = Hyx (ZE)

by classicality and finiteness of Hyj, (Zg) [21, Proposition 5.6 ()] rather than using nuclearity. O
2.2.7 - Corollary. Let Z € Rigg) be partially proper. We have H® (Y, Hi (Zc) ®; Blog[%]) = H} (Z).

Proof: In the partially proper case, writing Z as the strictly increasing union of qeqs U € Rig}, we have
RTuk(Z¢) =R EiLnU RTuk (Uc), hence by [10, Corollary A.67 (i)]

RTuk (Zc) ®F t ™V Biog<y = RUm(RTuk (Uc) ®F ¢V Biog<n), n €N,
U
where t_NBlog,SN C t_NB]Og = "V B[U] denotes the subspace consisting of polynomials in U of degree < N
with coeffcients in ¢~V Byog, which is a F-Fréchet space, being a finite direct sum of the F-Fréchet space B.
NOW for any i € N, the system {H, (Uc)}v is Mittag-Leffler by finite-dimensionality, hence so is the system
{Hx (Uc) ®; fNBlog,sN}U for any i, N € N. Therefore, their R! l(iLnU vanish, so

HI-rllK(ZC) = l(inHHnK(UC)
U
HH"K(Zc) ®;7~ t_NBlog,SN = l(ﬂl(H]-,ILK(UC) ®1-:~ t_NBlog,sN)~

U
Applying the proposition (2.2.6) to each U, and recalling that H° (9k,—) commutes with limits, we obtain

H (G, iy (Zc) & ¢ Biog.en) = lim H (Y, Hig (Uc) ®F t " Biog <) = lim Hig (U) = Hiy (Z).
U U
Taking the filtered colimit for N — +co, then we are done. O

2.3 Arithmetic syntomic cohomology

We shall define the arithmetic syntomic cohomology in the Bloch-Kato style as in [21], by replacing their
Hyodo-Kato morphism with ours (we will also see that in the semistable case, these two Hyodo-Kato morph-
isms are homotopic (2.3.4), but possibly non canonically) and show that it is still isomorphic to the arithmetic
Fontaine-Messing syntomic cohomology. Our proof of the isomorphism will require inevitably passing through
the construction of the geometric Hyodo-Kato isomorphism and eventually many fastidious diagram chasing,

since our definition of the arithmetic Hyodo-Kato morphism involves Galois descent.

Let us start by recalling a comparison result of [23] in the geometric situation, and then descend to the

arithmetic case.

2.3.1. Geometric syntomic cohomology. For X € Rig, and r € N, one defines its (Bloch-Kato) syntomic
cohomology as

C o (geom
@231)  RI(Xr) = [(RFHK<X) g By)st N0 erf(X/B;RwF'] € 2(Mod},),
where the bracket means taking the limit of the diagram, and where we take the derived ¢- and N-eigenspaces.

For X € M, one has the geometric Fontaine-Messing syntomic cohomology

(2.3.1.2) RI™(x,7) = [ers(ae)*“’" 2 RTes(¥)g, /Fr] € 2(Mod

0,)
syn Qp Qp
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In this case, the two syntomic cohomology complexes are actually naturally isomorphic

RUIM(X,r) =~ RT2S(X,,7)

syn syn

in 9 (MOda,,) via the following natural commutative diagram [23, Proposition 5.3]

RTwi (0 > RTuis(¥)q, /F”
l: le( 23, §3.3]
(2:3.13) (RTeris(¥) ®5  BG! "™ —™ (RTeris(X) ®  Bi) [F"
et |~ ~|[23, Proposition 3.27 (2)]
HKT geom \L

(chris(%lo/oo )Qp ®. B+)90 == L> erf(% /B )/Fr

Now we deal with the arithmetic case.

2.3.2. Arithmetic syntomic cohomology. For Z € Rigy and r € N, one defines its arithmetic syntomic
cohomology as

duth
(2.3.2.]) RTEN(Z.7) = [RTuk (Z)%#" "= 0 K RTar(Z/K)/F'] € 2(Modg, ).
For 3 € M¥, one has the arithmetic Fontaine-Messing syntomic cohomology
(2.3.2.2) RIPN(3,7) = [RTais(3)5" = Rlais(3)g, /F' | € 7(Mody).

They are similarly defined for dagger varieties.

2.3.3 - Proposition. For 3 € M%, one has a natural isomorphism in @(Mod&ﬁ):
RTGH(3.7) = RTR(3y.7).

Proof. Let L be the splitting field of 3 over Ok (or any other field L such that 3 actually has a semistable
structural morphism to Op). Consider the following natural commutative diagram

(2.3.3.0)
Rlaio(3)§ —=— Rluis(3)o, ——— Rlai(3)g, ——> Rlus(3)q, /F’

bch\L2 N bch bch | =

v v

RFCFIS(S/OZ)Q;. ﬂ> R s (S/OZ)Q[; /Fr

N=0
RTa(3( /7,76, "

7~

RTais(30/03)G "™ — RTis(37/07,

= bch | =

Rrinf(?)rl/l‘) # RFinf(SU/L)/Fr

where the left upper vertical arrow is an isomorphism by a standard Frobenius argument [20, Proof of Lemma
5.9], the left middle vertical arrow i* is an isomorphism by [46, Lemma 4.2], and the left lower vertical arrow p;;
is an isomorphism because Frobenius is highly nilpotent on T ; the right upper vertical arrow is an isomorphism
by Beilinson’s identification [6, Theorem 1.9.2], 3 endowed with the log-structure induced by its special fibre
being smooth over OF. Every commutativity except that of the middle eye-form cavity is clear.

It remains to show that there is a natural equivalence ¢ = ¢, . Since everything here lies in Z(Mod}) —
@(ModZ)gL, by adjunction it amounts to proving the existence of natural equivalence between their post-
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compositions with RT'qr(Z/L) — RTqr(Z/L) ®F B;dR’ i.e. that the diagram
(2.3.3.2)

chris (S)Z;PT - chris (S)Q[, chris (S)Q[,

bchl: bch
R (3?)& RT s (S/OZ )Qp

Rl (30 /05 ™

|-

RTais(30/05)G "~ RTaiy(37/OF,

RFInf(S,?/L) — RTin(3,/L) ®F B de

commutes, where we put X = 3 ®0, O¢. We need to identify ¢ and ¢, respectively with some more explicit
maps, then show the natural equivalence between them

First, let us begin with identifying ¢'. Consider the following diagram

RTai(¥)g, % RTui(¥)g,

//

RT ¢ (3)& —> RT i (S)Qp

¢ bchl

chrls(S/OZ)Qﬁ erf(x /B R) ®.+ B;dR

bCh\LZ y bchT:

RIe(3,/L) — RTine(3,/L) ®L de

bch [ =
(2.3.3.3)

where all blocks commute, the right diamond-shaped block commutes by crystalline-theoretic base change
compatibility.

Next, we consider the diagram

RFms(%) == > Rlis(X)g,
/
RT s (3)*“ (R ris (X7 /OQ)QP ®F B¢ N=0 20 RTwis(X)/0Y)q, ®F By,
(2.3.3.4) lﬁ}gm
RTiu(X,/Bly) ®5. By
/ bchT:
RTine(35/L)

> erf(?)n/l') ®L PdR

whose upper right block commutes by the definition of Lg o
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Next, the diagram

(2.3.3.5)
) o=p"
chrls(x)QP
e g
®HK | =
chris (S)SPT (RFCIIS(x?/O%)Q[] ®:‘~ B:t)(pzﬁy’Nzo c$n chrls(f?/O%)Qp ®;~ B:E

geom
‘AK

Rrinf(xr] /B;R) ®.;R B!

pdR
bchT:
arith

RTi(3? /ogL)gf’"N:" YRI(30/0Y)g, — 3 RTi(3y/L) ——=— RTyui(3,/L) @ B n

commutes.

Hence, to identify ¢’ and ¢_, we are left to show the commutativity of the diagram

(2.3.3.6)

Rr‘cris(?))gpr beh ) chris(x)gpr
bchl: aﬁKT:
RTais(30)5" (RTeis(X0/0Y)q, ©% BY)## V=0 2y BT 1,(X0/0%)q, ©% B;

‘|-

=p",N=0
RTas (3717,

7~

Ry (30105 )57 ——=2—— RI(3/0),)o,

bch bch

particularly that of the left block.

Fy
For sufficiently large n, we have factorisations of Frobenius Frob": 3; — 3? — 31 and Frob”: 3? —
31— 3? . Consider the commutative diagram of log-schemes

x?;)x1—>§1x

(2337) LI L

3) 5 3) — 8,

which we can denote by 7. These data 7 determine a lifting ll* : r{D - OZ I
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Consider the diagram before taking Frobenius fixed points

chris(S)Qﬁ beh > chris(f)Qp ®.+‘ Bst
bchl z— 8;;4;
Kl”
-nil;
RTeis(3")q, RT ey (¥1/ A1, 0" RUeis (X0/0Y)q, ©% B,
(2.3.3.8) l "*T

chris(S?/rfDO)Q/) % RFCFIS(S? TgDO)N ilp

o ) 1

Frob™)
RTes(3°/09 ), 220 RI1y(30/09.)o,

where ¢ is the (unique) natural ¢-equivariant Fy-linear Hyodo-Kato section; the lower right block commutes
by the definition of £};; the lower left circuit commutes (even becomes an isomorphism) after taking (— —)N=0,
the upper left vertical base change morphism becomes an isomorphism after taking (—)¥ =t"; and i* becomes
isomorphism after taking (—=)V=C of the target.

For the commutativity of the (—)¥=" invariant of the upper left block of (2.3.3.8), we may look at the
following commutative diagram

bch
RL.a(3) W Rleis(X)g, @5, Bi
bchl bChl
(233.9)  RIw(3Y) RTeis(3))
/| /|
(Frob™) . ~ K,

chns (3? PDO) chns (3 /TIITD’O) L> chris(xl/Aln,st)Qp

which is clear by base change maps.

Putting these altogether, we obtain the commutativity of (2.3.3.6), which is natural since it is insensitive to
the n > 0 chosen, cf. [23, Proof of Theorem 2.22, Independence of the choice of 7 and &y]. This completes

the proof that ¢ =~¢_after — @" 7 Bt whence ¢ ~ ¢, by taking derived ¥ -fixed points. |

pdR’

2.3.4 - Remark. Given a Op;-class [ € (my/pmz)\{0} associated with i;: r;> —» OF, lifting P > (’)%Ll
along OX - (9% » and assuming that v(/) = %, there is another approach providing an equlvalence

ap: Rrsyn(S T) Rrgrlfl(gnsr)a

a priori depending on the choice of /, which however will be of other interests. It consists of finding a ¥-
equivariant morphism SHKI RT i (3?/00 ), — ers(fl/Ams)Qp ®%. B equivalent to 8 - For the pair

(m,n) associated with the data (2.3.3.7) such that 1) > 1, the &, is deﬁllsled as the first row 0f the following

HKl
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commutative diagram

RFCris (3?/O%L) L) RFCris (Sl/rgD)fQ:ﬂp

(Frob™) *T (Frob™) *T ;IZT

chris(S?/O%L) L> chris (3?/7ED,0)gﬂilp L> chris(xl/fa\lﬂ,st)g[;nﬂp <; I{I_‘cris(xl/A>< )Qp ®1.g:m B;

cris

—> chris(%l/fi\l,st)g[;nﬂp <; Rr‘cris(fl/A>< )Qp ®1.9+, B;

cris

where the third vertical arrow is induced by
—~ —~ " 1
Mn: Al,,,st - Al,sta Ly > (ta)p , Yace T% = {(l € (OC\{O})/(I +m0)’v(d) = ;; .

All but the left square commute by base change compatibility; that of the left follows from the invertibility of
Frob” on RI ;s (3?/(’)%)% and the uniqueness of ¢-equivariant section ¢g ; [23, Theorem 2.12 (2)]. Thus it

st
HK,/

As a byproduct, the following commutative diagram implies in particular that our arithmetic Hyodo-

provides the homotopy between &3t , and &5t

Kato-morphism defined by Galois descent is (non canonically) homotopic to the one defined by zig-zag in

[21].
2.3.5 - Corollary. For Z € Rigy, one has a natural isomorphism in @(Mod&p):

RI™(z 7)) ~ RIB&(Z, ).

syn syn

Proof. The equivalence produced in the proposition being natural and not involving any special choices of
elements of L, it glues to the desired global equivalence. O

2.3.6. Therefore, our new arithmetic syntomic cohomology agrees with Colmez-Niziol’s arithmetic syntomic
cohomology by [21, Proposition 4.32], although we still do not know whether the (global) Hyodo-Kato morphism
agree with theirs.

We will denote Rl (Z,7) = RTBX(Z,r) from now on.

syn

3 Syntomic descent spectral sequence

The main goal of this section is to construct, for any rigid space Z over K, a syntomic descent spectral
sequence abutting to its syntomic cohomology groups, which will be compatible with the Hochschild-Serre
(Galois descent) spectral sequence converging to its proétale cohomology groups.

The morphism between their abutments will be the syntomic-proétale map constructed using the funda-
mental exact sequence of period sheaves in p-adic Hodge theory. And the morphism between their Ey-terms,
in the case where Z is proper over K, can be identified with the natural morphism from its geometric Selmer
groups to the Galois cohomology groups of its geometric étale cohomology groups.

The main ingredients of the construction are the compatibility between the arithmetic and the geometric
Hyodo-Kato morphisms and the Cg-conjecture for partially proper varieties and qcqs dagger varieties (which
is so far verified for proper varieties, Stein varieties and affinoid dagger varieties), thanks to a technical result

of Nekovar-Niziol on spectral sequences.

3.1 Syntomic-proétale period maps

We shall define the arithmetic and geometric syntomic-proétale period maps by using the fundamental exact
sequence of period sheaves in p-adic Hodge theory, and compare them with the Fontaine-Messing period

maps.
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3.11. Fundamental exact sequence in p-adic Hodge-theory. For r € N and i > 0, we have a (strict) exact
sequence of Q,-Banach spaces [33, théoréme 5.3.7, ii)] (see also [32, exemple 6.4.2])

0 — Qy(r) — (t_[Blog)“’zp”Nzo — "B /B — 0.
For any X € Rig, the above exact sequence upgrades to an exact sequence of sheaves on Xpost
0— Qp(”) - (t_iBlog)wzﬂ’N:O - t_iBgR/tngR — 0

by twisting the corresponding exact sequence for i = 0 [10, Formula (4.10)], where Bj,, = B[U] [11, Definition

2.27] with the Yk -action given by g(U) = U+log[%[f,b)], the Frobenius action ¢(U) = pU and the monodromy

action N = —%. This can be also written as a bicartesian square (or a fibre square in the derived category)

Qp(”) > (t_iBlog)qO:pr’N:O

| !

TR+ —ig+
B — t7'Bg.
Taking its cohomology and then i — +00 , one obtains a fibre square

Rrproét(X’Q[)(r)) — RFproét(X,Blog) [%]cp:p',N:O

(3.1L1) l l

Rrproét (X, tTB:i—R) —> Rrproét (X7 B:i—R) [ %] )
refining the fibre square

Rrproét(X7Qp(r)) — Rrproét(XaBlog[%]yp:py’N:O

l !

Rrproét(X’ tngR) _— RFproét(X»BdR)

which we obtain by first taking i — 400 and then its cohomology. The two diagrams coincide if X is qcgs.

3.1.2. Compatibilities with the geometric Hyodo-Kato morphism. Assume that X = Z is base changed
from some Z € Rigy. Then there is a natural isomorphism [11, Theorem 5.2]

RTproee (X, t"By) = Fil* (RTar (Z/K) ®) Bar)
compatible with filtrations and a natural ¢-equivariant morphism [11, Theorem 4.1]
RTproet (X, B) — RTp(X) = (RTuk (X) ®F Biog) V™.

They are compatible with the geometric Hyodo-Kato morphism [lI, Theorem 5.3] for r € N, i.e., there is a
natural commutative diagram

Rrproét(XJ_TB:l—R) — RFdR(Z/K) ®].( t_rB;R

(3.1.2.1) T ngmT

Rrproét(X»B) — (RFHK(X) ®1.3 Blog)N:0~

If moreover X is qcgs, then we have identifications RIpret(X,Bar) = RIqr(Z/K) ®% Bgr and
Rrproét(X,Blog[%])NZO — RF(X,B[%]) — (RI'gg (X) ®I.3* Blog[%])NZO; in general, by covering X with qcqgs
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opens, we obtain natural equivalences and morphisms

RFprOét (Xa BdR) = Uli;g]s Rrproét(Ua BdR)
(3.1.2.2) ~ lim (RT(U/K) 8% Biw) « ( lim RTw(U/K)) @ Ba
qeqs qcqs
= RTqr(X) ® Bar

R proet (X, Buog ;)" = lim RTpuoer (U Biog [ 1)~
(3.1.2.3) ~ lim (RTuk(U) ®% Biog[[DV="  « (( lim RTuk(U)) ®F Biogl;
U qcqgs U qegs 11\ N=0
= (R (X) ®F Blog[: 1)~

])N=0

compatible with geometric Hyodo-Kato morphism.

3.1.2.4 - Lemma. There is a natural (¢, N)-equivariant morphism
RFHK(X) ®;7 Blog - Rrproét(X, Blog)
which induces, after inverting t and then taking (=)N=", the p-equivariant morphisms in (3.1.2.3).

Proof. Working locally, we may assume X = X, where X € ./\/lscs’b is base changed from a p-adic formal scheme
3 quasi-compact and semistable over Oy, for some finite extension L of K. For compact intervals I C (0,+c0)
with rational endpoints, let Bjog, ; = BI[U ] with the Frobenius and the monodromy operator given by the
same formulae as for By in (3.1.1), let Blog 1 be the p-adic completion of By, 7, and let Blog =R hm Blog I;
we have (B1 )N nilp ~ Bjog. We define similarly the (condensed) period rings Big, 7, Blog 7 and Blog

For compact intervals 7 C [, +00) with rational endpoints, we have A.is C By and By C Bl 1; 50 we

-0
can consider the (¢, N)-equivariant morphisms

ek
chris (%?/O%)Qp ®}.7~ Blog,] — chris (%1/ crls) ®A Blog,]
(3125) = (chris(xl/ Crls) ®A BI) ®1.g Blog,I

- Rrproét(X’BI) ®BI Blog,l
- Rrproét(X7 Blog,]),

where the third morphism is due to [11, Formulae (4.34), (4.35) in the proof of Theorem 4.3]; indeed, the presence
of Ln, loc. cit. serves only to ensure that the morphism RT ¢ (¥1/A4%,,) ®1'4ms B; — RTpe(X,By) thereby
constructed becomes a quasi-isomorphism after applying Lz,. Since the Frobenius action ¢ is invertible on
RTqiis(X)/ (’)%)Qﬁ [23, Theorem 2.12 (1)], the above composed map extends to all compact intervals I C (0,+00)
with rational endpoints. By taking limit over all such I c (0,+c0), we obtain morphisms

chns(%?/og‘)Qﬁ ®;7~ B\log - R ll}n (RFCrlS(%?/O%)Qp ®1.:~ Elog,]) - R ll}n Rrproét(X, ﬁlog,l) : Rrproét(X» ﬁlog),

where the last isomorphism follows as in [10, Lemma 4.8]”'. We conclude the construction by taking (—)V -nilp_

using the N-nilpotency property of R q:is(%/OY )0, = Rlais (310/(90 )o, ®F, F (2.1.2). Finally, the compatib-
ility with the given isomorphism (3.1.2.3) follows from the construction (see also [11, Formula (4.53) in the proof
of Theorem 4.1)). O

21By virtue of [64, Lemma 3.18], it suffices to show that for j > 0, we have R/ {iinl l’ilog’I(W) = 0 for any affinoid perfectoid
space W = Spa(R,R*) over Spa(C,Oc). For this, observe that for any intervals / ¢ J c (0,+c0) with rational endpoints, the map
B;(R,R*) — B/ (R,R") is a continuous morphism of Q,-Banach spaces with dense image, hence so is ﬁlog,j (R,R*) — ]A}k,g,[(R,RJ').
It follows then from the topological Mittag-Leffler lemma [40, chapitre 0, remarque (13.2.4, i)] that R/ £i_x_n1 ﬁlog,] (R,R*) =0.
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3.1.2.6 - Corollary. Forr € N, there is a natural commutative diagram

Rrproét(X,t_ngR) — erR(Z/K) ®].{ t_TB;R

(3.1.27) 7 ]

Rrproét(X’ Blog) — RFHK(X) ®I.:" Blog~

which is compatible with (3.1.2.1) after taking (—)N=0. O

3.1.3. Syntomic-proétale period maps. By (3.1.2), the fundamental exact sequence (3.1.1) induces natural
morphisms of fibre sequences

R prost (X, Biog [{ )77 V=0
Rrproét(Xst(r)) — \Lcan
Rrproét(X’tngR) e Rrproét(X’BdR)

(RT'gk (X) ®; Blog [%])t,o:[ﬂ’N:O

«— geom
(3.1.3.0) lHK
| Fil'(RT4r (Z/K) ®f Bar) ———— RTar(Z/K) ®} Bar

(RFHK(X) ®! B;)&p:p’,N:O
«— lseom
HK
Filr(erR(Z/K) ®[.{ B;R) —— > RTr(Z/K) ®II{ B;R

= RTyn(X,7)

where the second morphism becomes an isomorphism if X is qcgs. The diagram (3.1.3.1) composes to a geomet-
ric syntomic-proétale comparison morphism pf;sm: RTgn(X,7) — Rlproat(X,Qp(r)) between the syntomic

cohomology and the proétale cohomology, which induces, by taking ¥k -invariants, an arithmetic syntomic-

arith

proétale comparison morphism p§ ", which fits into the commutative diagram

anth
Plsyn

RTUgn(Z, 1) —==-> Rl proei(Z,Qp(7))

(3.1.3.2) l l

Psyn

RFSyn(X 7') — Rrproet(X Q[](T))

3.1.4 - Remark. By (3.1.2.7), the maps in the construction of the geometric syntomic-proétale comparison map
(3.1.3.1) are actually induced by maps of data (4,B,t,r), where 4 € Z, ) (Modcond), B € 9.% (Mo dc°nd) =
Fun(Z°P, @(Modcond)), = andr €N,

3.1.5. Fontaine-Messing period maps. We would like to compare the above constructed period maps (3.1.3.2)
with another collection of period maps, the Fontaine-Messing period maps

QEMZ Rrsyn(X’ T) - Rr‘proét(X’Qp(r))’

which are defined by globalising the Fontaine-Messing period maps on semistable models o™ : Rl (X,7) —
Rrét(%,ZI,(r))Qﬁ ~ RIpro6t(X,Qp(7)), both in the arithmetic and geometric cases [21, §7] (recall the definition
of the Fontaine-Messing syntomic cohomology (2.3.1.2), (2.3.2.2)). They are constructed in a natural way so
that they sat1s1fy Galois equivariance: if X = X, with X = 3 ®0, O¢ such that 3 € MY with splitting field Z,

then a'FM’g are %L -equivariant; in particular, if X = Z ®x C, then aFM’g is ¥k -equivariant.
Whether these seemingly two types of period maps are homotopic, i.e., whether pg, = o™ in the

underlying homotopy category (both in geometric and arithmetic cases), is closely related to the uniqueness
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of (geometric) p-adic period morphisms addressed by Niziol [60, 61] in the algebraic setting and by Sally
Gilles [37] in the formally algebraic setting. Although the latter have seemingly treated only the case of proper
semistable models, their proofs contain a great amount of local constructions which we will employ to obtain
the following proposition.

3.1.6 - Proposition. The geometrlc syntomic-proétale period map psynm is naturally homotopic to the geometric
Fontaine-Messing period map a/r Megeom,

Proof. By éh-hyperdescent, one may reduces to the case of X = X, where X € ./\/lzf’b is affine and descends to
J € M} with splitting field L. Essentially by construction, it suffices to proves the natural commutativity of
the following diagram

Rrét(xnazp(r))Qp — Rrproet(xn’Bl) — RIT, roét(fr]’BdR)

o] ] /

Fg\x/{(% T) —> chns(xl/

CrlS

where we have used the canonical isomorphism RI(¥X) — ers(xl/A ) to identify the absolute log-

crystalline cohomology defining the Fontaine-Messing syntomic cohomolégy. Here, the vertical canonical
morphism can is defined in [11, Proof of Theorem 4.3] (as was used in (3.1.2.5) for the third morphism), which
actually factors as chns(xl/Aé,s)Qp AN RT 06t (X5, Aint) — RIpr0ee (X5, By) where the first is induced by
Cesnavitius-Koshikawa’s ¢-equivariant comparison isomorphism [13, Theorem 5.4] and the latter is induced by
the canonical map of proétale period sheaves Ay — By. Moreover, the slanted canonical morphism can is in-
duced by the morphisms of sites (X;,/B, , Jint = (¥/47;)cris- The right triangle commutes by [11, Proposition

5.11], so it remains to show that the left square commutes.

The upper left arrow being induced by maps of proétale sheaves Z,(r) — Ajyf — By, we are thus reduced
to showing the natural commutativity of the following diagram

Rrét(xn P Z[) ( r))Q/, — Rrproét (xn P Ainf)

FM.geom CK
. ® T Y T

Fg\[/{(x T) —) RFcns(£1/Az<ns)QP'

For this, we apply the aforementioned local constructions in Gilles’s works [37]: she constructed in op. cit., §8

for such ¥ a natural Lazard type period map o : RUgyn(X,7) = RTa(X;,Zy(7))q, such that 757a¥ is an

FM,
equivalence’”, then she proved a natural identification a@? ~ a, * " in op. cit., théoréme 9.1°° on the one

2211 op. cit., §8, the morphism a?, or more precisely its local and integral version a@,s 1, was constructed directly as quasi-isomorphisms
P r P Y g ZA y as q P

of 7= -truncated complexes but not for untruncated complexes , see the formula just before op. cit., proposition 8.8. This formula was

deduced from op. cit., proposition 8.6. But in fact, if we carefully look at the proof of this last proposition, we find that:

* Firsly, multiplication-by-£* morphism is defined even before the truncation, though it becomes an quasi-isomorphism only after
the truncation;

¢ Secondly, the multiplication-by-¢" morphism and the morphism 8 there are quasi-isomorphisms even before the truncation, cf. gp.
cit., lemme 5.3 and lemme 5.8 respectively.

Therefore, as it turns out, the op. cit., proposition 8.6 actually shows the existence of a forward morphism B’: KOSZ(!,D,(?,FTRgI/’\D]) -

Kosz(go,FZA,R[u’”](r)) which becomes a quasi-isomorphism after the truncation 7=". Taking respective Frobenius eigenspaces, one

obtains the untruncated map o which is then globalised to be the untruncated morphism o in the our text.

r XA’
22Agaln, her statement in 0p. cit. was for 7="-truncated complexes, but what she proved was not that restrictive. In fact, in her proof:
o Tirstly, the properness hypothesis was not used there;
 Secondly, the morphism op. cit., (33) there which rewrites the (truncated) syntomic cohomology as (truncated) Frobenius eigenspace
of Acris(—) construction holds for untruncated complexes;

Thirdly, the proof of identification reduces to that of op. cit., lemme 9.2, which says that 7 02 A

for untruncated complexes, see 9p. cit., proposition 7.5, or look at the original source of ideas [20, Theorem 4.16].

<'aFl\Z/I A=TYa actually stays valid
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hand, and that on the other hand the analogue of the above commutative diagram

RTe(X,,Zy (1)), — RIproat(Xy, Ainr)

09T VCKT

RFS%(%,T) # chris(%l/A>< )Qp

cris

commutes by the step (ii) in the proof of op. cit., lemme 9.11 (this step was a purely local calculation)“; hence

we are done. o
3.1.7 - Corollary. The arithmetic syntomic-proétale period map p:;i[fh is homotopic to the arithmetic Fontaine-
Messing period map o FMarith

Proof- This follows from the Galois descent construction of p‘;‘;i[:h and (3.1.6), since when composed with the

natural map RI'p6t(Z,Qp (7)) — RIproet (X, Qp (7)), the period maps pg;gh and an’arith give rise to homotopic
morphisms p§;§m ~ an’geom by (3.1.6). O

3.1.8 - Corollary. Let Z € Rigy and r € N. The the syntomic-proétale comparison maps p** for Z and pf;‘;‘“ for

syn
Z¢ become isomorphisms after truncation T=".

Proof. The geometric case follows from (!) [1l, Theorem 7.2]. But alternatively, the geometric and arithmetic
cases follow respectively from Proposition (3.1.6) and Corollary (3.1.7), since we already know that the truncated
isomorphisms holds for the Fontaine-Messing period maps [2], Corollary 7.3] for smooth varieties, which
extends to singular cases by éh-hyperdescent. O

3.1.9 - Remark. Although one might argue that the corollary (3.1.6) can be proven directly by a geometric
truncated quasi-isomorphism statement (say of Bosco [11]) plus Galois descent, without passing through the
identification (3.1.7), we should stress that this Galois descent step might not work naively due to one important
difference between the rigid-analytic setting and the algebraic setting: the Galois action on the rigid-analytic
geometric syntomic cohomology not being smooth nor having vanishing higher continuous Galois cohomology
groups, taking Galois fixed points is not an exact operation on the complex, which is contrary to the case of
algebraic varieties.

3.2 Construction of morphisms of spectral sequences

We are going to construct the syntomic and étale (or Hochschild-Serre) spectral sequences for partially proper
rigid spaces over K and a natural morphism between them compatible with the one on their abutments induced
by period maps. For this, we will follow the strategy of Nekovai-Niziol [56], which relies on a technical result
on spectral sequences op. cit.. However, this result does not apply directly to these two spectral sequences,
but rather applies to two intermediate spectral sequences which we shall also explain. The conditions of the
technical result, which can be expressed in terms of bicartesianness of certain square diagram, are in particular
verified in the partially proper case thanks to the known cases of the Cy-conjecture. Along the way in parallel,

we will also provide the dagger analogue of this story where the Cy-conjecture is also verified.
Let us begin by recalling the aforementioned technical result of Nekovai-Niziol.
3.21. Postnikov system on Bloch-Kato type diagrams. Let R be a condensed ring. Let 4 €

@(%N)(Mod?nd) and B € @f(Mod%md = Fun(ZOP,@(Modﬁfnd)) and a morphism ¢: 4 — B. Let r € N.
Given such data (4,B,t,7), we will consider a specific type of Postnikov system of Coypn(r) = SYn ap..) =

24Let us use the notation of loc. cit.. As mentioned in the footnote (22), the Lazard type period map ! well-defined even before the
truncation, especially because the morphism f is a quasi-isomorphism even before the truncation. Therefore, in the diagram loc. cit., (55),
it is unnecessary to take the truncation 7= in order to obtain commutativity, the diagram itself untruncated is already commutative by
the same proof, chiefly thanks to the commutativity of the diagram loc. cit., (57), which was no more than a direct computation showing
that Bhatt-Morrow-Scholze’s 8 is compatible with the morphism B8’ of loc. cit..
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fib(A49=""N=0 — B) (where the eigenspaces are taken in the derived sense) on the Bloch-Kato type limit dia-
gram

FiI'B
!

Synug = | 4¥Y 40 B

\LN \L(N,O)

| 4 po—p’ 4

in the direction of homotopy limit; namely, it consists of a finite collection of adjacent triangles

gl‘o Csyn(r) gl”l Csyn(r) gl”2 Csyn(r)

T T oo T

Csyn(r)o (T C'syn(r)1 (T C'syn(r)2 (T Csyn(r)3

where
Fil'B
Ao B
Csyn(r)o = Syn(A,B,L,r) =14 (_)tp—[f,t) A® B > Csyn(”)1 = \L(N,O) > Csyn(r)2 = [4], Csyn(r)3 =0.
lN l(N,o) A ﬂ) A
_ 4 pe—p 4
so that

gt’ Cyn(r) = A®FI'B, gr' Cyn(r) =A@ (A®B), gr’ Cyu(r) =A%
This gives rise to a Postnikov exact couple

DY = H/ (Cyn(1)') 5 HI (Copn(r)' 7 [1]) = HH (Cypu(r)'™h) = DI
with associated spectral sequence which we call Postnikov spectral sequence

B = B (gr' Copn(r) = lim(--- — DY 5 D7V — )

(under certain conditions). When the filtration is finitely exhaustive, i.e. when Csyn(r)i[—i] > Csyn for i < 0,
this colimit becomes

111’_1)1( e Hi+j(csyn(r)i [_l]) i Hi+j(csyn(r)i_l[_i + 1]) — ) : Hi+j(Csyn(r))'

3.2.2. Postnikov and hypercohomology spectral sequences. Let R and § be two condensed rings. Consider
a left exact functor F: Mod} — Mod§, e.g. F = Hom,(S,-) if S is an R-algebra. We denote by RF its right
derived functor.

Let 4 € @(J“%N)(Modl'{) and B € 2.7 (Mod}) = Fun(Z"P,@J’(Mod?nd)) and a morphism ¢: 4 — B,
and r € N. Applying F to the above Posnikov system, one obtains a Postnikov system of RF(Cyyn(r)) with
graded pieces gr’ = RF(gr’ Cgyy (7)), and whence the associated Postnikov spectral sequence

"E = RIF (gr' Con(1))) = R™F(Cogn (1))
On the other hand, without any Postnikov datum, we still have the hypercohomology exact couple

hpr;’f — Ri+jF(T£j—ICSyn(r)) N Ri+jF(TSjCSyn(r)) _hyp D;*L]'H

25To extend to Cyyn (r)* for any index o € Z, one may set Coyy (r)*>3 := 0 and Coyn (r)! := Cyyn(r)[i] for i < 0.
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and associated hypercohomology spectral sequence

WPE)) = RUF(HY (Cyn(r))) = R™ F(Cypn(r)).

The main technical result that we need is the following theorem, which relates the two spectral sequences

under very restrictive but still reasonable conditions.

3.2.3 - Proposition (Nekovai-Niziol). Assume that we are in the setting (3.2.2). If the sequence
0— Hj(Csyn(r)) - Hj(gro Csyn(r)) - Hj(gfl Csyn(r)) — H/ (gr2 Csyn(r)) -0

is exact, o1, equivalently, the natural morphism

HI(Fil" B)
(3.2.31) HI (Con(r) = | iy %) Hia) @ HI(B)

\LN \L(N,O)

T

| miw) s i

in 9(Mod}) is an isomorphism for any j € Z, then there exists a natural morphism of exact couples
(limD;’] ,hmE;’] ) — (hYPD;’j byp E;’] ). Consequently, there is a @at'ural morphism of spectral sequences "E,;’ — WP}/
which starts from the Ey-page with common abutment R™F(Cyy(r)), and for spectral filtrations we have
limpr  byep,

Proof. This is a special case of Nekovai-Niziol’s result [56, Theorem 2.18]. O

Let us recollect some general results on (¢, N)-modules, before applying the above result to the funda-

mental diagram for X € Rig,.

3.2.4 - Lemma. Let (V,¢) be a finite p-module over F. Then, for any m € Z greater than all the slopes of (V,¢),
we have
¢-1Vest "BVt "B

is surjective. In particular, the map ! !

is surjective.

Proof. This is proved in [11, Lemma 7.5]. O

3.2.5 - Lemma. Let (V,p,N) € ModEZ‘fl) be a condensed (p, N)-module over F of bounded nilpotency index. Then
the map
N:V ® Blog -V Q5 Blog

is surjective. Moreover, if one has V is the projective limit of a system {V,}nen of finite (o, N)-modules whose slopes
are uniformly bounded above by B € Z, then for any integer r > B, the derived fixed points (V ®% Biog)# " N=0 g5
concentrated in degree 0 in particular, the derived fixed points (V ®F Blog[%])wzf”’N =0 is concentrated in degree O
foranyr e Z.

Proof. The final sentence concerning Blog[%] follows from the corresponding one concerning Bj,g, by writing
Blog[%] as the filtered colimit of {t_fBlog}jEN.

First we assume that V is finite-dimensional over F. The first part is proved in [1l, Lemma 7.6]. The
second part follows by combining with the previous lemma (3.2.4). For general (¥, N) with bounded nilpotency
index, the proof of the first part is the identical as in loc. cit..
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Let us now assume that V' = 11m V, with ¥, finite (¢, N)-modules over F with slopes uniformly bounded
above by 8 € Z. We may assume that the maps V' — V, are surjective. For n € N, consider £(V},), the vector
bundle on the Fargues-Fontaine curve associated with the finite (¢, N)-module V;,. The derived fixed points
(Va ®FBlog)‘p:/’T’N:0 computes the cohomology of the vector bundle £(V,)®0 O(r). If r > B, this vector bundle
has non-negative Harder-Narasimhan slopes, so its first cohomology vanishes and (V, ®z Blog)"”:/’"N =0 s
concentrated in degree 0; this is in fact the proof of the second part in the finite-dimensional case. To pass to the
projective limit, one observes that there is a natural structure of Banach-Colmez space on (V, ® Biog)¢=#"N=0.
Moreover, one can compute its Dimension

Dim(V, ®p Biog)* V=0 = (deg E(V;) ®o O(r),dimV,) € NxN c N x Z.

The first component is called the dimension and the second component the height of this Banach-Colmez
space. Since its height is nonnegative, so is the height of any Banach-Colmez subspace of it; and the order
of containment induces the decreasing of order of the Dimension in the lexicographic order of N X N. In
consequence, any chain of Banach-Colmez subspaces of it stabilises, hence we deduce that the projective
system {(V, ®3 Blog)‘/’:f’r’N =0},en is Mittag-Leffler. Therefore, we obtain

RIm(V, ® Bog)*#" ™ = lim(V, @ Bog) *#" N,
which is concentrated in degree 0. It remains to show that

(V % Biog) ¥ V=" = R lim(V, ®7 Biog)? 7?0
——N= —_— C
As N is nilpotent on V' and one can write Blyg = Bjog wilp P where By = l(iLnI Bi(U) is a F-Fréchet space, it
is equivalent to showing that

(V &% Biog)* V="~ R lim(V, ® Biog) N0,

Since (derived) limits commute with (derived) fixed points and we have Rlim, V, = lim, V, = V by Mittag-
Leffler property of the projective system {V,},en of finite-dimensional F-vector spaces, one reduces further to
checking that

(RlimV,) ®F Biog = Rlim(V, ®p Biog)-

But this follows by applying [10, Corollary A.67 (i)] since l?lo\g is a F-Fréchet space. O

This allows to establish an analogue of [17, Lemma 3.20, Lemma 3.28] by replacing the coefficient period
ring B with Bi,,.

3.2.6 - Corollary. For partially proper X € Rig. or quasi-compact X € RigTC, we have isomorphisms in Modép :
H'((RTk (X) ®F Biog) """ = (Hyge (X) @ Biog) """ 0<i<r,

H'((RTuk(X) ®fF Blog[;])wzﬁ“’v:“ ~ (Hji (X) &% Blog[;])wzﬁ’“:“ i,r >0,
where the fixed points are taken in the derived sense.

Proof- The proof goes verbatim as in [17, Lemma 3.20, Lemma 3.28] but replacing the equations loc. cit. (3.21)
with the above lemma (3.2.5). Except from this, another key input is the fact that for U € Rigg, the finite
¢-module H, (U) over F has slopes in [0,] by [11, Theorem 3.30]. O

Now we are ready to consider the fundamental diagram for X € Rig,..

3.2.7. Fargues-Fontaine syntomic cohomology. In [11, Definition 6.1], Bosco defined the so-called Fargues-
Fontaine syntomic cohomology RT sy 5r(X,Q, (7)) for r > 0 and rigid-analytic varieties X over C, which can be
identified as follows

(geom

(3.2.7.0) RT gy pr(X,Qy(r)) = |(RTuk (X) % Biog) V=" M RTe(X/B ®)/F| € 2(Modg ),

54



where the geometric Hyodo-Kato morphism Lielgm: RI'gk (X) ®; Biog — RDinp(X /B:l'R) is obtained from the
geometric Hyodo-Kato isomorphism (2.1.3) as in the B;-coefficient case.

There is a natural comparison map between the Fargues-Fontaine syntomic cohomology and the (Bloch-
Kato) syntomic cohomology defined previously in Rl gy, (X,Qp(r)) (2.3.1.1):

(3.2.7.2) Rrsyn(Xy r) — RFsyn,FF(X’Qp(T))’

given by changing coefficient period rings By to B,s. This becomes a quasi-isomorphism after the truncation
7=". Moreover, the syntomic proétale period maps and their construction (3.1.3) factor through the above
comparison map.

3.2.8 - Remark. We warn the reader that the map (3.2.7.2) is not an isomorphism in degrees ¢ > r in general.
The difference lies in that between the period rings Bj,e and Bg. For example, as shown in the example of the
projective line X = Plc [11, Example 6.36], since HI?IK(X ) = F(~1) has Frobenius slope 1, the natural map

H, (X,0) = (F(=1) ® B)/ (¢ = 1) = Hy, 1:(X,Q,(0))

can be identified with the natural map

B/ (b —1) = B/(pp - 1);
the latter group is isomorphic to H'(FF,O(-1)) ~ C/Q,, which is highly nontrivial.

3.2.9. Cy-conjecture and fundamental diagrams. For X € Rig. partially proper or affinoid or X € Rigg
quasi-compact, we say that the Cy -conjecture holds for X if the following commutative diagram

H! o(X.r) ———— H'(Fil'RTyue(X/BY))

syn.

L]

i —p" N= ‘HK i
(HHK(X) ®; Blog)‘p PN=0 ? an(X/B;R P

1

which we call the fundamental diagram, is bicartesian for any i = r > 0, or equivalently by (3.2.5) that

H' (Flerrlnf(X/BgR))
, : o~ . ( _pr’t) . l .
(FD:—J ) I{slyn,FF(X’ 7) - HIZ{K(X) ®; Blog ¢—> HIfIK(X) ®;~ Blog @ I-Il;f(X/B;R

lN l(N,O)

7

i po—p i
I HHK(X) ®; Blog ‘P—> HHK(X) ®;;~ Blog

is an equivalence for i = r > 0.

3.2.10 - Remark. The original conjecture [24] is stated with the period ring B in place of By,g. The latter
is more geometric from the point of view of the Fargues-Fontaine curve [32]. We will refer to the original
conjecture as the B -coefficient Cy -conjecture. Both versions of the conjecture turn out to be true in many cases.
Differences between results in the current literature are: on the one hand, Colmez and Niziot have provided
in [24] some extra instances of small varieties (3.2.18) that verify the B}-coefficient Cy-conjecture, which has
not yet been proved in the Bj,.-coefficient situation; on the other hand, for smooth affinoid rigid spaces
over C, only the Byog-version is well formulated, and it has been proved in dimension 1 [11, Conjecture 7.11,
Theorem 7.12]. Many of our statements with B,y can be transferred to those with By as long as we change the
Fargues-Fontaine syntomic cohomology to the (Bloch-Kato) syntomic cohomology. Therefore, we will benefit
from both versions of Cy-conjecture.

3.2.11 - Remark. Assume that X = Z¢ with qcqs Z € Rig;{ or partially proper Z € Rigy (the latter is
equivalent to a partially proper Z € Rig}{, see footnote 3). If the Cy-conjecture holds for Z¢, then (FD7,) is
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bicartesian for 0 < i < r. Indeed, fix i > 0 and run induction on r > i. When r = i, this is the Cy-conjecture.
Now for the induction step, consider the following commutative diagram

(3.2.1L1)
0— H

S

iyn,FF(X,T) — (HITIK(X) ®1.;~ Blog)wzp"N:O @ Hl(FT(RFdR(Z/K) ®].( B;R)) - HC{R(Z/K) ®].( B;R >0

! i ! !

0> H;‘yn,FF(X,r +1) > (Hi (X) ®F Blog)*"zf’”“N:O ® H'(F™*'(RTar(Z/K) ®% BY)) » Hi(Z/K) ®% Biy > 0

l | l |

0 ———— H(Z/K) &} C ® 0 ———— > Hi(Z/K)®% C = 0

whose top row is exact by induction hypothesis, whose second vertical arrow is exact by [17, Lemma 3.39, and
proof of Proposition 3.36] (cf. [1l, Formula (7.15) and its following paragraph] for the case of B, in place of
B?), and whose third vertical arrow is an isomorphism since i < r. Therefore, the bottom row is isomorphism,
from which we deduce by diagram chasing that the middle row is also exact, thus showing the bicartesianness
for (i,r +1).

3.2.12 - Example. Many cases of the Cy-conjecture (resp. the B-coefficient Cy-conjecture) have been estab-
lished.

(i) For X proper, this is done by Colmez-Niziol in [24, Theorem 6.2, Corollary 6.15] and by Bosco in [11,
Theorem 7.4] (plus the argument of [24, Corollary 6.15]).
(ii) For X smooth Stein, this is done by Colmez-Niziol in [24, Theorem 6.14, Corollary 6.19] and by Bosco
in [11, Theorem 7.7] (plus the argument of [24, Corollary 6.19]).
(iii) For X smooth dagger affinoid, this is done by Colmez-Niziol in [24, Theorem 6.14, Corollary 6.19] and
by Bosco in [11, Proof of Theorem 7.7] (plus the argument of [24, Corollary 6.19]).

3.2.13. Now, we invert ¢ in the fundamental diagram (FD;J), and define the complex
geom

Csyn(r) = [(RFHK(X) ®; Blog[%])‘p:p"Nzo LIE) (Rrinf(X/B;R) ®.;R BdR)/FT] € -@(MOdg.zp)

Consider the commutative diagram

Hi(csyn(r)) EE— Hi(Fr(RFinf(X/B;R) ®;;R BdR))

L

i —p7 N— L .
(Higg(X) @8 Buog )5 4=0 Ty it (x/B2) o, B

When X is qcgs, the natural map Ciyn(r) — RIproet(X,Qp(7)) is a quasi-isomorphism, see (3.1.3.1).
3.2.14 - Remark. (i) For Z € Rigy, the natural morphism

Fil' (RTgr (Z/K) ®% Bly) — Fil' (RT4r(Z/K) ®% Bar)

becomes an isomorphism after taking the canonical truncation 7=". We may replace Bgg by ¢~/ B;R for jeN
and prove the same statement, hence ¢/ Bgg is a K-Banach space so that [10, Corollary A.67] is applicable.
By éh-hyperdescent, we reduce to the case where Z is smooth affinoid, this is because the cofibre of the map
Filr(Q'Z/K o B;) — Fil (Q’Z/K ®% Bar) is concentrated in degrees > 7.

(ii) For X € Rig,, the natural morphism

FierFinf(X/B;R) — Fil’ (Rrinf(X/B;R) ®;;R Bgr)

becomes an isomorphism after taking the canonical truncation 7=". Again, we may replace Bgr by ¢7/ B},
for sufficiently large j € N. By éh-hyperdescent, we may assume X to be smooth affinoid, then using Elkik’s
algebraisation technique [31, Theorem 7, Remark 2], we may assume X descends to a smooth affinoid Z over

some finite extension L/K. Then the statement follows from (i).
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3.2.15 - Lemma. For partially proper X € Rig. and quasi-compact X € Rigz, there is a natural exact sequence
0 — (Hiy (X) ©% Biog) "N — (i (X) ©% Biog [1)#7'" V=0 — Hi (X) ©% Bag /Bl — 0.

Proof. For X smooth affinoid dagger, this is [1I, Formula (7.15)]. In general, we would like to take inverse limit;
but to avoid the problem of exchanging countable inverse limit and tensor product — ®% Blog[ ], we start by
showing that [11, Formula (7.15)] remains true for partially proper spaces. Indeed, for chs U e R1gG, we have
an exact sequence

0 - E(HiK(U)) ®0 O(i) = E(H{k (U)) ®0 O(i + j) = v.(Hix (U) ®p t /Biz /Bir) — 0

of coherent sheaves on the Fargues-Fontaine curve, where, £ (HIZIK(U )) is the vector bundle over the Fargues-
Fontaine curve attached to the finite (¢, N)-module HéK(U ) over F. Taking global sections, we obtain an
exact sequence of F-vector spaces

(3.2.15.1) 0 — (Hj (U) ®F Biog)* V=" — (Hi(U) ® t77 Biog) V=" — Hi (U) ®p t7/ Bl | Bl — 0.

because the first cohomology of £(H, iK(U )) ®o O(i) vanishes by non-negative Harder-Narasimhan slopes
considerations [11 Theorem 3.30 (ii)]. Letting j — +oo, one obtains the desired exact sequence for quasi-

-nilp

compact X e ngc On the other hand, as N is nilpotent on H, ’K(U ) and one can write Bjog = Biog where

Blog = 11m Br(U) is a F-Fréchet space, the above exact sequence can be written as
0 — (Hiy(U) ® Biog)*'"N=" — (H{i (U) @ t 7 Biog) "N — Hy (U) @ t ™/ Bl | B

Now Eo\g being a F-Fréchet space, passing to limit with respect to a strictly increasing covering of any
partially proper X by qcqs smooth dagger affinoid U, and using [10, Corollary A.67 (i)] and the vanishing
R! hm ( K(U) ®' 7By, o) ='N=0 = ( for i ,j € N (cf. proof of [11, Formula (7.17)]), one obtains the exact
sequence

0 = (Hig (X) % Blog)*"V=" — (Hiy (X) % t 7 Blog)""V=" — Hiy (X) % t 7/ Bl / B}
Again by N -nilpotency on RI'ux (X), this can be rewritten as the exact sequence
(3.215.2) 0 — (Hfy (X) &% Biog)*# V=0 — (Hy (X) % t77 Blog)# V=" — Hiy (X) &% t77 Bl [ B
Finally, letting j — +o0, one obtains the desired exact sequence for partially proper X € Rig,. O

3.2.16 - Lemma. For partially proper X € Rig. and quasi-compact X € Rigg, the natural morphisms
Rrsyn(X,r) i Rrsyn,FF(Xa r) — Csyn(r)
in9 (Modap) become quasi-isomorphisms after taking the canonical truncation v="

Proof. The first quasi-isomorphism has been recalled in (3.2.7). The second quasi-isomorphism follows from
the observation that 75" Cgyy(7) is naturally isomorphic to the filtered colimit over i > r of 75" RT gy, (X, i) by
(3.2.14, ii), the exact sequence (3.2.15.2) and the diagram (3.2.11.1) but assuming in the last diagram the exactness
of the first two rows only at the middle terms. O

3.2.17 - Proposition (Colmez-Niziol, Bosco). The square (FD;,) is bicartesian for all 0 < i < r in the following
cases:
(i) X is a proper rigid space over C.
(ii) X is a smooth dagger affinoid rigid space over C.
(iti) X is a smooth Stein (dagger’®) rigid space over C.

26For partially proper dagger rigid space X € ngz,, there is a natural isomorphism RT'(X,FT) — RT(X,F) for éh-sheaves F €

HK inf on Rij; erefore, there is no need here to distinguish between dagger and genuine rigid spaces in
{RTEK (-), F*RUing(—/B3R) } Rgc 2.2.1). Theref h d h distinguish b dagg dg igid sp
the partially proper case.
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Proof. (i) For X proper, the semistable comparison (cf. [24, Theorem 6.2], [1, Theorem 7.4]) and the degenera-
tion at the Ej-page of Hodge-to-de Rham spectral sequence imply that the diagram (FD,,) is bicartesian for any
i,r > 0. Indeed, by loc. cit., for any i > 0, we have Hpiroét(X’QI’) ~ H!(X,Q,) which is a finite-dimensional
Q,-vector space, and we have a natural isomorphism

Héit(X9Qﬁ) ®Q[, Blog[%] = H].lIK(X) ®f Blog[%]
compatible with (¢, N)-action, which induces a natural isomorphism
Hyi(X,Qy) 8, Bar = Hy((X/Bjy) 8. Bar

compatible with filtrations. In fact, the first natural isomorphism is induced by RIue(X,Qp(r)) =
7= RTproat (X, Qp(1)) = RTgyn (X, 7) — Rk (X) ®F Biog[ 1] for r > 0.

(ii) For X smooth dagger affinoid, the diagram (FD;,) is bicartesian for any i, > 0. Indeed, we may
freely use Tate twist to reduce to the case i = r. The bicartesiannes then follows from the bicartesianness of
the (FD;,) and [11, Formula (7.15)]. More precisely, we may assume by smoothness and [31, Theorem 7, Remark
2] that X = Z for some smooth dagger affinoid rigid space over some finite extension L/K. We have

0> Hy w(X.1) — (Hip(X) ®F Biog)** Y= & H'(Fil' (RTr(Z/L) ®r Byy)) — Hj(Z/L) @1 By — 0

:l(:s.z.m) \l: :\L(a‘zm) \[

0 > H'(Cyn(r)) + (Hi(X) ®% Biog[{1)#"N=" @ H' (FIl'(RTar(Z/L) ®1 Bar)) —+ Hz(Z/L) ®, Bar — 0

l | L

(id.0)
H(Z/L) ® Bar/Bj ® 0 ————— H(Z/L) ® Bar/By + 0,

whose first row and all columns are exact. Here, the first row is exact by the bicartesianness of the (FD],)
in the case of X smooth dagger affinoid, and the second column is exact by (3.2.15). We deduce from it the
exactness of the second row.

(iii) For X smooth Stein, the proof is the same as in (ii). O

3.2.18 - Remark. The proof of (ii) actually shows that for partially proper X € Rig., by using suitable Tate
twists, the bicartesianness of (FD;’J) implies formally that of (FD;,) thanks to (3.2.14), (3.2.15) and (3.2.16).
Therefore, any partially proper X € Rig. satisfying C-conjecture, such as small varieties”’ listed in [24,
Theorem 8.1], proper or smooth Stein rigid spaces, smooth dagger affinoids and the varieties that are products
of proper varieties and Stein varieties [24, Proposition 8.17]*%, are immediate instances at hand.

We are now ready to construct morphisms of spectral sequences.

3.2.19. Assume that (FD,,) is bicartesian for any i,7 > 0. Then there exists by (3.2.3) a natural morphism of
spectral sequences

gy — H'™(Copn(r)2E)

l |

WRE)T —— H™ (Coyn(r)E)

starting from the Ey-page with N
mEr = HI (gr' Cypn(r)2K)

Mg = H' (G, HY (Coyn(1))).

27Recall that small varieties include proper varieties, quasi-compact quasi-separated dagger affinoids, analytification of algebraic vari-
eties, certain tubular neighbourhoods of subvarieties of proper varieties or complements of such tubular neighbourhoods. More concretely
speaking, a (smooth) dagger variety is said to be small if its de Rham cohomology is finite-dimensional.

281n loc. cit., the proper factor was assumed to be smooth. But in fact, the argument there goes through even if we drop out the
smoothness of the proper factor, cf. [11, Proof of Theorem 7.4|.
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3.2.20. Before Postnikov limit spectral sequence, we have another natural morphism of spectral sequences
mapping to it

WE;) == H"(RUyw(Z.7)) = Hyl(Z.r)

limEZsj —_ Hi+j(csyn(7’)gl
starting from the Ej-page from the Postnikov limit type syntomic descent spectral sequence associated to the
similar Postnikov system on RIgyn(Z,7)

Y = HI(gr' RTya(Z.1)),

whose Ejy-page yields
synppisf . pri . ; .
Ey" = HUSYD ) (2.1 (21K) g 1) (F REw (2/K))))

3.2.21. The hypercohomology spectral sequence maps naturally to the Hochschild-Serre spectral sequence for
the proétale cohomology

hYPE:’j E— Hi+j(Csyn(T)g7K)

| l

BSEN s H7 (RUproet(X,Q, (M) 2E) = H'™ (Z,Q,(r))

proét
starting from the Ey-page by (3.1.3.1), with

Uy = H (G, H o (X,Qp(1)).

T

3.2.22. Morphisms of spectral sequences. Combining the constructions (3.2.20), (3.2.19) and (3.2.21) alto-
gether, one obtains a sequence of natural morphisms of spectral sequences

SynEti’j > I{Sl;;lj(z, r)

l !

"mEy == H'"(Coyn(r)ZL)

l |

MRE) —= H'™) (Cogn(r)%5)

| l

WSE —= H'Y) (2,Q,(1))

proét

starting at the Ey-page whenever the fundamental diagram (FD;,) is bicartesian for Z¢ and for any i,7 > 0;
this is satisfied for example if Z is partially proper and if the Cg-conjecture (3.2.9) holds for Z¢, by (3.2.18)
and (3.2.11).

3.3 Syntomic descent spectral sequence

We are going to interpret the terms SY“Eli’j of the first page of the syntomic spectral sequence, which are
expressed in terms of the arithmetic rigid space Z, as Galois invariants of cohomology groups of the geometric
rigid space, in such a way that when Z is proper over K, the terms SY“E;’j of the next page can be identified

with geometric Selmer groups of Bloch-Kato, which we shall recall now.

Let us first make a digression to certain Galois cohomology groups, following [36, chapitre I, §3].

3.3.1 - Definition (Fontaine-Perrin-Riou). Let V' be a solid Q,-representation of Y.
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(i) We define H!(9k,V) as the i-th cohomology group of the homotopy limit

HY (gK,V ®"

i

H (Y, V &l Biogli]) 3 HO (Y, V &8 Biogli] ©V @g, Bax)

lN l(N,O)

H(Gx,V 8 Buglt) —L—s HO(Gx.V 0 Biogl L)

QB

and call it modified geometric continous Galois cohomology of V.
(i) An extension 0 > V — W — W’ — 0 of solid Q,-representations of ¥k is called an st-exact extension

if the sequence
0— H"(%.V " B [1])—>H°(g W e B [1])—>H°(g W' o® B [1])—>o
JK> Q, logt JK> Q, logt JK> Q, logt

is exact in Mod¥.
(iii) An extension 0 —» V — W — W’ — 0 of solid Q-representations of ¥ is called an g-exact extension

if the sequence
0_)H (gK’V® st)_>1{(gK’I/V® st)ﬁH(gK,W/ Qp st)_>0

is exact in Mod¥.
(iv) Anextension 0 — V' — W — W’ — 0 of solid Q-representations of ¥ is called an BJ, -exact extension

if the sequence
0—>H(gK,V®QpBR)—>H(gK,W®QPBR)—>H(%K, ;bB;R)—>O

is exact in Mod¥%.

3.3.2 - Remark. If V is a continuous finite-dimensional Q,-representation of ¥, then H° (Yk.V ®q, Blog[%])
is always finite-dimensional with F-dimension at most equal to dime V by Fontaine’s period ring formalism.

3.3.3 - Remark. Let § be any profinite set and W’ = Q,[S]® with trivial ¥k -action. Then an extension
0>V —>W —Q,— 0is an st-exact extension (resp. a B],-exact extension) if and only if there is a Galois
equivariant Q-linear section of X — Q,[S]", where X is defined as the pushout

V—— Vv.—Ww

N

V@&p Biog[}] — V®Qp e —— X

in Mody . Indeed, the "exact" extension property amounts to a F-linear (resp. K-linear) section of
Ho(g_K, w ®§'2p Blog[%]) — F[S]"™ (resp. of HO(gK,W ®(.2;z BR) — K[S]") by (the proof of) [36, I, Proposition
3.3.7]. Using the fact that Ho(ﬁ,Qﬁ[S]' f Blog[t]) = F[S]" (resp. HO(%,Q/,[S]' ®Eb Bi:) = K[S]")
which is a compact projective object in Mod}: (resp. in Mod%), this is equivalent to the desired existence of

section.

3.3.4 - Remark. Let V be a flat solid Q,-representation of ¢x. We compare the group H}(¥x,V) with the
closely related Hgi (9k.,V) defined by Fontaine-Perrin-Riou in [36, I, 3.3.3].

First, recall the definition of loc. cit.: consider the sequence in MOdi.zp[‘ﬁK]

1
(S¢) 0 — Q; — By — By ® By ® Bar/Bj — Blog[;] -0

with a = a, b — ((¢ —=1)b,Nb,1,(b)), (b1,b9,¢) — (Nby — (pp —1)bg), which is exact; tensoring this with V,
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we still get an exact sequence in MOdTQ,,[%K]
(Sg(V)) 0>V >V ®5ﬁ By -V ®5ﬁ (Bt ® By ® Bar/Bjz) = V ®5ﬁ By — 0.

The termwise Galois invariant H° (9K, —) of this resolution complex calculates the cohomology Hé’f (k. V).

Mimicking this procedure, we have exact sequences in MOdTQ;.[%K]
(s 0-Q— Blog[l] ® By — Blog[l] 69Blog[l] ® Bar — B]og[%] -0
with a 1= (0,0), (b.0) = (o = 1)b. Nb,p(8) = 0), (bi,ba.c) = (Nbi = (po ~ 1by), and
(Se(V)) 0V > Vegq, (Blog[I] ® B) - V eg, (Blog[l] @Blog[l] ® Bir) — V @p, Blog[%] 0.

By our definition, the termwise Galois invariant £° (9k,—) of this resolution complex calculates the cohomo-

logy Hj\(%k,V).
3.3.5 - Proposition. Let V be a flat solid Q,-representation of G . Let v € {g,st}.

(i) The natural map H? (Y, V) — H’ (9k,V) is an isomorphism.

(ii) The natural map HJ(%, V)— Hl(%, V) is injective, and identifies H} (G, V) (S) with the sub-Q,-vector
space of H' (9, V)(S) classifying the g-exact extensions if v = g (vesp. st-exact and B, -exact extensions if
v=st) W of Qy[S|" by V.

In particular, Hslt(%, V) — H;(%, V) — Hl(ﬁ, V).

We ignore whether the map H} (Y, V) — H; (9k,V) is in practice an isomorphism or not.

Proof. For v = g, it is essentially contained in [36, I, Proposition 3.3.7]. It remains to establish the identification
statement in the condensed setting. Notice that Hl(gK,V)(S) = Ext (Q/, ". V) and Hl(ﬁ,V ®ép

By)(S) = Ext (%x ](QIJ[S ,V ®('2p By). Then we may argue exactly as in the proof of loc. cit., simply by
replacing Q, by Qp , using the remark (3.3.3).

For v = st, the proof is the similar, noticing that [W] € ker(H'(¥%x,V) — HY (%, V®(.lp (Blog[ l®B3R))) if
and only if [W] € ker(HY(9x,V) — HY (%, V®Q,, Blog[t]) as well as [W] € ker(H (%x,V) — H (%, V®§1}
Bip), soif and only if 0 - V' — W — Q, — 0 is an st-exact and B}, -exact extension by (3.3.3). Similarly
for S-valued points. O

Now let us come back to our syntomic descent spectral sequence. We are going to interpret the Ey-page

of the syntomic descent spectral sequence (3.2.20) as Galois cohomology groups.
3.3.6. First, we interpret each term of syt , which are on the arithmetic level, as the Galois invariants of
geometric objects.

(i) For de Rham cohomology, we have H] R(Z/K) ®F By, = ij(ZC/B r) forany Z € ng(‘) by flatness of

B}, in Mod%. Using the nuclearity of R(Z/K) over K, we obtain by (1.2.5) that
H}(Z/K) &% H* (Y. By)) = H (Y. Hf (Z|K) &% BY)),

whence

H{(Z/K) ~ H (G, H) (Zc|B}y)) ~ H' Yk, H!(Zc | BY) g Bar)-
(ii) As for the cohomology of the filtration part, we have that
H/(F'RTR(Z/K)) =~ H*(x, H! (F' RTini(Z¢ | Big))) = H (Yx, H! (F' (RUint(Zc | Biy) ®g: Bar)))

for any Z € ng(”f)_ Indeed, the filtration F*RI4qr(Z/K) is finite (and separated), because Z is éh-
locally smooth of the same dimension d, so the naive truncation filtration on F* QZ/K <, becomes zero
at F™1. We can write Flllr{d RUini(Zc/BY) = F'(RTqr(Z/K) ®% By;) as an iterated extension of
gr’ RT4r(Z/K) ®% t'Bi by gr' RTr(Z/K) % '~ IB(;’R, » g 'RTR(Z/K) ®% tB}; and then by
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F'RT4R(Z/K) ®% By;; then applying the Galois cohomology computation (1.2.12, i), we get the first
isomorphism. For the second isomorphism, since the filtration F*RI'4r(Z/K) is bounded from below,
say stablising from ¢ > N +1 on for some N > r; so F"(RTqr(Z/K) ®% Bgr) is an iterated extension of
FNRFdR(Z/K) ®I.( BdR/tT_NB;R by FN_lRFdR(Z/K) ®I.( C(r—=N+1), .., FTHerR(Z/K) ®I.( c(-1
then by F"(RI4r(Z/K) ®§ B};); then applying the Galois cohomology computation (1.2.12, i), we get
the second isomorphism.

(iii) For the Hyodo-Kato part, we have
. . 4 1
i (Z) = H G, Hiy (Z0) &% Ba) = H' (G e (Z) 8 Bogl 2]

for Z € Rigg) which are qcqgs (2.1.22) (2.2.6) or partially proper (2.2.7).

(1)

x  that is qcgs or partially proper, the Ey-term Sy“E;’j is the i-th cohomology group

As a result, for any Z € Rig
of the homotopy limit

HO (G, H/ (Bl (RUig(Zc | BLy) &% Bar))
- dR

i

; (p=p"0) ' /
(3.3.6) H (G, H (Z¢) ®% By) — H (G, Hy (Zc) ®% By ® H! (Z¢/B3) ®'§R Bgr)

lN l( N0)

H'(9x. Hjy (Zc) ®f By) pet > HO (Y. Hiy (Zc) &% Bu)

or, equivalently by (iii), that of the homotopy limit

H'(%x ,HI (Fil' (RUing(Zc /| Bly) ®. Bar)))
- dR
o« . ( _PT’L) . .
(3:362) | H(G. Hiy (Zc) ©f Bugl})) “——> H"(Gx. Hiy(Zc) ®% Bugli] © H)((Zc/By) ®5. Baw)

\LN \L( N, 0)

HO Gk, By (Zc) &% Biog[1]) B H(Ix.Hp(Zc) &% Bug[1])

thus finishing our interpretation.

Finally, we focus on the proper case.
3.3.7. Proper case. Let Z € Rigy, be proper. By the semistable comparison theorem (3.2.17, i), the diagram
(3.3.6.2) is identified with

H' (Y, H}(Zc.Qp) @0, V' Byy))

i

. (p=p" ¢ . .
H' Yk H(Z¢.Qp) ®q, Biog[1]) Sy H(9x. H(Z¢.Qp) ®q, Biog[}] ® H.(Z¢.Q,) ®g, Bar)

lN l(N’O)

H"(%x, HI(Zc,Qp) ®q, Biogl ) —2L 5 HO(Gx, H](Zc.Qy) ®q, Biogl 1)

Hence, we can identify
(3371 gy = HY Yk HL(Zc.Qp(1))).

A sanity check through the constructions implies that the morphism of spectral sequences on the Ey-page
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Sy“E;’j —HS E;] is identified with the natural map H} (Y, Hé(ZC,Qp(r))) - H"(ﬁ, Hé{(ZC,Qp(T)))-

3.3.8 - Remark. As we can see by degeneration of Hodge-to-de Rham spectral sequence at the Ej-page for
proper Z € Rigy, the map Hi (F’RFdR(Z/K)) — H({R(Z) is injective onto F’deR(Z), with cokernel identified
with Hy (Z/K)/F" ~ H(Yx,(Hy (Z/K) ®k Bar) [ F") ~ H*(Yx, (H (X /B},) ®%. Bar)/F"). Then similar
to (3.3.6.1), the Ey-term SY“E;’] can be identified with the i-th cohomology group of the homotopy limit

. ( _pT’L) . .

H(Yx, Hijy (Zc) ®% By) S8 HO (Y Hy (Ze) ®% By ® H (Zc/BY) ®5: Bar/Big)
(3.3.8.]) lN l( NO)

H (G, Hy (Zc) ©"% By) o > HO (Y. Hy (Zc) ®% By)

The same argument as above using the semistable comparison theorem (3.2.17, i) shows that we can also
identify N ‘
Ty = Hy (Y, H (X, Qp(1)).

4 Chern classes of vector bundles and regulators

We are going to study the étale Chern classes and to show that the étale regulator maps factors through their
syntomic counterparts.

Firstly, Chern class maps are classically constructed from certain first Chern class map and the projective
bundle formula. We shall follow this approach, define various first Chern class maps and show the correspond-
ing projective bundle formulae. Then we shall prove that the syntomic and étale Chern classes are compatible

with the period maps that we have defined in the previous section.

For simplicity, we will only be considering the most naive zeroth K-group of a rigid space, namely the
one defined as the Grothendieck group of the set of isomorphism classes of the étale (or equivalently, analytic)
vector bundles on it modulo relations generated by short exact sequences. A higher analogue of it, which
makes use of the recent condensed approach to analytic and continuous K-theories, will be the subject of a

subsequent article.

4.1 First Chern class maps

In this subsection, we shall recall some elementary constructions of log-crystalline, de Rham and étale first
Chern class maps, the first two of which will be used to define the syntomic first Chern class maps in two

different but equivalent ways for rigid spaces over K or C.

4.11. Crystalline construction. Let us first recall Tsuji’s construction of the log-crystalline first Chern class
(following Kato) [68, (2.2.3)]. Let 2 be an integral [45, 2.1] and gquasi-coherent [45, 2.1] log-scheme over a
quasi-coherent log pd-scheme $* = (S,L£,1,y) with p € Oy nilpotent.

Assume first that there is a log pd—Sﬁ—smooth thickening 2 < P with log pd-envelope 2 — D (if 2 is
moreoever log affine’’, then there is a universal coordinate pd-S*-thickening®’ P [6, 1.4, Remark (iii)], which
however is not necessarily of finite type). Our goal is to construct a map

Mgf — Op ®0, w;,/sn [1]

29Recall [6, 11] that being log affine means that the underlying scheme is affine and that its log-structure Mg is generated by its global

sections I'(Z,Mz¢).
30Recall [6, 1.4, Remark (i)] that a coordinate pd-S”-thickening is the pdeu—envelope of a closed embedding into AfS,L) X(8.L) Ag,)ﬁ)’
the product of the affine space A{ S.L) and the logarithmic affine space AY) over (8,L), indexed respectively by two (not necessarily

(8.£)
finite) sets 7 and J.
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in P(Z4,Z). This map will be constructed only in the derived category, as the composition

(log dlog)

(41L)  MP < 1+ Jp > M) (Op = Op 80, wy, 4 = ) = Op 80, W}, (1]

in P(Z4,Z), where 1+ Jp and M8P sit respectively at cohomological degrees —1 and 0.

In general, we follow the procedure of [6, 1.6, Remark] using an embedding system E = {Z, — P,}; such
liftings form a cofiltered system [44, (2.21)]. Let 24 — D, be the log pd-envelopes of Z, — P,, defined by the
pd-ideals Jp, = ker(Op, — O=,). We have an adjoint pair of topoi

0" 25 — 21,

oet *

and their derived functors 6* 4 R6.. We have a map by (4.1.1.1)
(4.11.2) 0" MY = M5 — Op, ®0,, w5, e 11

in 9(%%,Z), which induces by adjunction the log-crystalline first Chern class map

lo,

(4.1.1.3) e i MY — RO.(Op, ®0,, ;,./Sn)[u ~ Ru;/su*og/sﬁ [1]

155’/Sﬁ
where the last canonical isomorphism is given by [44, Proposition 2.20].

4.1.2 - Lemma (Compatibility of log-crystalline first Chern class maps). For any commutative diagram

z Ly

Lol

st Ly g

with 2’ an integral and quasi-coherent log-scheme over another quasi-coherent log pd-scheme S '* with p € Oyg
nilpotent such that the underlying morphism of schemes is locally of finite type, the following diagram

M < M,

cris tcris
lcl,zz’/sﬁ l L2754
I

Ru;‘:g/su*off/su[] é g EZ/)'/S' Ogﬂ//s/ﬁ[l]

in D( %, Z) commules.

Proof. 1t is easily checked by choosing compatible embedding systems, which is possible by existence of uni-
versal coordinate thickenings. O

4.1.3. Characteristic p setting. By this we mean that § #is a fine log pd-scheme endowed with a Frobenius
action F lifting that of $¥/p and 2 is a fine log-scheme in characteristic p over S*,

414 - Lemma. Let 2 — S¥ be a characteristic p setting. Consider the natural Frobenius action ¢ on Ru, O 1.
Then clcr; g2 Jactors through . )
MEZ — (Ru*ofg/sn)‘p_ﬁ.

Proof. The embedding systems considered in (4.1.1) can be taken to be equipped with compatible Frobenius
liftings E = {Z, — P.}, whose log pd-envelopes %, — D, are equipped with induced compatible Frobenius
liftings Fp,. The Frobnius action on Ru*Of/Su R6,.(Op, ®0,, w P Sﬁ) is induced by Fp, and Fp,. The map
(4.1.1.2) whence (4.1.1.3) is Frobenius equivariant. Then we are done since ¢ = p on Mz, * for 2 in characteristic

b O

4.1.5 - Example. Let L be a finite extension of Q, with residue field k7. Let 3 be a semistable formal scheme
over O with log-structure M3 — Og induced by its special fibre. Let X = 3 ®ox O
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Consider the following p-adic formal log pd-schemes:

» SpfZ, with trivial log-structure,

. Spf Otriv,

PD0 with log-structure induced by the ¢,’s for a € (my, /mi)\{O}, together with log pd-thickening

PDO

» Spfr,
po: Spec Og{ — Spfr,

» Spf rED with log-structure induced by the ¢,’s for a € (mL/m%)\{O}, where [ is a Op, -class in

(mz/pmp)\{0} determining a log pd-thickening p;: Spec OZ,I — SpfrllfD lifting po,

SpfO%L = W, (kr)°,

 SpfO7,

. SpfAmS,

. SpfALst, where [ is a Op-class in (m¢/pmce)\{0}.

They have respectively SpecF,, Spec kzriv, Spec kr.{t,} and Spec ]cg as reduction modulo p which all receive
maps from 3, and are related by morphisms of p-adic formal log pd-rings

Z, — (’);E‘V - r{DO £ OIOVL'
Applying the construction (4.11) to these settings, one obtains respective first Chern class maps

. Cr,;s for 3, over §¥ = Z, or C’)m"

PD _ ,PDO PD
A for % = T andcldlforSﬂ—rL,

. , for § b= (90
. CrdR for 3, over Sﬁ o7,
. “”s for X, over §¥ =

. 13€lforS Alst

crls’

4.1.6 - Lemma. The first Chern class maps cl 30 and cl 30 K factor respectively through
1

1

IPEO M§§ (RU*OS{)/TED.[))‘F:I”NZO [1] ,
II:ISKO Mgg (RM*OS?/”}JIK,U)‘P:P,N:O [1] )

Proof. The compatibility (4.1.2) affirms that the diagram

cns

MgP —h Ru.03,/z,1]

” ccns ~N

13
Mgp —1) Ru*(/)gl/o;{zv [1]

cris
l c <4

139

Mgp H Ru*Of%O/Omv[ ]

PD
” ¢ 4

139

M§E — Ru, O 0,70 [1]
d

Msgg —) Ru*ogo/oo [1]

commutes. The fourth right vertical map is N-equivariant. Moreover, by [46, Lemma 4.2], the third right
PD

130 factor respectively

vertical map factors through Ru.Og josy = - (Ru*o&/r;D‘O)N:O. Hence ¢, and M

1 f%()
through

G- M3 — (Ru.Og o)V 1]
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H;E) MgP = (Ru.Og /,?K,O)NZ0 [1].

Then (4.1.4) helps to conclude. O

4.17. De Rham construction. Next, let us recall the construction of the rigid-analytic de Rham first Chern
class map

(4.17.0) Rt 05 - FI'QY (1]

of éh-sheaves over Z for an rigid-analytic variety Z over K, and that of the infinitesimal BY; first Chern class
map

(4-172) mf OX —>Ru)(/g+ Oinf,X/BgR[l]

of éh-sheaves over X for an rigid-analytic variety X over C. Here, uy, B+ denotes the canonical morphism of
sites from (X /By Jint to Xep.

Assume first that everything is smooth. In the geometric case, one can proceeds as in the crystalline case
using embedding systems, so as to reduce to the case where there exists X < P with latter smooth over B,.
In this case, letting D be the envelope of X in P [4], Definition 2.2.1, and §4.1], our map is then constructed as

~ (log dlog) o
(4 1.7. 3) — (1+ Jme - Omf,D) (Oinf,D - Oinf,D BOhnip QIP/B;R — )= Oinf,D BOhnip QP/BJR (1].

in Z(Xe,Z), where the last complex is identified with Ry (X/B};) [4]1, Theorem 4.L1]. The logarithm is
well-defined. Indeed, by definition, if we let / be defining ideal of X in P, which is a coherent ideal, then
D = h_n)lneN hp, where P, is the n-th infinitesimal neighbourhood of X in P, defined by the ideal /™*; and
Op = lim Op,, Juip = ker(Op — Ox) = hm ker(P, — Oyx). The logarithm is well- deflned on
1+ 1™ <—_>(’)11: by I-nilpotency and since we are over é[, then it suffices to pass to the limit.

For the arithmetic case, one could do the same using the infinitesimal site (Z/K )iy which calculates de
Rham cohomology [41, Theorem 1.2.1 (iii)], but it would be far more elementary if we define cldR directly as the

map of genuine complexes
p ol g p dlog

1
(.QZ/K—>QZ/L ) =FI'QY [1].
In general for singular X, éh-descent suffices to conclude.

inf

Using infinitesimal interpretation, we see that cld and ¢™ are compatible.

4.1.8 - Lemma. The map cldR Sactors through

mf X 1 oM
: Oy —>F11Hdg X/B%

Proof. In the case where there exists X < P with latter smooth over BY; and D is the envelope of X in P, it

Q!
inf,P P/B"’
-) = Fill(oinf,p ®0uir Lp /8% )[1]. In general, it follows from simplicial construction then éh-descent. O

is easily from the expression that the second map in (4.1.7.3) factors through ( fintp — Oumtp ®0, -

4.1.9. Syntomic construction. For 3 € M¥%, we want to define its syntomic first Chern class map
(4.1.9.1) cfg‘: M§P — RU4yn(35.D[1]

in Z7((3n)et. Z).
By (2.3.3), we may use the natural identification Rl (3,,1) = [RFcris(S)gp — RFdR(S,]/K)/Fill].
Consider the following diagram

F(B Mgp) —> RFCI‘IS(B) [ ] — chrls(S/OX)QP [1]

(41.9.2) l W l

I'(3,.03,) —> Fil' RT4r (3, /K) [1] —— RT4r(3,/K)[1]
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where the left vertical isomorphism results from M5 ~ j, Og (where j: (3;)ee = Jet is the natural morphism
of sites), and the right vertical isomorphism will be recalled below. Now, for commutatwlty, the maps ccr‘s and

crdR crdR

are naturally compatible by (4.1.2), and we will now show that ¢ and c R are compatible by s1m11ar1ty

between constructions of crystalline and infinitesimal cohomologles. Let a: (3,7 /L)int = (3/OF)eris be the
morphism of sites defined via the generic fibre functor sending (U < ) over Of to U;; < T, over L. Then
@ induces a morphism RTq(3/05) — Ra.RTiy¢(3,/L). Since 3 is semistable, 3 is log-smooth over OF
and 3, is smooth over L, hence in our definition of first Chern class maps, one can choose 3 — B and
3y <= P to be identities. This gives the following commutative diagram

® o= gpy _(logdlog ) — °
M = (1o M) ERE (05 = )y o) —— oy o]

Ly ! [

- (log.dlog)
a*Ogn &~ (1- a*O’;f\% ) = (@03, — @ 93 L ) 3 Ra.Q 3 /L[l]

crdR

which calculates the diagram at the beglnnmg of the proof involving ¢ and c{jR; for the right vertical

isomorphism, we notice that RI'(3, wd/OX)QP — RT'(3,,€2% 3 /K) for afﬁne 3 semistable over Op).

By commutativity of (4.1.9.2), the morphism crystalline Chern class map cfris factors through the fibre
[RT s (3)67’ — RFdR(?),]/K)/Fill] = Rl'4n(35,1), thus defining (4.1.9.1).
Finally, for Z € Rigy, by éh-descent, one defines its syntomic first Chern class map

(4.1.9.3) ¢ O3 = Rl (Z,1)[1]
in P(Zg,Z). Taking first cohomology, we obtain (by abuse of notation) a morphism

(4.1.9.4) " Pic(Z) =~ HY(Z,0%5) — H2\(Z.)).

syn

In other words, we may associate with any line bundle £ on Z a class clsyn(ﬁ) € H2 (Z,1).

syn
4.110 - Remark. We could also have defined syntomic first Chern class using ¢/’ and ¢I® if we have proven

the compatibility between them, whose construction is shown as follows.

4.111 - Proposition. For 3 € M with splitting field L, there is a natural commutative diagram

RO(3.MS) —— RF(SI,MgP) —> RTais (37/0%, )g, [1]

larilh
HK
dR

RT(3,,05 ) —— Fil RTa(3,/K)[1] —— RTar(3,/K)[1].

Moreover, the syntomic first Chern class map defined by this is equivalent to that of (4.1.9.1).

Proof. Once the natural commutativity is established, the last statement on natural equivalence will follow
thanks to (the proof of) the equivalence (2.3.3), the compatibility between cl K and cC“s (4.1.2), and that between
C“S and cdR (4.1.9.2). So we are only left to treat the natural commutativity of the dlagram.

We may assume 3 to be qcqs by Zariski descent; then RT'qr(3,/K) is represented by a bounded complex
of K-Banach spaces, so that (1.2.12, ii) applies. Let X = 3 ®p, O¢ € ./\/lscs’b. By definition of Hyodo-Kato
morphisms (2.1.4) and compatibility between c{iR and cli"f (4.1.7), it suffices to prove that the following diagram

RF(S Mgp) — Rr(SlsMgp Q, —> chns(go/o )Qp[ ]

(geom
YHK
inf

RT(%,,0% ) ‘ > RTune(X, /Bl (1]
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commutes naturally and ¢ -equivariantly.

Let us consider the ¥, -equivariant diagram (2.1.3.3) which defines the geometric Hyodo-Kato isomorph-

ism &3 (see the proof of theorem (2.1.3) for further explanation of notation), and record it here below for

HK
clarity of the proof:

(4.11L1)
RTuin(2°/0 )o, & RTsu(20 /5100 3

Jry ™ :
=~ | (Frob™)* Lo \

RTeis(2°/0%, )q, RTeis( 2/ A0, & RUwy (2142,

cris

) ®' B

Recall that here, ¢y is the Hyodo-Kato section, which is (¢, N)-equivariant [23, Theorem 2.12, Proposition
2.14].

By naturality (4.1.2), ¢;~ is compatible with ¢’

Acris

and c is compatible with ¢;“*, which is in turn

ll ’
compatible with c“‘f by s1m11ar1ty between crystalline and 1nﬁn1tes1mal cohomologies via the morphism of sites
(X, /BdRm)mf — (%/Ams)Crls which is defined by the functor sending a pair (U — T = SpfP) over A%, to

o, — TLB+ = Ty XspaBt, SpaBdRm = Spa(B®,4_, BT, )) over Bl - On the other hand, similarly by

naturality, we have (Frob") (clHK)QP p(clHK)Qﬁ

cris dR m

It remains to show that there is a natural equivalence ¢po (¢, K)Qﬁ (cPD)Qﬁ commuting with the N-action.
It suffices to show that their difference ¢ := ¢y o (¢ K)Qﬁ (ClD)Qp is homotopic to zero. By compatibility of
¢fP and ¢™ via the natural map fo: DO - 0) .» and by the (¢, N)-equivariance of the isomorphism
Rl"ms(S1 / (’) )Q}0 ®FL rfDo [—] — RFCHS(Sl / rPD )Qﬁ, the difference ¢ factors ¢-equivariantly through

&' Rr(31 ’Mgp) - RFCI‘IS(S /O )Q[, ®F1 11[1]

where I} = ker(rIIjD’0 — OF,) [‘%], which is a F7-Banach space.
Now, we are reduced to showing that the map (by abuse of notation) on cohomology groups

(4.111.2) & H (31,Mgp — H1(37/0%,)o, ®F I

Cris

is equal to zero.

For this, we need more notation. For n € N, denote

00 g
(4.1.11.3) I, = {; ai% i a; € FL’iliTw a; = 0} c rEDO[;],
This 1s a F linear closed (whence Banach) subspace (even an ideal) with finite-dimensional complement
@l -0 FL -, and does not depend on the choice of a € (mL/mL)\{O} The n-th power of frobenius "
on rED’O when restricted to /j factors through 7, i.e. 9" (1)) C I,.

Now we treat the vanishing of (4.111.2). Knowing that ¢(cf®) = pcf® and ¢(¢!?) = pcfP, we have
¢(6’) = pdé’. By ¢p-equivariance of §’ and invertibility of ¢ = p on Rret(?)l , 30)Qﬁ, we have ¢’ = pln o’
which factors as

Cris Cris

o's (30 M) — I /0), o, @8, 1, > HEN3! /O, o, %, &
Hence the map ¢’ factors through

Cris

1, 1 "— 1
P Ht(sl,MgP)—»hm HEL(3Y /0% Yo, ®F i I’ED’O[Z] ,

where the transition maps are induced by inclusions of ideals 7, = L"{7 rEDO C rPD’O Since 3 is affine (hence

qeqs), the HH(30/00, ,)Q, is a direct summand of the cokernel of a morphlsm between Fj-Banach spaces

Cris

(2.1.8), so that Lemma (1 1.8.1) allows us to conclude. O

4.1.12 - Remark. We could also have resorted to the derived limit approach, knowing that RFHK(31 / O )Q}0
is a bounded complex of Fy-Banach spaces, for which tensor product commutes with countable products on
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T r
L L
which does not vanish by an easy computation, e.g. F(T') — [In F is not surjective. Nevertheless, the last

i . p"-1 PDOr1y _ ply: p"=1 PDOT1y7_
each factor. Apparently however, this will not work, because R 1(1_r_nn t, [[J] ~ R l(1_n_1n t, [/]][ 1]

map is injective, which was our principal motivation of using the vanishing results in (1.1.8.2).

4.1.13. Hyodo-Kato construction. Globalising the composed map

H

¢ K
(3, M5") — RF(3?,M§?)QP 5 RTai(30/0%)g,

for 3 € M?%, knowing that M§P ~ juO3 (where j: (3y)ec = Je is the natural morphism of sites), we obtain
D
the Hyodo-Kato first Chern class map

. 1(Z,0%) — RTux(Z)[1].
As in the semistable case, it factors through I'(Z,0%) — Ry (Z)#=-N=011].
4.114 - Corollary. For Z € Rigy, there is a natural commutative diagram

HK

[(Z,05) —— RUux(2)[1]

tarith
dR HK
a

RT4r(Z/K)[1].
Moreover, the syntomic first Chern class map defined by this is equivalent to that of (4.1.9.3).

Proof- This follows from the above proposition by €h-descent. O

4.115. Etale construction. For Z either schemes or analytic adic spaces (so that O7 is an étale sheaf [43,
2.2.6]) over K (which is a nonarchimedean field of characteristic 0), there is a short exact sequence of étale
sheaves named Kummer sequence on Zg

0— upm - 0; >0, -0

for any n € N, from which we obtain a mod p" étale first Chern class map O — (1] in D(Ze, Z/p") —
@(Zét,Zp), whence an étale first Chern class map

¢t OF - Zy(D[1].

The algebraic and analytic étale first Chern class maps are compatible through the analytification functor.

4.2 Projective bundle formula and Al-homotopy invariance

We are going to prove the projective bundle formula and A!-homotopy invariance for Hyodo-Kato, de Rham
and étale cohomology theories. By contrast, for syntomic cohomology and pro-étale cohomology, the projective

bundle formula holds but the Al-homotopy invariance fails.

First, we need to recall the natural product structures on them.

4.2.1. The (relative) cup product is defined in general for morphisms of ringed spaces [66, |- In
many cases, it can be quite explicit and such formula could be useful for proving compatibilities.

The relative cup product is compatible with respect to commutative squares, namely, for any commutative
diagram of ringed spaces

X s x

I

vy —fsy
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and F,G € Modpy,, the following diagram commutes naturally

g REFIREG) —£ "0 »RE(F 0 G)

l !

(Rf;g’*F) ®L (Rf;lg,*G) —_U—> Rf;/(g/*F ®L g/*G)

This follows formally from /loc. cit.. Indeed, the vertical maps are induced by g*Rf. — Rf/g’*, adjoint to
[ Rf. ~ g f*Rf. — g’* the g’ o counit. The adjoint diagram (associated to f'* 4 Rf,’) of the above is
then

¢ REF &L REG) LN o R E(F o G)

lunitog’* ocounit lg’*ocounit

1% ! Ik 1% ’ 14 Counitog/* 14 1%
(R g"F)® f*(Rf! g"G) —— g"F ol g"G.
The lower left two morphisms composed to a diagonal morphism g’* o counit, hence its natural commutativity
is reduced to the commutativity of the upper triangle, and a fortiori that of the triangle

F(REFLREG)-ZS FRA(F el 6)

counit

FerG.
But the diagonal morphism here is by definition adjoint to the cup product — U —, whence the commutativity.

4.2.2. Product structure on log-crystalline cohomology. Let 2 be an integral and quasi-coherent log-
scheme over a quasi-coherent log pd-scheme $¥, as in the setting of (4.11. The product structure on log-
crystalline cohomology RT ¢is( 2/ Sﬁ) is described as induced from the product structure of Op ®0, w; /s
when 2 < P is a log pd-S*-smooth thickening with log pd-envelope 2 < D, then by étale hyperdescent
in general cases. It satisfies higher associativity relations. The product structure thus defined is natural with
respect to morphism of log-crystalline sites, and is compatible with Frobenius action in the characteristic p

setting (4.1.3).

4.2.3 - Example. Let us continue the example (4.1.5): let 3 € ./\/lj? with splitting field L; let [ be a OF, -class
in (mz/pmz)\{0}. The natural morphisms

chris (3) - chris (Bl/r}jD)l - chris(B?/rfD’O) - chris (310/022)
are compatible with ¢-equivariant product structures.

4.2.4 - Lemma. Consider a OF, -class | € (mp/pm)\{0} associated with i;: rfD -» OF, lifting rII‘)D - O%;l
along (92(1 - O%Ll. Then the Hyodo-Kato section v ;: RFcris(S?/O%L)Qﬁ - chris(Sl/rgD)lQP is compatible
with product structures.

Proof. The same strategy of the last part of the proof of (4.1.11) applies: one looks at the difference of two
maps 0, which factors through R ¢s (310 / OIOVL)QI) ®;I Li[1]. By ¢-equivariance of §’ and invertibility of ¢ on
chris(S?/ogL)Qpa we have ¢’ = ¢"6’¢ ™" factoring as

6" RI ¢ (SP/O%L)Q/, ®115‘L. R (3?/022)(2/, — RID (3?/O%L)Qp ®}.7L 1, [1] — Rl (3?/O%L)Q,, ®1.7L I [1] .
Then we apply (1.1.8.1) to conclude. o

4.2.5 - Example. Let us continue the example (4.2.3), focusing now on the monodromy operators. We claim
that for M € {RT s (SI/TED)I,Q,,aRFcris(S?/TED’O)QPaRFcris(S?/Og‘L)Qﬂ}a the product structure is compatible
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with the monodromy operator in the sense that the following diagram commutes

Me*M — M

\LN@idMHdM@NlN

MM — M

and satisfies higher associativity relations. Indeed, in these cases, the monodromy operators are induced (in a
canonical waygl) from the Lie algebra action of GE,l—action on such M (cf. [23, Paragraphs around (2.15)]), and
the concerned product structures are all GE,l-equivariant. The equivariance of the Lie algebra action is then
illustrated exactly by the diagram above.

426 - Lemma. Let (4,¢), (B,y) and (C,x) be three objects with endormorphism in a ®-stable co-category
(hence have fibre sequences and additive structure on Hom’s), together with a pairing u: A ® B — C such that
YA ® XB+ x4®Yp is compatible with Y, where y 4 € End(A4) and xy p € End(B). Then u induces a unique
pairing ib(y 4) ® ib(yp) — fib(y).

Proof. This is formal, and can be read off from the following commutative diagram

fib(y4) ® fib(yp) ---+ fib(Yc)

| |

AeB —L s ¢

\L‘pA@XB*‘XA@l//B lﬁ//c

49 B ——— C
whose left column composes naturally to zero. O

4.2.7 - Example. The natural morphisms

RTais(3)g, = Rleis(31/17)G, — RTais(37/1,"")g, " = RTas(37/08,), "

are compatible with ¢-equivariant product structures, where the last three objects are endowed with the ca-
nonical product structure by (4.2.6).

4.2.8 - Example. We want to study product structures on Frobenius fixed points (=)’ for r € Z. Intuitively
speaking, the product of a ¢ = p” eigenvector and a ¢ = p° eigenvector should be a ¢ = p
we should expect a product structure on Frobenius fixed points of the form

™+ eigenvector, so

AP @ BYP s v
We claim that it is indeed the case. For this, in order to apply (4.2.6), consider ¥4 = ¢4 — p", x5 = p°,
xa=p'osand Yyp = p—p°. Then Y4 @ xp+ x4 ®¥p = ¢4 ® ¢p — p™** is compatible with ¢ — p™’.
It is direct but probably tedious to check that the product structure thus defined satisfies higher associativity
relations.

As a result, the natural morphisms

=p" =p", N=0 =p", N=0 =p", N=0
chris (3)&1) - chris (Sl/rIITD)iQi - chris (3?/TED,0)6ﬁﬁ - chris (3?/02&)&!’

for r € Z are compatible with product structures.

4.2.9. Product structure on de Rham cohomology. For Z € Rigy, we have a product structure

Fil' RTgr(Z/K) ® Fil' RTgr(Z/K) — Fil'** RTqr (Z/K)

31We took the rational coefficients in order to make the monodromy action canonical, hence N = %t[)t [23, The paragraph after (2.15)].
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for r,s € Z induced from the one on the level of complexes of sheaves. For X € Rig, similarly (combining the
the log-crystalline setup (4.2.2) and the de Rham setup above), we obtain a product structure

Fil’ RTui(X / Bly) ®% Fil' RTine(X /Bl ) — Fil'™"* Ry (X /Bly)

for r,s € Z. They all satisfy higher associativity relations.

For 3 € M% with splitting field L and X € M, the natural "base change” morphisms RIcis(3/ 05) —

chris (SU/K) and RFcris(f/Azris) - erinf(xn /B(;-R

ity between crystalline and infinitesimal constructions.

) are compatible with product structures, again by similar-

To induce the product structure on syntomic cohomologies from the above, one needs the following

lemma.

4.2.10 - Lemma. The Hyodo-Kato section 1o: RT i (SE/O%L)Q/: — RT s (Sg/rgD’O)Qp is compatible with product
structures.

Proof. Adapt the proof of (4.2.4) (or apply loc. cit. by writing ¢ as the composition of ¢y ; with the natural base
change map RTeiis(31/75°)10, = Rleris (30 /1;°°)Qp)- o

4.2.11. Product structure on syntomic cohomology. Let Z € Rigy, and r,7" € N, there is a natural product
structure [68, §2.2]

(4.2.111) Ry (Z,7) ®é: RTyu(Z,r") > RTgn(Z,r +1')

given by the formula (x,y)®(x’,y") — (xx’, (=1)?xy"+y¢p, (x’)), but we explain it now using previous construc-
tions. For this, taking the Bloch-Kato point of view, we need to show that Lia_fliéh: chris(g?/O%L)gp’,N:O —
RT4r(Z/K)/Fil" is compatible with product structures hence induces a canonical product structure on its
fibre RFg,EE(Z, r). Again, we may work locally and assume that Z = 3, with 3 € M} with splitting field L.
Going through the construction of (2.1.4), using (4.2.3), (4.2.7), (4.2.8) and (4.2.9), we only need to prove that the
Hyodo-Kato section ¢g: Rl ¢is (3?/(92-L)Qp — RFCtiS(S?/TED’O)QP is compatible with product structures; but
this has just been done in (4.2.10).

Moreoever, the maps of the diagrams in the proof of (2.3.3) are compatible with product structures
again by (4.2.3), (4.2.7), (4.%.8), (4.2.9) and (4.2.10), whence it is the same product structure as defined by

RTN(3.7) = [Rleis(3)5, — Rleris(3)g, /FIl'].

4212 - Lemma. For Z € Rigy, the natural syntomic-proétale period map p*i* is compatible with the product

syn
structure on syntomic cohomology.

Proof- In light of the construction of the syntomic-proétale period map (3.1.3) by taking Galois invariants of
the diagram (3.1.3.1), it suffices to show that each morphism in this last diagram is compatible with product
structures, and that the maps RI'yyn(Z,7) — RIgn(Zc,7) is compatible with product structures. The second
compatibility is clear by construction. The first compatibility follows from the (¢,N)-equivariance of the
comparison map RI'yk (X) ®; Blog[%] — RTproet (X, Blog[%]) as can be deduced from (3.1.2.4). |

4.2.13. Products with first Chern classes. Let £ be an (analytic/étale) vector bundle of rank d +1, d > 0, on
Z. Let m: Pz(E) — Z be its associated projective bundle and O(1) be its canonical bundle. The syntomic first
Chern class (4.1.9.4) defines maps

syn . * " (O1) u-
cly (o)’ un*: Rrsyn(Z,T_i) ];Rrsyn(PZ(g),r_i) R Rrsyn(PZ(g)ar)[Qi]
for 0 < i < r. Indeed, (4.2.11.1) induces a map
R0 (Z,1) » RHom(RI gy (Z,7 = 1), Rlyn(Z, 7))

hence taking H?, one gets

H_,(Z.1) > Hom(RTyyn(Z,7 — 1), RTyn(Z,7)[2]).
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The image of a class ¢ is the cup product denoted by ¢ U —. By itertation on 7, one obtains
]_[ HZ,(Z.1) — Hom(RT gy (Z.7 = i), RTyn(Z,7)[2i])

for 0 < i < r. The image of the constant tuple clsyn((’)(l))[[l’i]] is denoted by clsyn(O(l))iU.

Similarly, for Z a scheme or analytic adic space over K, the étale first Chern class (4.1.15) defines maps
1 (OM) Un': RTa(Z 15" ™") — RTa(Pz(E), 150 [21]

whence maps

e (OM) Un™: RTe(Z,Zy(r — i) = RTe(P2(€).Z,(r))[2i].
These commute with the analytification functor since so do clét and — U — by (4.2.1).

4.2.14 - Lemma. Let 3 € MY with splitting field L, and choose a uniformizer @ € L. Then the product structures
on RT . (3? / (’)%L) and RTUqr(3,/K) are compatible across the arithmetic Hyodo-Kato morphism Li“{rgh, whose
homotopy depends on the class l; = [w] inmy/pmy.

Proof. The same strategy as in the proof of (4.1.11), whose most essential part is dealt with in (4.2.4). O

4.2.15 - Proposition (Projective bundle formula). For r > d, there is a natural isomorphism in 9 (Mod&p):

@(ﬁyn(om)luﬂ) EBRrsynm i)[~21] = REya(P(E).1).

Proof. By admissible descent, we may assume that £ = O§(d+l), then Pz (&) = Pé. By éh-descent, one may
assume that Z = 3, where 3 € MY is affine with splitting field Z, which we may furthermore assume to be
algebraizable to an affine scheme £ flat and 7-smooth over Oy whose p-adic formal completion is 3 (by [31,
Theorem 7], cf. [67, Corollary 3.3.2]). By compatiblity of first Chern class maps (4.1.11) and product structures
(4.2.14), we are reduced to showing that

d d

(Projek) @(c}*“(oa))" SESE @ RTux(Z)[-2i] > RTux (PY)

(Projar ) @(4“‘(0(1))’ ur): @Fm 'RTar(Z/K)[~2i] = Fil’ RTqx (P /K)
i=0 i=0

are isomorphisms. Since Z has a semistable model 3, (Projuk) reduces to (Projqr ;) with 7 = 0 by the Hyodo-
Kato isomorphism (2.1.9). So it suffices to prove (Projqr ;). Recall that the algebraic analogue of it holds for 27,
cf. [56, Proof of Proposition 5.2]; indeed, the statement, being analytically local, is refined to a sheaf theoretic

isomorphism
.alg dR i algs o>r— l alg ->r
(Projjs ) 6?(61 (O(1))' U ne") @Qg i [-2i] 5 R o3 ke
1
which can be easily checked on stalks [66, , |- By relative GAGA [25,

Example 3.2.6, Appendix (A.11)] [49, §p. 43-53] and compatibility between algebraic and rigid-analytic de
Rham first Chern class maps, one obtains

d
(Projly,) Dt omy vrt): EBQ;?;):" 2] > RS
Since Z = 3, = Q’;Yrig is an affinoid open subspace of (Z;)*", one obtains (Projqr ,) by taking RI'(Z,—) of this
isomorphism. O

4.2.16 - Proposition (Projective bundle formula for (pro)étale cohomology). For r > d, there is a natural
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isomorphism in Q(Mod;/)):

d

Pty ur: @Rmz Z,(r - )[~2i] = RTa(Pz(£).Zy(1)).
i=0 i=0
In particular, there are natural isomorphisms in Q(Mod ):

d d
P o) ur): @5 RTa(Z,Qy(r - ) [-2i] = RTa(P2(£),Qy(r))

i=0 i=0

@(;t(om)luﬂ) @Rrpmexz Qy(7 — ) [~2i] = RTproee(Pz(£),Qy(r).

i=0
Proof. The second isomorphism is the first with p inverted. The third one reduces to the case where Z is affine

by analytic descent, which agrees with the second by quasi-compactness of Z.

For the first isomorphism it suffices to prove that

(4.2.16.1) @(Clet(O(l))ZUﬂ') @ylf’ V[-2i] S Rl

As these are discrete sheaves, once proven, it can be upgraded to an isomorphism in Z(Zg,CondAb).

The question being éh-local, we may assume that Z = 3, where 3 is a p-adic formal scheme algebraizable
to an affine scheme % flat, of finite type and 57-smooth over Oy, for some finite extension L/K (cf. beginning
of the proof of (4.2.15)). There is a projective bundle formula for mod p" étale cohomology of schemes over K
(ct. [69, Theorem 6.1.7]), so there is a natural isomorphism

@(af*(om)’uﬂalg*) @ W [-21) S Rl

in 2((2))e. Z/p"). By Huber s comparison [43, Theorem 3.8.]] and its compatibility between products with
first Chern classes (4.2.13), this implies the desired (4.2.16.1). O

4.2.17 - Proposition (A!-homotopy invariance of integral étale cohomology). Let n: AIZ — Z be the relative
analytic affine line over Z. Then for any r € N, the pullback induces a natural isomorphism

"2 RTa(Z,Zy(1)) = RTa(A},Z,(1)).
In particular, the pullback induces a natural isomorphism

7 RTa(Z,Q,(r)) — R (AL, Q) (7).

Proof. The second isomorphism reduces to the first, since by definition RI'¢.(Z,Q,(r)) = Rl (Z, Zy(r))q,-

To prove the first, we may assume by éh-descent that Z = 3, where 3 is a p-adic formal scheme
algebraizable to an affine scheme 2 flat, of finite type and n-smooth over Oy, for some finite extension L/K
(cf. beginning of the proof of (4.2.15)). By Huber’s comparison theorem [43, Theorem 3.8.1], we have the natural
base change isomorphism of étale sheaves

¢y RSuSl S Ry,

where ¢ %, (298 — (Z5)et is the natural morphism of sites defined by the analytification functor. But we
have F — Rﬂalgﬂalg F by the Al -homotopy invariance of torsion sheaves F on (2} ) (since its base field L is
of characteristic 0)*2. Therefore, we obtain isomorphisms of étale sheaves

1 o~
HoT = @l oL = % RESUST = Rl

Since they are discrete objects on quasi-compact schemes, these isomorphisms upgrade to isomorphisms in

320r by a seemingly stronger result: locally acyclicity of smooth morphisms of schemes.
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9 (Ze,CondAb). Evaluating them on Z = 3, = %,rig, which is an affinoid open subspace of (Z;)*", one gets
the Al-homotopy invariance for the coefficients /1?{ , from which follows the desired isomorphism by taking
limits over n € N. O

4.2.18 - Remark. Unfortunately, the natural morphism
ﬂ*: Rrproét(Zst(T)) i 1{1—‘proét(A1 ’Q{)(T))

is not an isomorphism since Rl"pmét(A1 ,Qy(r)) # RT (AL Zy(1))q,. It fails even for Z = Spa(K,Ok);
indeed, Hgmét(A1 ,Q,(1)) = 0 while Hgmé‘(A1 ,Q,(1) — Ql(AlK) by using Colmez-Niziol’s computation [22]
and the Hochschild-Serre spectral sequence, and the K-vector QI(A}{) is large.

Nevertheless, we have a so-called fundamental motivic spectrum (RI'proet(—,Qy(7))), in the sense of [4,
Definition 2.3.2]. Recall that the co-category of “motivic spectra” is defined as

Sppt = Sppi (Shvzar (Smz,Spc,)) = Shvzar(Smz, Spe,) [(P) ']

for the Pl-action by the pointed projective line (P!,00) on Shvz, (Smz,Spc)*. A motivic spectra be-
ing "fundamental” means roughly that it satifies Bass fundamental exact sequence. Of course, for any
7" € Modshy,,, (Smz.Spc) (Prl®), i.e. any oco-category presentably tensored over Shvz,,(Smgz,Spc) (i.e. presentable
oco-category tensored together with a tensor action of Shvz,,(Smgz,Spc) that preserves colimits in each vari-
able), we can define Sppi (%) by formally inverting the P!l-action on ¥. For example, consider the presentably
symmetric monoidal co-category ¥ := Shvyis(RigSmg,Sp) which admits a symmetric monoidal functor from
Shvz,: (Smgz,Spc) via Spc — Sp and base change (left Kan extension) along Smz — Smp, — RigSmg where
the last arrow is given by taking the rigid generic fibre (—),r;g. For E = (E;)renN = (Rl proet (= Qp(7)))ren, we
have the following:

(i) The proétale cohomology satisfies Nisnevich descent, even éh-descent, on RigSmg.

(ii) The system E forms naturally a P'-spectrum in 7, i.e. one can naturally make E € Spp: (7). Indeed,
there is an equivalence

e Clet(o(l)) Un*: Rrproét(X’Qp(r)) ® Rrproét(X’Qp(r - 1))[_2] : }al—‘proét(P1 ,Qp(r))

provided by the projective bundle formula (4.2.16). So we have ¢f'(O(1)): E,_ S Hom((PlK,oo),E).

(iif) It is a fundamental P!-spectrum, i.e. the Bass boundary map
o*: ES®6n _ P

identified as
3yt RTprost (Gx, Qy (1) [-1] = RTproec (P, Qy (7)),

admits a natural right inverse, namely there exists a natural section sy: RI; pmét(P1 ,Qp(1) —
RTproet (Gmx»Qp (7)) [-1] such that naturally 0% sx ~ id. Indeed, there is a chain of morphisms

1 : 1
Sx Rrproét(PXaQﬁ(r)) = Ulelf&nffd Rrproét(PUsQ]l(r))
— lim RTu (P, Qy(r
Jim RT. (P, Q) (7)
LY lim RTa(Gap. Q)]
— lim 6 , r))[—
veara  omU Q
— lim RI0et(Gur, r))[-1
UeAfid proet( m,U Qp( ))[ ]
= Rrproét(Gm,U’Qp(T)) [-1]
33Recall that the usual spectra construction inverts the usual action of the unit sphere S! on Spc,, which is the same as telescoping the
action S! ® — since the cyclic action 7 = (123): (SH®% — (81)®3 s homotopic to id, as a result (=)[S7] =~ Telgi (—) = colimgig_(-)
is equivalent to the telescope construction. However, by contrast, Shvz, (Smz,Spc,)[(P')7!] is rather the symmetric telescoping
procedure (or the so-called "symmetric spectra” sz(—) construction) and admits a forgetful map Shvzar(SmZ,Spc*)[(Pl)_l] -

Telpi (Shvzar (Smz,Spc,)) = colimpig_ (Shvza, (Smz,Spc,)) forgetting the symmetric group action, which is conservative but not an
equivalence.
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where s[é]t is obtained by comparison with algebraic p-adic étale cohomology over the characteristic 0
field K, and satisfies 6;]’etslé} = id, whence d;;sy = id thus dysx = id. Therefore, E is a fundamental
motivic spectrum.

4.3 Chern classes for vector bundles

We consider Chern classes for vector bundles, which are actually defined on the naive zeroth K-group of rigid
spaces, defined as the Grothendieck group of étale (or analytic) vector bundles on them modulo relations
generated by short exact sequences. The main result here is the compatibility between syntomic and étale

Chern classes through syntomic-étale period maps.

4.3.1. Syntomic Chern classes. Let Z € Rig,. Using the projective bundle formula (4.2.15) and Chern class
maps

can

(4.3.11) QB RTW(Z,0), ™ OF — RTm(ZD[1],

we obtain syntomic Chern classes c:yn(c‘f) for any locally free sheaf £ on Z. More precisely, there are unique
classes ¢"" (€) € HX (Z,i) for i =1,...,d +1 such that

Sy[l

d ) o
SOy vt (€)= NOMHE™ (1) € HAM (B(€).d +1).
i=0

And we put c:yn(E) =0 for i > d + 1. In other words, c:y"(é') can be read off from the minimal polynomial of
cfyn(O(l)) in the graded algebra Hsg,;(PZ(E),O).
It is easily verified that ¢;’"(€) depends only on the class of £ in the naive®" zeroth K-group of Z
{Etale/Analytic vector bundles over Z}8P
{[&1] + [E3] — [E2] | €2 is an Oz-extension of & by &}

Hence we obtain the i-th syntomic Chern class maps

K(;laive (Z) —

" Kg(Z) — HYH(Z,i), i€N

extending those in (4.3.1.1).

4.3.2. Etale Chern classes. Similarly as above, using the projective bundle formula (4.2.16) and Chern class
maps

(4.3.2.) ' Zy S RTu(Z.Zy), 't O > RTyu(Z.Z,(1)[1],
one can define the i-th integral étale Chern class maps

&t Ko (Z) — H2(Z,Zy(i)) (%), i€N
extending those in (4.3.2.1).

4.3.3 - Remark. Alternatively, we might also define higher Chern classes using the following universal com-
putation: let GL;, be the rigid-analytic general linear group of rank z over Q, and B.(-) be the simplicial
classifying space construction for monoids; then

}Is;/n(B'GLn,L’.) = }Is;/n(L’ .) [clv e ,cn]

for L =K or L =C and n > 1, where ¢; € H% (BsGL, 1,7) is the i-th Chern class of the universal vector

syn
bundle of rank 7, and similarly

HS(B.GL, 1, Zy(®)) =~ Hy(L,Zy(®))[c1,. .., cq].

34We keep the naive superscript as opposed to Andreychev’s nuclear-continuous K-groups for adic spaces.
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Indeed, for the integral étale cohomology, this follows by standard computation using the projective bundle
formula and Al—homotopy invariance, cf. [63, §2.A. BGL(n)[; in the syntomic case, one can proceed as in [3,
§5] by analytification.

It would require some work to pull these universal classes back along maps X — B,GL, in order to define
Chern classes. By naturality, these would coincide with our original definition of Chern class maps ¢;(£) for
vector bundles, cf. [71, Appendix B.2.9] for more details of this construction.

Before proving compatibility of syntomic and étale Chern classes, we review some compatibility results.

4.3.4. Some compatibility results with comparison maps. Let us be more precise about the (iso)morphisms
arith geom

(3.1.3.1) used to construct pgg," and Py, -
(i) The isomrophism Fil*(RT4r(Z/K) ®% Bar) = Fil;{dg(RFinf(X/B;R) ®%. Bar) commutes with product
structures and Chern class maps ¢y and ¢;. Indeed, arguing éh-locally, we may assume Z smooth affinoid. In

this case, the isomorphism is constructed via [1l, Lemma 5.16, Lemma 5.17, especially formula (5.14)], where all
maps are compatible with product structures and respective Chern class maps ¢y and ¢;.

(ii) The isomorphism RI cyis(X) ®; _ B; = RTp06(X,By) is compatible with product structures. Indeed,
the map is constructed locally for X = Spf(R) framed by (X,A) [11, Notation 4.12] via the Cech-Alexander
computation

RTeyis (X/4%,) = (DgA(R)(0) — DsA(R)(1) = Dsa(R)(2) — ---)
— (DgA(R) — Hom(Z[T's 5], Ds A (R)) — HO_m(Z[F%»A]’DZ'A(R)) =)
~ RT (s, Dsa(R))
~ RT (T30, B/ (RyAw))
=~ RI'((%,)e, Br)

where we followed the proof of [11, Corollary 4.16, Theorem 4.3] and used the map Ds A (R) — Acis(Rzac) —
B;(Rsx Aw). Or samely, we may use Koszul complex computation

RTeis(X/A%;) ~ Koszp, , (r) ((0s)oexs (Oa1)1ent<i<a)
— Koszp, , () (Yo = Doexs (Yai = Daeat<iza)
= RT(Cya, Dea(R))
= RT'(I'zA,B7 (Rxpe))
= RU((Xy)et,Br)

using [11, Lemma 4.14, Lemma 4.15]. All maps here are compatible with product structures.
iii e isomorphism Fi inf ®n+ DJR) = roet (X, Fil'Bgr) is compatible with product struc-
Th phism F lltldg RTine(X /B},) ®%, B, RT et (X, Fil°B patible with prod
tures. Indeed, the maps is constructed locally via .

RTi¢(X /Byp) = Koszp,, -, (1) ((0u)uewnz)
— Koszp,.,,(4) ((Yu = Duevuz
— Koszgr rim) (43, ) ((Yu = Duewnz)
~ RT(Dyz, (Bl /Fil™) (4,.))
= R proet (X, (Bl /Fil™))

where we used the map Dy =, (A4) — (B, /Fil")(4y 5 ) [11, Formula (5.19)].
(iv) The isomorphisms in (ii) and (iii) are compatible. This follows from the commutativity of [1l, Proof
Proposition 5.11]

Dy pA(R) ———— Bi(RzAw)

l !

Dyzn(4) — (Bl [Fil™) (Ahz.)-
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4.3.5 - Theorem. We have p2it o ¢ = ¢ as morphisms H)(Z,0%) — H roet(Z Q, (D).

syn

Proof. Let us elaborate the proof of the statement evaluated at a point, i.e. we will prove that for any line
bundle £ on Zg, we have the identity

p:;ﬁh(ﬁsyn(ﬁ)) = C (L) e Proet(Z Qy () ().

The proof consists of fastidious reductions to the annulus case where an elementary computation is then done
(4.3.5.17), and can be skipped on first reading. For the condensed statement, the arguments are the same.

4.3.5.1. Let us first reduced to its geometric counterpart, and meanwhile give another characterisation of the
first Chern class ¢;(£) by using the simplicial classifying stack B,Gy,. For this, let us denote by G,, = G, x the
rigid-analytic torus over K (i.e. analytification of the algebraic torus over K, to be distinguished from the unit
circle torus TIK = Spa(K<Ti1> ,(’)K<Ti1>)). The étale line bundle £ determines a morphism fr: X — B.G,,
(up to translation by G,). Let F be a big étale sheaf over Spec K, and denote

RTe(BuGy, F) = lim RTe (G, F).

By the spectral sequence Ell] = Hé{(G;f,",]-") - Héi:j (BoGp, F), we see that
(i) We have Hélt(B.G,,,,OX) ~ H°(G,,0*) with a canonical element the coordinate function 7 €
H(G,,,0); similarly in the geometric setup, we have Hélt(B.Gm,c,OX) ~ H(G,.c,0*) with a canon-
ical element the coordinate function 7 € H°(G,, ¢, 0>).
(i) We have
(e"v")

(4.3.5.2) HZ(BuG,Zy (1) = Hi (G, Zy(1) = HY(K,Zy(1) & Hi(Gc, Zy(1))

where two component maps are induced by base change respectively along the unit section
¢: Spa(K,0Ok) — Gy, and the projection from the geometric rigid-analytic torus v: Gy ¢ — Gy Similarly,
we have

H2(BGuc, Zy(1)) = Hy (G, Zy(1)).

Let us denote by k be the canonical pro-(finite étale) Z,(1)-torsor
ém,(; = lim Gm,(; — Gm,c;
T—T?

then [«] is the canonical topological generator of Hélt(Gm,c,Z‘,, (1)) = Z,. By an explicit calculation, we
have

(1) = [k] € Hy(Guc.Zy(D))
for T € H (G c,0X).
(iii) Hg,n (BeGn,Zy(1)) = Syn(G,,,,ZI,,(I)) — I}IK(G’") with a canonical element dlog ¢.
The morphism f; is naturally chosen (up to translation by G;,) so that f: H°(G,,,0%) ~ Hélt(B.Gm,OX) —
Hélt(X,(/)X) is such that [T'] — [L]. By the naturality of c;, we have cl?([:) = clp(fZ(T)) = fﬁ*(cl?(T)) for
? € {syn,ét}. Also, p‘s";i‘fh commutes with f7, so that p*s‘;ﬁh(csyn(ﬁ)) = p;‘;‘rfhfﬁ(csyn(T)) gp‘;‘;ﬁh (e (T));
therefore, we are reduced to showing that

(4.3.5.3) PER (e (T)) = ¢f(T) € Hy(Gn.Qp(D).
Similarly as the direct sum decomposition (4.3.5.2), we have

(e"v")
(4'354) H]?roét(B'Gm’Qﬁ(l)) = H}}roét(Gm’Qﬁ(l)) : ngoét(K’Qp(l)) ® HO (%’ H}:roét(Gm»C’Qﬁ(l)))'
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Therefore, (4.3.5.3) is further reduced to the identities

(4.3.5.5) e*pImt (6" (T) = ¢"cf"(T) € Hyoe (K, Qy (1))
(4.3.5.6) VIR (e™(T)) = v' e (T) € H(Gx. Hyoet (G- Qp (1))).

4.3.5.7. For (4.3.5.5), we notice that both sides are zero: on the one hand, on the other hand, by naturality

of p‘;;gh and clsyn, they commutes with ¢*, so we have e*p‘;‘;i;h(clsyn(T)) = pg‘;irfh(clé‘(e*T)) and T =1 €

H(K,0*); similarly, by naturality of ¢, we obtain ¢*¢f'(T) = ¢f'(¢*T) = 0.

4.3.5.8. Now, we are left with (4.3.5.6), which is the geometric counterpart of our theorem. Again by naturality,
since v*T =T, (4.3.5.6) amounts to the equality

(4.3.5.9) Pin (6" (T) = ¢f'(T) € H*(k, Hpro (G 0, Qp (1))

We may discard taking Galois invariants here as it will not help prove the identity.

The rigid-analytic torus G, ¢ has a non quasi-compact semistable formal model over O¢. One common
semistable formal model is obtained by gluing a countable chain of copies of Pl(’)c by successively identifying
the points 0 and co on neighbouring copies. On the other hand, if we allow horizontal divisors, G, ¢ also
admits a projective semistable model by gluing two copies of Spf(O¢(T)) (equipped also with the horizontal
divisor {7 = 0}) along Spf(O¢(T*!)). According to [20, Corollary 110] and [17, 4.3.2], we have computations
() Hg(Gne) = F - (),

(i) ngoét(Gm,C,Blog)Nzo — (HII{K(GmC) ®1.3 Blog)N:() =B- ClHK(T)’
(iii) H;roét(Gm,C’Blog)w:ﬂN:O — (HII{K(Gm,C) ®;~ B]Qg)@:O,N:O = Q/J : clHK(T)a
(iv) H!(Guc/Bi) = Hiz(Gn/K) &% Bl = Bl - ¢!*(T), where

R(T) = [dlog T']

by construction of (compatible) de Rham Chern class maps cli“f and cldR (4.1.7).

(v) There is a short exact sequence [10, Formula (6.7)]
0 — Hy (Gn/K) % Biy = Hyoe (G BlR) = Qg x(Gn)™" &% C(-1) - 0

obtained by taking the first cohomology group of Rl—‘proét(Gm’C,BgR) = Fil®(RT4r(Gn/K) ®% Bar) [10,
Theorem 6.5].

(vi) There is a natural map of short exact sequences

0 ———— H\(Gpnc,Q)(1) =—= Q- [k]| —— 0

|
l lcan 1p’
\l/

0 — O(Gne)/Qy — Hlou(Guc.Qy(1) —2 Q- (1) — 0.

geom,—1

Here p’ is supposed to behave like p§y,

(vii) Consider the composition of natural maps

tik: Qp - ¢ N (T) = (Hi (Gc) ®F Biog) 7N
— H, oG- Biog)
10 — Hyoe (G, Blg) = H' (Fil' (RT4r (G / K) ®f Bar))
> Hig(Gu/K) ®F Bi
= Bl - ().

It matches clHK(T ) with cldR(T ) = [dlog T'] by its compatibility with the geometric Hyodo-Kato morph-
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ism [1, Theorem 5.3 (ii)], hence it is injective. Moreover, the composition (o’ coincides with the

composition map

(4.3.5.11) P Hy(Gme,Qp(1) = Hyoe(Guc, BY)
induced by Q,(1) — Bj, sending & = ({yn), > log[e].
4.3.5.12. We claim that

(4.3.5.13) p' (k) = ¢f™(T) € (Hig (Gnc) &% Biog) """ = Qy - ¢™(T).

geom

Admitting this, by construction of pg, (3.1.3) and compatibility between differntial symbols, we have

,Bpf;gm fynT) = HK(T), so B (clét(T) pf;gm fyn(T))) = 0, or equivalently

§(T) = ¢ (T) = p& (7" (1) € ker (Hyoet (G, Qp (D) — Qp) = O(Gr0)/Qy.

we need to show that the difference function 6(7) = 0. For this, consider the squaring morphism o :=
(-)2: Guc — Gpuc over C given by T2 < T. On the one hand, we have

ot (¢ (1) = p&n (7™ (1))) = f(T%) = pEa™ (67" (T?) = 2(e7(T) = p&ia (™ (T))) = 26(T)
by naturality of p§;" and cl? ; on the other hand, by naturality of O(G.c)/Q,,
o ((T) = p&a (™ (1))) = o*(T) = 6(T*).
Therefore, 26(T) = §(T?) whence 6§(T) =
4.3.5.14. It now remains to show (4.3.5.13). The injectivity of ¢, (4.3.5.10) reduces it to
(4.3.5.15) p” (k) = [dlog T| € Hy, (G, Bly) < Hyp (Gn/K) &% By,

where we used (. p" = p” (4.3.5.11) and LHK(CHK(T)) = cldR(T) = [dlog T'] (see the point (vii) above for these
identities).

Before the proof, we introduce certain perfectoid covering of G, for our computation. We denote by
X, = Spa(K(p"T.p"T "), Ox(p"T.p"T")) = {|p"| < IT| < [p7™|} € Gy, the arithmetic annuli over K and
by X, c their base change to C. We do not use the pro-(finite étale) Z,(1)-torsor x: G ¢ — Gnc. Instead,
consider the closed embeddings

Xy — Y, = Spa(K(Uy, Vy) ,Ox(Uyn, V)

given by U, — p"T,V, — p”T‘l. Consider an,c the pullback along this closed embedding of the canonical
Zp(l)z-torsor affinoid perfectoid cover

nC —Spa(C< 1/[) Vl/p > OC<U;/pmaan/pm>) - Yn~

Then we have compatlble strict inclusions of perfectoid space ch ct X,,+1C induced by pU, « Uy, pV,
Vas. Their union XC is the canonical Z[,(l)Q torsor perfectoid cover of Gy, ¢, with a Stein affinoid perfectoid
covering by X, ¢; the system {H rOet(X,l ¢>Bip) }nen is Mittag-Leffer [18, lemme 3.10], and vanishes if i > 0 [64,
Theorem 6.5]. Therefore, roet(Gmc, B},) is equal to BdR(G'"C) if i = 0 and vanishes if i > 0. Then the
Hochschild-Serre spectral sequence and the lim!- -sequence give

Hyoer(Guc Big) = H'(Zy(1). By (Xc)) = lim H'(Z (1), Bl (Xuc)).
Now the proof reduces to identifying

(4.3.5.16) 0" ()x, = [dlog T] € H(Z,(1), B} (X))
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4.3.5.17. Let us prove (4.3.5.16). By applying Hochschild-Serre spectral sequence and then by (1.2.4), we obtain
oie (K Bly) = H'(Zy()? By (X)) = H'(Hom((Z,(1)")**. By (Guc))). The image of

isomorphisms H}}
o (K)x,c € H;}mét(Xn,C’BER) under these isomorphisms is represented by the continuous cocycle

(4.3.5.18) (Yus¥o) > loglyu] —log[ys]

in Hom((Zy()*)**, B} (Gc)).
Now we will go through the construction of the comparison map RTqr (X /K) ®% B — R0 (Xc,BYR)

[11, Proof of Theorem 5.9] (see the point (iii) above) in order to identify the image of [dlog7] in
H;roét(Xﬂ,C’BgR) ~ HI(ZI,(I)Q,BER(X,L,C)). Let D, := Dy, (Yyc) be the ring of functions of the B, -envelope
of X, ¢ in Y"’BIR as in [lI, Lemma 5.16] (cf. [41, §2.2]). Then RI4r(X,/K) ®% By, = Koszp,(0,,0,) where
0y, = u%,@v = va‘?—v are log derivations, and the class [dlog '] = [dlog(p"T)] = —[dlog(p"T!)] corresponds
to

[(1,-1)] € H'(Koszp, (8,,8,)).

The map Koszp, (0,,0,) — Koszp, (v, — 1,7y, — 1) of the point (iii) is induced by [13, Proposition 5.34]

b

Yue—1

UogleD)’ it

where & € Z,(1) is a chosen generator, A, = };5; —5 :~", and the u-component element y,, € Z,(1),

alias of &, acts on the B;R—algebra D, by y(U,) = [€]Uy; similarly for the variable v part. Under this map, the
class [dlog T'] is mapped to

[(log[SL - log[‘g])] € HIKOSZD,L (yu,s -1, Yve — 1)~

Finally, using the map D, — BdR(in,C), U, — [(p"T)"],V, = [(p"T )], we obtain the class

(4.3.5.19) [(log[e],-log[e])] € H' (KoszBER( 7o) Yue = LYos = 1).

To conclude, we claim that (4.3.5.19) recovers the formula (4.3.5.18) for p”(x)|x,. under the identification
H'(Koszy, (5,00~ 170~ 1) = H'(Zy (0% By (Ru))) = H'(Hom((Zy(1))**, By (o), which we sum-
marised in Lemma (1.2.9).

O

4.3.6 - Theorem. The syntomic and étale Chern classes are compatible, i.e., for Z € Rigy and i € N, the following
diagram commautes:

H? (Z,i)

syn
syn
7

K([)laive ( Z) pzsi;iI:h

ét
x

H(Z,Qy(1))

Proof: In view of projective bundle formulae defining general Chern classes, it suffices to show that the com-
parison map parith: Rl (Z,0) — RFproét(Z,Qp(z’)) commutes with product structures, the ¢y on the zeroth

syn

cohomology and the ¢ on the first cohomology (i.e. ¢;(£) for line bundles £). By construction of p1ith (3.1.3),

syn

81



it suffices to prove the corresponding statement for the composition

arith
Psyn

Rrsyn(za l) - Rrproét(Z7Qp(7)) - Rrproét(Xst(r))
= [Rrpmét(x,Blog[;])H’"N:(’ — RUprost (X Bar /"By ) | -

But it is clear that the latter preserves product structures by (4.2.1), commutes with ¢y by construction, and
commutes with ¢ for line bundles by (4.3.5). O
4.4 Image of étale regulators

4.4.1. Etale regulators. For Z € Rigy and i € N, let ¢: K(')“aive(Z) — Ho(ﬁ,HéQti(ZC,Zp(i))) be the
map induced by the i-th étale Chern class map and the Hochschild-Serre spectral sequence boundary map
So: H¥(Z¢,Zy (i) — HO(%,H&"(ZC,ZP(Z'))). We define

(4.4.11) K}*(Z) = ker(K*V(Z) i Ho(ﬁ, Hé%i(ZC,Zﬁ(i))))
and the i-th étale regulator map as the map
(44.1.2) rf' Kg¥(Z) — H'\ Gk, Hy' ™ (Ze, Zy (1))
induced from c¢f!| Knave(Z), and the Hochschild-Serre spectral sequence map
512 H (Ze,Zy(i))o = ker 6o — H'Gie, HE\(Ze,Z,(1))).
4.4.2 - Theorem. Let Z € Rigy be proper. The étale regulator map re* factors through the subgroup
HY\(Gx, Hobet (Z6,Qy (1)) € H (G, Horoot (Z,Qy (1)).

Proof- By (4.3.6) and (3.2.22), we have the following commutative diagram

syn

) ) X
H2(Z,1) —— HY (G, H2 (Zc,Qy(1)))

syn
V

K(r)laive( Z) parith ~|can

syn
ét
\

HéZti(Z,Qp(l')) i) Ho(ﬁ,Hézti(Zc,Qp(i)))~

Hence the image of Ké‘aive(Z )o under c:yn is contained in HS%’;I(Z, i)o == ker(8po pg‘;ﬁh) = ker 5;”“. Consequently,

again by (3.2.22), we obtain the following commutative diagram

syn

o o o
H2(Z,i)) —— HY\(Gx. HY(Zc.Qy(1)))

syn

K(I)laive ( Z)O pg;gh can

&t

HZ(Z,Qp(i)0 —2 H' (G, HE(Zc,Qy(i)))

which shows the desired factorisation. |

82



References

[1] Grigory Andreychev. Pseudocoherent and Perfect Complexes and Vector Bundles on Analytic Adic Spaces,
2021. Preprint, available at

[2] Grigory Andreychev. K-Theorie adischer Riume. PhD thesis, Rheinische Friedrich-Wilhelms-Universitit
Bonn, September 2023.

[3] Toni Annala, Marc Hoyois, and Ryomei Iwasa. Atiyah duality for motivic spectra, 2024. Preprint, available
at

[4] Toni Annala and Ryomei Iwasa. Motivic spectra and universality of K -theory, 2023. Preprint, available at

[5] Alexander Beilinson. p-adic periods and derived de Rham cohomology. journal of the American Mathem-
atical Society, 25(3):715-738, 2012.

[6] Alexander Beilinson. On the crystalline period map. Camb. J. Math., 1(1):1-51, 2013.

[7] Federico Binda, Martin Gallauer, and Alberto Vezzani. Motivic monodromy and $p$—adic cohomology
theories. Journal of the European Mathematical Society, 2025.

[8] Spencer Bloch and Kazuya Kato. L-Functions and Tamagawa Numbers of Motives. In Pierre Cartier, Luc
Illusie, Nicholas M. Katz, Gérard Laumon, Yuri I. Manin, and Kenneth A. Ribet, editors, The Grothendieck
Festschrift: A Collection of Articles Written in Honor of the 60th Birthday of Alexander Grothendieck, pages
333-400. Birkhiuser Boston, Boston, MA, 2007.

[9] Spencer Bloch and Arthur Ogus. Gersten’s conjecture and the homology of schemes. Annales scientifiques
de I’Ecole Normale Supérieure, Ser. 4, 7(2):181-201, 1974.

[10] Guido Bosco. On the p-adic pro-étale cohomology of Drinfeld symmetric spaces, 2023. Preprint, available

at

[11] Guido Bosco. Rational p-adic Hodge theory for rigid-analytic varieties, 2023. Preprint, available at

[12] Kaixing Cao. Comparison of Hyodo-Kato and de Rham Fargues-Fontaine Cohomology Theories, 2025.

Preprint, available at

[13] Kestutis Cesnavitius and Teruhisa Koshikawa. The Ajn-cohomology in the semistable case. Compositio
Mathematica, 155(11):20392128, 2019.

[14] Dustin Clausen and Peter Scholze. Lectures on Analytic Geometry, 2019. Preprint, available at
[15] Dustin Clausen and Peter Scholze. Lectures on Condensed Mathematics, 2019. Preprint, available at

[16] Dustin Clausen and Peter Scholze. Condensed Mathematics and Complex Geometry, 2022. Preprint,

available at

[17] Pierre Colmez, Gabriel Dospinescu, and Wiestawa Niziol. Cohomology of p-adic Stein spaces. Invent.
Math., 219(3):873-985, 2020.

[18] Pierre Colmez, Gabriel Dospinescu, and Wiestawa Niziol. Factorisation de la cohomologie étale p-adique

de la tour de drinfeld. In Forum of Mathematics, Pi, volume 11, page el6. Cambridge University Press, 2023.
[19] Pierre Colmez, Sally Gilles, and Wiestawa Niziot. Arithmetic duality for p-adic pro-étale cohomology of

analytic curves, 2023. Preprint, available at

[20] Pierre Colmez and Wiestawa Niziol. Syntomic complexes and p-adic nearby cycles. Invent. Math., 208(1):1-
108, 2017.

[21] Pierre Colmez and Wiestawa Niziol. On p-adic comparison theorems for rigid analytic varieties: I. Miinster

J. Math., 13(2):445-507, 2020.

83


https://arxiv.org/abs/2105.12591v1
https://arxiv.org/abs/2403.01561v1
https://arxiv.org/abs/2204.03434v3
https://arxiv.org/abs/2110.10683v2
https://arxiv.org/abs/2306.06100
https://arxiv.org/abs/2509.16726
https://www.math.uni-bonn.de/people/scholze/Analytic.pdf
https://www.math.uni-bonn.de/people/scholze/Analytic.pdf
https://www.math.uni-bonn.de/people/scholze/Condensed.pdf
https://people.mpim-bonn.mpg.de/scholze/Complex.pdf
https://arxiv.org/abs/2308.07712v2

[22] Pierre Colmez and Wieslawa Niziol. On the cohomology of the affine space. In p-adic Hodge theory.
Proceedings of the Simons symposium, Schloss Elmau, Germany, May 7-13, 2017, pages 71-80. Cham: Springer,
2020.

[23] Pierre Colmez and Wieslawa Niziol. On the cohomology of p-adic analytic spaces, I: The basic comparison
theorem, 2023. Preprint, available at

[24] Pierre Colmez and Wiestawa Niziol. On the cohomology of p-adic analytic spaces, II: The C-conjecture,
2024. Preprint, available at

[25] Brian Conrad. Relative ampleness in rigid geometry. Ann. Inst. Fourier (Grenoble), 56(4):1049-1126, 2006.

[26] Christian Dahlhausen and Can Yaylali. Towards Al-homotopy theory of rigid analytic spaces, 2024.
Preprint, available at .

[27] Johan de Jong and Maurius van der Put. Etale Cohomology of Rigid Analytic Spaces. Documenta Math-
ematica, 1:1-56, 1996.

[28] Pierre Deligne. Théorie de Hodge: III. Publications Mathématiques de UIHES, 44:5-77, 1974.

[29] Hansheng Diao, Kai-Wen Lan, Ruochuan Liu, and Xinwen Zhu. Logarithmic Adic Spaces: Some Found-
ational Results. In Bhargav Bhatt and Martin Olsson, editors, p-adic Hodge Theory, Singular Varieties, and
Non-Abelian Aspects, pages 65-182, Cham, 2023. Springer International Publishing.

[30] Gabriel Dospinescu and Wiestawa Niziol. On de Rham flip-flopping in dual towers, 2026. Preprint,
available at

[31] Renée Elkik. Solutions d’équations a coefficients dans un anneau hensélien. Annales scientifiques de I’Ecole
Normale Supérieure, 4e série, 6(4):553-603, 1973.

[32] Laurent Fargues and Jean-Marc Fontaine. Courbes et fibrés vectoriels en théorie de Hodge p-adique.
Asterisque, February 2019.

[33] Jean-Marc Fontaine. Exposé II : Le corps des périodes p-adiques. In Jean-Marc Fontaine, editor, Périodes
p-adiques - Séminaire de Bures, 1988, number 223 in Astérisque, pages 59-101. Société mathématique de
France, 1994. talk:2.

[34] Jean-Marc Fontaine and William Messing. p-adic periods and p-adic étale cohomology. Current trends in
arithmetical algebraic geometry, Proc. Summer Res. Conf., Arcata/Calif. 1985, Contemp. Math. 67, 179-207
(1987)., 1987.

[35] Jean-Marc Fontaine and Yi Ouyang. Theory of p-adic Galois Representations, 2022. Book in preparation,
available at , dated 24 May 2022.

[36] Jean-Marc Fontaine and Bernadette Perrin-Riou. About the Bloch and Kato conjectures: Galois cohomo-
logy and values of L-functions. In Motives. Proceedings of the summer research conference on motives, held

at the University of Washington, Seattle, WA, USA, July 20-August 2, 1991, pages 599-706. Providence, RI:
American Mathematical Society, 1994.

[37] Sally Gilles. Morphismes de périodes et cohomologie syntomique. Algebra Number Theory, 17(3):603-666,
2023.

[38] Elmar Grosse-Klonne. Rigid analytic spaces with overconvergent structure sheaf. Journal fiir die reine und
angewandte Mathematik, 2000(519):73-95, 2000.

[39] Alexander Grothendieck. Produits tensoriels topologiques et espaces nucléaires. In Séminaire Bourbaki :
années 1951152 - 1952/53 - 1953/ 54, exposés 50-100, number 2 in Séminaire Bourbaki, pages 193-200. Société
mathématique de France, 1954. talk:69.

[40] Alexander Grothendieck. Eléments de géométrie algébrique : III. Etude cohomologique des faisceaux
cohérents, Premiére partie. Publications Mathématiques de UIHES, 11:5-167, 1961.

[41] Haoyang Guo. Crystalline cohomology of rigid analytic spaces, 2021. Preprint, available at

84


https://arxiv.org/abs/2104.13448v3
https://arxiv.org/abs/2108.12785v4
https://arxiv.org/abs/2407.09606v2
https://arxiv.org/abs/2603.07869
http://staff.ustc.edu.cn/~yiouyang/galoisrep.pdf
https://arxiv.org/abs/2112.14304v2
https://arxiv.org/abs/2112.14304v2

[42] Haoyang Guo. Hodge-Tate decomposition for non-smooth spaces. J. Eur. Math. Soc. (JEMS), 25(4):1553-
1625, 2023.

[43] Roland Huber. Etale cohomology of rigid analytic varieties and adic spaces, volume E30. Wiesbaden: Vieweg,
1996.

[44] Osamu Hyodo and Kazuya Kato. Exposé V : Semi-stable reduction and crystalline cohomology with
logarithmic poles. In Jean-Marc Fontaine, editor, Périodes p-adiques - Séminaire de Bures, 1988, number 223

in Astérisque, pages 221-268. Société mathématique de France, 1994. talk:5.

[45] Kazuya Kato. Logarithmic structures of Fontaine-Illusie. In Algebraic analysis, geometry, and number theory:
proceedings of the JAMI inaugural conference, held at Baltimore, MD, USA, May 16-19, 1988, pages 191-224.
Baltimore: Johns Hopkins University Press, 1989.

[46] Kazuya Kato. Exposé VI : Semi-stable reduction and p-adic etale cohomology. In Jean-Marc Fontaine,
editor, Périodes p-adiques - Séminaire de Bures, 1988, number 223 in Astérisque, pages 269-293. Société
mathématique de France, 1994. talk:6.

[47] Moritz Kerz, Shuji Saito, and Georg Tamme. K-theory of non-Archimedean rings. I. Doc. Math., 24:1365-
1411, 2019.

[48] Moritz Kerz, Shuji Saito, and Georg Tamme. K-Theory of Non-Archimedean Rings II. Nagoya Mathemat-
ical Journal, 251:669685, 2023.

[49] Ursula Képf. Uber eigentliche Familien algebraischer Varietiten iiber affinoiden Raumen. Schr. Math. Inst.
Univ. Miinster (2), pages iv+72, 1974.

[50] Lucas Mann. A4 p-Adic 6-Functor Formalism in Rigid-Analytic Geometry. PhD thesis, Rheinische Friedrich-
Wilhelms-Universitit Bonn, August 2022.

[51] Jacob Lurie. Higher Topos Theory. Princeton University Press, 2009.

[52] Jacob Lurie. Higher Algebra, 2016. Preprint, available at
, version dated 18 September 2017.

[53] Jacob Lurie. Spectral Algebraic Geometry, 2018. Preprint, available at
, version dated 3 February 2018.
[54] A. Mokrane. La suite spectrale des poids en cohomologie de Hyodo-Kato. Duke Mathematical Journal,
72(2):301 - 337, 1993.
[55] Jan Nekovai. Syntomic cohomology and p-adic regulators, 1998. Preprint, available at

[56] Jan Nekovai and Wiestawa Niziol. Syntomic cohomology and p-adic regulators for varieties over p-adic

fields. Algebra Number Theory, 10(8):1695-1790, 2016.

[57] Jiirgen Neukirch, Alexander Schmidt, and Kay Wingberg. Cohomology of number fields, volume 323 of
Grundlehren Math. Wiss. Berlin: Springer, 2nd ed. edition, 2008.

[58] Wiestawa Niziol. Toric singularities: log-blow-ups and global resolutions. journal of algebraic geometry,
15(1):1-29, 2006.

[59] Wieslawa Niziol. Semistable conjecture via K-theory. Duke Mathematical Journal, 141(1):151 - 178, 2008.

[60] Wiestawa Niziol. On uniqueness of p-adic period morphisms. Pure Appl. Math. Q., 5(1):163-212, 2009.

[61] Wiestawa Niziol. On uniqueness of p-adic period morphisms, II. Compositio Mathematica, 156(9):19151964,
2020.

[62] Fabienne Prosmans. Derived categories for functional analysis. Publ. Res. Inst. Math. Sci., 36(1):1983, March
2000.

[63] Vadim V. Schechtman. On the delooping of Chern character and Adams operations. In Yuri I. Manin,
editor, K-theory, Arithmetic and Geometry: Seminar, Moscow University, 1984-1986, pages 265-319. Springer
Berlin Heidelberg, Berlin, Heidelberg, 1987.

85


https://www.math.ias.edu/~lurie/papers/HA.pdf
https://www.math.ias.edu/~lurie/papers/HA.pdf
https://www.math.ias.edu/~lurie/papers/SAG-rootfile.pdf
https://www.math.ias.edu/~lurie/papers/SAG-rootfile.pdf
https://webusers.imj-prg.fr/~jan.nekovar/pu/syn.pdf
https://webusers.imj-prg.fr/~jan.nekovar/pu/syn.pdf

[64] Peter Scholze. p-adic Hodge theory for rigid-analytic varieties. Forum Math. Pi, 1:77, 2013.
[65] Peter Scholze. Etale cohomology of diamonds, 2022. Preprint, available at

[66] The Stacks Project Authors. Stacks Project. , 2018.

[67] Michael Temkin. Altered local uniformization of Berkovich spaces. Israel jJournal of Mathematics,
221(2):585-603, 2017.

[68] Takeshi Tsuji. p-adic étale cohomology and crystalline cohomology in the semi-stable reduction case.
Inventiones mathematicae, 137(2):233-411, 1999.

[69] Bogdan Zavyalov. Poincaré Duality in abstract 6-functor formalisms, 2023. Preprint, available at

[70] Yicheng Zhou. Altered uniformisation of log-rigid spaces, 2024. Notes, available at

[71] Yicheng Zhou. Sur les cohomologies étale et syntomique pour les variétés analytiques p-adiques arithmétiques.
Theses, Sorbonne Université, July 2025.

86


https://arxiv.org/abs/1709.07343v3
https://arxiv.org/abs/1709.07343v3
https://stacks.math.columbia.edu
https://arxiv.org/abs/2301.03821v2
https://arxiv.org/abs/2301.03821v2
https://yczhoumath.github.io/Ecrits/LogSmModel.pdf
https://yczhoumath.github.io/Ecrits/LogSmModel.pdf

	Introduction
	Main results
	Outline of proofs
	Organisation of the article
	Acknowledgement

	Preliminaries
	Condensed mathematics
	Condensed group actions
	Condensed cohomology theories

	Arithmetic syntomic cohomology
	Arithmetic and geometric Hyodo–Kato morphisms
	Overconvergent variants
	Arithmetic syntomic cohomology

	Syntomic descent spectral sequence
	Syntomic-proétale period maps
	Construction of morphisms of spectral sequences
	Syntomic descent spectral sequence

	Chern classes of vector bundles and regulators
	First Chern class maps
	Projective bundle formula and A1-homotopy invariance
	Chern classes for vector bundles
	Image of étale regulators


